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Experiment! 
Make it your motto day and night. 
Experiment, 
And it wm Jead you to the light. 

The apple on the top of tbe tree 
Js never too high to achieve. 
So take an example from Eve ... 

Be curious, 

Experiment! 

Though interfering friends may frown. 
Get furious 

At each attempt to hold you down. 

lf this advice you on1y employ, 
The future can offer you infinite joy 

And mcrriment ..• 
Experiment 

And you'll see! 

CaLE PoRTER* 

•"EXPERIMENT" from .. NYMPH ERRANT.·· c. & a. Cote Portcr. Copyright © 1933 Jarms Inc. 
Rcproduced by kind pcrmission of CHAPPELL & COMPANY LIMITED for the territory of 
World (e:<. U.S.A., Canada and Scandinavia). © 1933 WARNER BROS. INC. Copyright Rencwcd. 
AJI Righrs Rescrvcd. Used by pennission. 



When the Lord created the world and people to live in it-an enterprise which. 
according to modero science, too k a very long time-1 could well imagine that He. 
reasoned with Himself as follows: .. If 1 make everything predictable. these human 
beings. whom 1 have endowed with pretty good brains, will undoubtedly leam 
to predict everything, and they will thereupon have no motive to do anything at 
aH, because they will recognize that the future is totally detennined and cannot 
be influenced by any human action. On the other hand, if I make everything 
unpredictable, they will gradually discover that there is no rational basis for any 
decision whatsoever and. as in the first case, they will thereupon have no motive 
to do anything at all. Neither scheme would make sen se. I must therefore crea te a 
mixture of the two. Let sorne things be predictable and Jet others be unpredictable. 
They will then, amongst many other things, have the very important task of 
finding out which is which .. " 

E. F. SCHUMACHER * 

• From Sma/1/s Beautiful. Used by pcrmission 



Greek Alpltabet 

A a alpha Nv nu 
B{:J beta S~ Xl 

ry gamma O o omicron 
l:l.f> delta nn pt 
E' e epsilon Pp rho 
z~ zeta 'Ea sigma 
H17 eta Tl: tau 
e e theta Yv upsilon 
I t iota 4>4> phi 
KK kappa xx chi 
A 'A lambda \lllf¡ psi 

Mtt m u nw omega 
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Preface to the Second Edition 

In rewriting this book, we have deeply felt the Joss of our dear friend and col
league Bill Hunter (William G. Hunter, 1937 -1986). We miss his ideas, his 
counsel, and his cheerful encouragement. We believe, however, that his spirit 
has been with us and that he would be pleased with what we. have done. 

The objectives for this revised edition of Statistics for Experimenters remain 
the same as those for the first: 

l. To make available to experimenters scientific and statistical tools that can 
greatly catalyze innovation, problem solving, and discovery. 

2. To illustrate how these tools may be used by and with subject matter 
special.ists as their investigations proceed. 

Developments that would have delighted Bill are the receptive atmosphcre 
these techniques now encounter in industry and the present universal availability 
of very fast computers, allowing* where necessary, the ready use of computa
tionally intensive methods. 

Under such banners as hSix Sigma~" management has realized the impor
tance of training its work forces in the arts of economic investigaúon. With this 
democratization of the scientific method, many more people are being found with 
creative ability and unrealized aptitude for problem solving and discovery. Also, 
the "team idea" not only accelerates improvement but identifies such naturallead
ers of innovation and can allow them to Iead. To make such initiatives possible 
the modem philosophy and methods of process improvement must be taught al 
all levels of an organization. We believe both trainers and trainees engaged in 
such efforts will find this book helpful. Also based on a long experience, we 

• All the computations in this book can be done with the statistical language R (R Dcvclopmcnt 
Core Team, 2004), available al CRAN (http://cran.R-project.org). Functions for displuying anova and 
lambda plots, for Bayesian screening and model building are includcd in thc BHH2 and BsMD R
packages and available at CRAN undcr contributcd puckages. There is as well commercial software. 
such as lhe SCA Statistical Systern, which some readers will find easier to use. 

XV 



xvi PREFACE TO THE SECOND EDITION 

believe the material in this book provides appropriate training for scientists and 
engineers at universities whose nceds have in the past been frequently neglected. 

The material of the original book has been_ rearranged and largely rewritten 
with the object of ensuring even greater accessibility to its users. In addition, a 
number of new things have been introduced or emphasized: 

The many issues, in addition to statistical considerations. that must be attended 
to in a succcssful investigation. 

The need to work closely with subject matt~r specialists. 

The importance of choosing a relevant reference set. 

The value of graphical techniques as an adjunct to more formal methods. 

The use of inactive factor and canonical spaces to salve multiple response 
problems. 

The greatly increased efficiency sometimes achievable by data transformation 
using .. lambda plots:· 

The understanding of error transmission and its use in designing products 
and processess that are Ieast affected by (robust to) variation in system 
components. 

The value of split plot and similar arrangements in industrial experimentation 
particular) y in the design of environmentally robust products and processes. 

The value of a sequential approach to problem solving and in particular the 
sequential assembly of experimental designs. 

How to choose the best follow-up runs. 

The acquiring of investigational technique by hands-on design of sorne simple 
device (e.g., a paper helicopter). 

How empiricism can lead to mechanism. 

The use of randomization and blocking to allow analysis "as if' standard 
assumptions \Were true. 

The use of complex experimental arrangements, in particular Plackett Burman 
designs and their analysis. 

The design biformation function. 

An introduction to process control, to forecasting, and to time series analysis .. 

A fuller discussion of evolutionary process operation. 

USING THE QUESTIONS AND PROBLE1\·1S 

The questions and problems at the end of each chapter can be used in two ways. 
You can consider them for review before reading the chapter to help identify 
key points and to guide your reading and you can consider them for practice and 
exercise after reading this chapter. You may also find helpful the collection of 
quotes on the inside covers of this book. 
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As you apply these ideas and espccially if you meet with unusual success or 
failure, we shall be interested to leam of your experiences. We have tried to write 
a book that is useful and clear. lf you have any suggestions as to how it can be 
improved, please write us. 
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Por help with the preparation of this book we are especially grateful for the 
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CHAPTERl 

Catalyzing the Generation 
of Knowledge 

1.1. THE LEARNING PROCESS 

Knowledge is power. It is the kcy to innovation and profit. But the getting of 
new knowledge can be complex, time consuming, and costly. To be successful in 
such an enterprise, you must Ieam about leaming. Such a concept is not esoteric. 
It is the key to idea generation, to process improvement, to the development of 
new and robust products and processes. By using this book you can greatly sim
plify and accelerate the generation, testing, and development of new ideas. You 
will find that statistical methods and particularly experimental design catalyze 
scientific method and greatly increase its efficiency. 

Learning is advanced by the iteration illustrated in Figure 1.1. An initial idea 
(or model or hypothesis or theory or conjecture) Jeads by a process of deductinn 
to certain necessary consequences that may be compared with data. When con
sequences and data fail to agree, the discrepancy can lead, by a process ca1led 
induction, to modification of the model. A second cycle in the iteration may thus 
be initiated. The consequences of the modified model are worked out and again 
compared with data (old or newly acquired), which in turn can lead to further 
modification and gain of knowledge. The data acquiring process may be scientific 
experimentation, but it could be a walk to the Iibrary or a browse on the Internet. 

lnductive-Deducth·e Learning: An E'·eryday Experience 

The iterative inductive-deductive process, which is geared to the structure of the 
human brain and has been known since the time of Aristotle, is part of one's 
everyday experience. For example, a chemical enginecr Peter Mincrex* parks 

• Can you gucss why he's cnlled Pcter Mincrex? 

Sratisticsfor Experime11ters, Seccmd Edítion. By G. E. P. Box, J. S. Hunter, and W. G. Huntcr 
CQpyrighl © 2005 John Wilcy & Sons, lnc. 
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Data ( facts, phenomena) 

1\ 1\ 
•••::;¡tion lnduct'\/duction lndu\¿••• 

Idea (model, hypothesís, theory, conjecture) 

Figure 1.1. Iterative leaming process. 

his car every moming in an allocated parking space. One aftemoon after leaving 
work he is led to follow the following deductive-inductive leaming sequence: 

.Model: Today is like every day. 

Deduction: My car will be in its parkjng place. 

Data: It isn't. 

lnductimz: Someone must have taken it. 

Model: My car has been stolen. 

Deduction: My car will not be in the parking Iot 

Data: No. It's over there! 

lnduction: Someone took it and brought it back. 

Model: A thief took it and brought it back. 

Deduction: My car will have been broken into. 

Data: It's unharmed and unlocked. 

lnduction: Somcone who had a key took it. 

Model: My wife used my car. 

Deduction: She probably lcft a note. 

Data: Yes. Here it is. 

Suppose you want to solve a particular problem and initial speculation pro
duces sorne relevant idea. You will then seek data to further support or refute this 
theory. This could consist of some of the following: a search of your files and 
of the Web, a walk to the library, a brainstorming meeting with co-workers and 
executives, passive observation of a process, or active experimentation. In any 
case, the facts and data gathered sometimes confirm your conjecture, in which 
case you may have solvcd your problem. Oftcn. however. it appears that your 
initial idea is only partly right or perhaps totally wrong. In the latter two cases, 
the difference between deduction and actuality causes you to keep digging. This 
can point to a modified or totally different idea and to the reanalysis of your 
present data or to the generation of new data. 
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Humans have a two-sided brain specifically dcsigned to carry out such con
tinuing deductive-inductive conversations. While this iterative process can lcad 

10 a solution of a problem, you should not expect the nature of the solution, or 
the route by which it is reached. to be unique. 

Chemical Example 

Rita Stoveing,• a chemíst, had the following idea: 

1\lodel 

Dcduction 

Data 

Induction 

l\,lodcl 
Deduction 

Data 

Induction 

Because of certain properties of a newly discovered catalyst, its 
presence in a particular reaction mixture would probably cause 
chemical A to combine with chemical B to form, in high 
yield. a valuable product e. 

Rita has a tentative hypothesis and deduces its consequences but 
has no data to verify or deny its truth. So far as she can tell 
from conversations with colleagues, careful examination of the 
literaturc, and further searchcs on the computer, no one has 
ever performcd the operation in question. She therefore decides 
she should run sorne appropriate expcriments. Using her 
knowledge of chemistry. she makes an experimental run at 
carefully selected reaction conditions. In particular, she guesses 
that a temperature of 600°C would be worth trying. 

The result of the first experiment is disappointing. The desired 
product C is a colorless, odorless Iiquid, but what is obtained 
is a black tarry product containing Iess than 1% of the desired 
substance C. 

At this point the initial model and data do not agree. The 
problem worries Rita and that evening she is somewhat short 
with her husband, Peter Minerex, but the next morning in the 
shower she begins to think along the following lines. Product 
e might first have been formed in high yield, but it could then 
have been decomposed. 

Theory suggests the reaction conditions wcre too severe. 
A lower temperature núght produce a satisfactory yield of e. 

Two further runs are made with the reaction temperature first 
reduced to 550°C and then to 500°C. 

The product obtained from both runs is less tarry and not so 
black. The run at 550°C yields 4% of the desired product e. 
and the run at 500°C yields 17% 

Given these data and her knowledge of the theory of such 
reactions, she decides she should experiment further not only 
with temperature but also with a number of other factors (e.g .• 
concentration, reaction time, catalyst charge) and to study 
other characteristics of the product (e.g .• the levels of various 
impurities. viscosity). 

• Can you guess why she • s called Rita Stoveing'? 



4 1 CATALVZING THE GENERATION OF KNOWLEDGE 

To evaluate such complex systems economically. she will need to employ 
designed experiments and statistical analysis. Later in this book you will see 
how subsequent investigation might proceed using statistical tools. 

Exercise 1.1. Describe a real or imagined example of iterative leaming from your 
own field-engineering, agriculture, biology, genomics, education, medicine, 
psychology, and so on. 

A Feedback Loop 

In Figure 1.2 the deductive-inductive iteration is shown as a process of feed
back. An i.nitia] idea (hypothesis, model) is represented by M 1 on the left of the 
diagram. By deduction you consider the expected consequences of M1-what 
might happen if M1 is true and what might happen if M1 is false. You also 
deduce what data yo u will need to explore M 1• The experimental plan (design) 
you decide on is represented here by a frame through which sorne aspects of the 
true state of nature are seen. Remember that when you run an experiment the 
frame is at your choice* (that's your hand holding the frame). The data produced 
represent sorne aspect (though not always a relevant one) of the tme state of 
nature obscured to a greater or lesser extent by ''noise;· that is, by experimental 
error. The analyzed data may be compared with the expected (deduced) conse
quences of A-11• If they agree, your problem m ay be sol ved. lf they disagree, the 
way they disagree can aJlow you to see how your initial idea Mt may need to be 

..._ Analysis with 
M1(M1', M(', ... ?) 

Consequences 
ofM1 

Figure 1.2. Itcrative problem solving seen as a feedback loop. 

• This js not true, of course, for happenstance data ovcr which you ha ve no control. 
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modified. Using the same data, you may consider alternative analyses and also 
possible modifications of the original model Mí. Mí', .... It may become clcar 
that your original idea is wrong or at lcast necds to be considerably modi fied. A 
new mode1 M2 may now be postulated. This may require you to choose a new 
or augmented experimental design to illuminate additional and possibly different 
aspects of the state of nature. This could 1ead to a satisfactory solution of thc 
problem or, alternatively, provide cJues indicating how best to procccd. 

1.2. IMPORTANT CONSIDERATIONS 

Subject Matter Knowledge 

Notice the importance of subject matter knowledge to perceive and explore ten
tative models and to know where to loo k for 'help. 

The Route to Problem Solving Is Not Unique 

When he first noticed that his car was missing, Peter Minerex might easily have 
behaved differently. Por example. he might immediately have phoncd the police 
and thus initiated different (but pcrhaps not equally effective) routes to discovery. 
Similarly, in the chemical investigation a different experimenter, after studying 
the disappointing result5, might have decided to explore an entirely different 
chemical route to obtain the desired product. The object is to com•erge to a 
satisfactory soJution-the starting point and the route (and sometimes the nature 
of the solution) will be different for different investigators. 

The game of 20 Questions illustrates these points. ln the game the object is 
to identify an unknown object using no more than 20 questions, each of which 
has only one of two distinct answers. Suppose that the object to be guessed 
is Abtalzam Lincoln 's stove pipe ha t. The initial el u e is vegetable wirlz animal 
associátions. For a competent team of players prcsented with this initial due the 
game might go as follows: 

TEAMA 

Question 

Are the animal associations human? 
M~ale or female? 
Famous or not? 
Connected with the arts 
Politician? 
USA or other? 
This century or not? 
Ninetecnth or eighteenth century? 
Connected with the Civil War? 
Lincoln? 
Is the object Lincoln's hat? 

Answer 

Y es 
Mal e 
Famous 
No 
Y es 
USA 
Not 
Ninetccnth 
Y es 
Y es 
Y es 
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But for a different team of competcnt players the game wou]d almost ccrtainly 
follow a different route. For example: 

Tfo:A).1 B 

Question 

Is the object useful? 
Is it an ítem of dress? 
Male of female? 
Worn above or bclow the belt? 
Wom on the head or not? 
ls it a famous hat? 
Winston Churchilrs hat? 
Abraham Lineo In' s hat? 

Answer 

Y es 
Y es 
M ale 
Abo ve 
Head 
Y es 
No 
Y es 

The game follows the iterative pattern of Figures 1.1 and 1.2, where the ''design .. 
is the choice of question. At each stage conjecture, progressively refined, leads to 
an appropriate choice of a question that elicits the new data, which leads in turn 
to appropriate modification of the conjecture. Teams A and B foJlowed different 
routes, but each was led to the correct answer because the data were generated 
by the truth. 

Thc qualities needed to play this game are (a) subject matter knowledge and 
(b) knowlcdge of strategy. Conceming stratcgy. it is well known that at each 
stage a question should be asked that divides the objects not previously elim
inated into approximately equiprobable halves. In these examples the players 
usually try to do this with questions such as "male or female?" or "wom above 
or below the belt?"'* 

Knowledge of strategy parallels knowledge of statistical methods in scientific 
investigation. Notice that without knowledge of strategy you can always play the 
game,. although perhaps not very well. whereas without subject matter knowl
edge it cannot be played at all. However, it is by far best to use both subject 
matter knowledge and strategy. It is possible to conduct an investigation without 
statistics but impossible to do so without subject matter knowledge. However. 
by using statistical methods convergence to a solution is speeded and a good 
investigator becomes an even better one. 

1.3. THE EXPERIMENTER'S PROBLEl\1 AND STATISTICAL 
l\tETHODS 

Three problems that confront the investigator are complexity, experimental error, 
and the diffcrence between correlation and causation. 

• From a dictionary containing a million words a single word can be found playing 20 Questions .. 
Thc qucstions begin, .. Js it in the front half or the back half of thc dictionary't' lf thc answcl' is, say, 
"The front half," then lhc ne,'tt question is. "ls it in the front half or thc back llalf of that half? .. And 
so on. Note that 220 » 1 o'>. 
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Co01plexity 

In experimentation for process improvemcnt* and discovery it is usually neces
sal)' to consider simultaneously the influence of a number of ''input variables., 
such as tcmperature, feed rate, concentration, and catalyst on a collection of 
output variables such as yield, impurity, and cost. We call controllable input 
variables factors and output variables. responses~ In studying the question as to 
how to improve a process the prime question is, 

•·what does what to whatT' 

With k factors and p responses there are k x p entities to consider .. Further, 
while a certain subset of factors (e.g., temperature and pressure) might be avail
able to change one response (e.g., yield), a quite different or likely overlapping 
subset (e.g., temperature and concentration) might intluence a different response 
(e.g., purity). Compromises may be necessary to reach a satisfactory high yield 
and adequate purity. Also, sorne factors will interact in their influence on a par
ticular response. For example, the change in yield induced by a particular change 
in temperature might its·elf change at different concentrations. To take account 
of all these matters sinmltaneously faces the experimenter with a daunting chal
lenge. Pick and try guesses and the tise of the "change one factor at a time·• 
pbilosophy of experimentation is unlikely toproduce a good result quickly and 
economically. 

The use of statistical experimental design makes it possible. while núnimizing 
the influence of experimental error, to experiment with numbers of factors simul
taneously and to get a clear picture of how they behave separately and together. 
Such understanding can lead to empirical solutions to problems, but it can do 
much more. A subject matter specialist provided with the results from a well-run 
experiment may reason along the following lines: "When I see what x3 does to 
Y1 and Y2 and how Xt and x2 interact in their effect on y3, this suggests to me 
that what is going on is thus and so and I think what we ought to do now is 
this." Theoretical understanding can spring from empirical representation. 

Experimental Error 

Variability not explalned by known inlluences is called experimemal error. Since 
sorne experimental error is inevitable, knowing how to cope with it. is essential. 
Frequently, only a small part of experimental error is attributable to errors in 
measurement. Variations in raw materials, in sampling, and in the settings of 
the. experimental factors often pro vide larger components. Good experimental 
desrgn hclps to protect real effects from being obscured by experimental error and 
conversely having the investigator mistakenly believe in effects that do not exist. 

•lbc word pmces:r is used here in its general scnse. Thus a proccss might be an analytical mcthod 
or thc manufacture of a product. 
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Figure 1.3. Numbcr of storks versus population of Oldcnburg. 

The confusing intluence of experimental error is greatly reduced by the wise 
use of statistical experimental design.• In addition, statistical analysis provides 
measures ofprecision of estimated quantities under study (such as differences in 
means or rates of change). This mak.es it possible to judge whether there is solid 
evidence for the existence of real effccts and greatly increases the probability 
that the investigator will be led along a true rather than a false path. 

Confusion of Correlation with Causation 

Figure 1.3 shows the civilian population of Oldenburg p1otted against the num
ber of stork.'i observed at the end of each of 7 years.t Although in this example 
few would be led to hypotl1esize that the increase in the number of stork.~ 
caused the observed increase in population, investigators are sometimes guilty 
of this kind of mistake in other contexts. Correlation between two variables Y 

• Anothcr way lo !\tate this is lo say Lhat dcsigned experiment~ can grcatly incrcase the signal-to-noise 
ratio. 
t These data CO\'Cr the ycars 193()-1936. See Omithologische Monatsberichte, 44, No. 2. Jahrgang, 
1936. Berlin. and 48. No. 1, Jahrgang, 1940, Berlin. and Staristiches, Jahrbuch Deutscher Gemei11dm, 
27-22, Jahrgnng, 1932-1938, Gustas Fischer. Jcna. \Ve are gratcful to Lars Pnllcscn for thcse 
refercnces. 



1.4 A TYPICAL INVESTIGATION 9 

and X often occurs because thcy are botlz associated wilh a third factor W. 
In the stork example, since the human population Y and the number of storks 
X both increased over this 7-year period, the common factor W was in this 

case time. 

Exercise 1.2. Gi ve other examples where correlation exists but causation does not. 

1.4. A TYPICAL INVESTIGATION 

To illustrate the process of iterative learning and to provide simultaneously a pre
view of what is discussed in this book, we employ a description of an imaginary 
investigation aimed at improving the quality of drinking water. Our investigators 
are the chemist Rita Stoveing and the chemical engineer Peter Minerex. As you 
read what follows, consider how identical siatistical problems could confront 
investigators in any other experimental science. 

The Problem 

There is of course only a limited amount of usable water on this planet and what 
we ha ve must be u sed . and reused. The following investigation was necessary 
because a particular water supply contained an unacceptably high level of ni trate. 
Minerex and Stoveing had developed a new ion exchange resin that absorbed 
the offending nitrate. The attractive feature of this new resin was that it was 
specific for nitrate and potentially much cheaper to use and to regenerate than 
currently available resins. Unfortunately. it cou1d only be made under laboratory 
conditions in experimental quantities. It was realized that a good deal of further 
experimentation might be necessary before a commercially viable product could 
be produced. The following out1ine shows how. as their investigation proceeded, 
they would be led to consider different questions and employ ditTerent statistical 
techniques* of varying degrees of sophistication. 

Iterative Cyclcs of Investigation 

Rita and Peter knew that observations recorded under apparently similar condi
tions could vary considerably. Thus, before beginning their investigation evcry 
effort was made to stabilize procedures and to reduce proccss variation. Fur
thermore, they expected to have to experiment with a number of different fac
t~rs and to look at several diffcrent responses. To make such a study effi
crent and econornical, they would need to make extensive use of statistical 
methods. 

•This imaginary investigation has the property that in successive iterations it uses most of the 
rechniqucs discusscd in this book approximately in the order in wlúch thcy · appear. TI1is i!,, of 
course, mcrely a pedagogical device. Howevcr, many investigations do go through various phnses 
of statistical sophi!.tication in somewhat thc manner described hcre. 
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.1 CATALrLING THE GENERATlON OF K""NOWLEDGE 

The two investigators had each taken a statistics 
course but were currcntly a bit rusty. 

ITERATrON 1 

Where can we find a quick summary of elementary 
statistical principies'? 

Chapter 2: Basics 
Studying this chapter provided thc nceded review and 

prepared them for what followcd. 

ITERATION II 

Minerex believed. and Stoveing did not. that using a 
very pure (and more expensive) version of their 
resin woutd improve its performance. 

How does lheir _"ordinal)'" res in compare wilh thc 
more expensive high-purity version? 

Chapter 3: Comparing Two Entities 
Their expensive high-pmity resin was about equal in 

perfonnance to the ordinary resin. (She was right!) 

ITERATION 111 

Minerex was wrong about the high-purity version, but 
their ordinary resin slill looked promising. They 
now decided to compare laboratory samples of 

" their .new resin with five standard commercially 
available resins. 

How does their new ordinary resin compare with the 
five commercially available resins? 

Chapter 4: Comparing a Number of Entities 
The laboratory samples of the new resin were as good 

as any of the commercially available altematives 
and perhaps somewhat superior. 

ITER-\TION IV 

The new resin had been shown to be capable of doing 
as well as its competitors. However, under the 
conditions contemplated for economic manufacture 
the removaJ of nitrate was insufficient to achieve 
the standard required for drinking water. 

What are the most important faetors influencing 
nitrate removal'? Can modifications in the present 
manufacturing equipment affecting such factors as 
Jlow rate, bed depth and regeneration time Jead to 
improved nitrate removal'? 

Chapters 5, 6, 7, and 8: Studies using factorial and 
fractional factorial designs 
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Findings 

Commentary 

Question 

Design and Analysis 

Findings 

Commentary 

Question 

Design and Analysis 
Findings 

Commentary 

Question 

With suitable modifications of the equipmen4 
sufficiently Jow nitrate Jevels could be achieved. 

ITERATION V 

The company now concJuded that manufacture of this 
new resin was possible and could be profitable. To 
learn more, a pilot plant was built. 

How do the settings of the process factors. affect the 
quality and cost of the new resin? What are the 
best settings? 

Chapters 1 O, 11. and 12: The method of least squares, 
multidimensional modeling, and response surfaces 

The pilot plant investigation indicated that with 
appropriate settings of the process factors a product 
could be produced with satisfactory quality at a 
reasonable cost. 

ITERATION \'1 

Before the process could be recommended for 
production the problerns of sampling and testing 
had to be solved. 

How can sampling and testing methods be refined to 
give reliable determinations of the characteristics of 
the new resin? 

Chapter 9: Multiple Sources of Variation 
Components of variability in the sampling and 

chemical analysis of the product were identified 
and measured. Using this information. a sampling · 
and testing protocol was devised to minimize the 
variance of the determinations at least cost. 

ITERATION VIl 

Before the new resin could be recommended 
commercially its behavior had to be considered 
under a variety of environmental conditions that 
might be encountered at different locations and at 
different times. It was necessary to design the resin 
process system so that it was insensitive to 
variations due to different environments in which 
the resin would be required to operate. 

How can the nitrate adsorption product be designed 
so as to be insensitive to factors likely to be 
different at different Jocations, such as pH and 
hardness of the water supply and the presence of 
trace amounts of likely impurities? 
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l CATALYZING THE GENERATION OF KNOWLEOOE 

Chapter 13: Designing Robust Products and Processes 
A process dcsign was possible that ensured that the 

manufactured new resin was insensitive to changes 
in pH. water hardness. and moderate amounts of 
likely impurities. 

ITERATION VIII 

The regeneration process for the resin was done 
automatically by a system containing a number of 
electronic and mechanical components. It was 
known that manufacturing variations transmitted by 
these components could affect system 
performance. 

How can the regeneration system be designed so that 
small manufacturing changes in the characteristics 
of its components do not greatly affect its 
performance? 

Chapter 13: Designing Robust Products and Processes 
It was found that in some instances it would be 

necessary to use expensive components with 
tightened specifications and that in other instances 
less expensive components with wider 
specifications could be substituted. A system that 
gave high performance at low cost was 
developed. 

ITER~TION LX 

It was found that the full-scale plant was not easy to 
control. 

How can better process control be achieved? 
Chapter 14: Process Control, Forecasting, and Time 

Series 
By the process of dcbugging using monitoring 

techniques and simple feedback adjustmen~ 
adequate control was obtained. 

ITERATION X 

The initial process conditions for the full-scale process 
were arrived at from pilot plant experiments. 

How can improved conditions from the full-scale 
process be achieved? 

Chapter 15: Evolutionary Proccss Operation 
Operation in the evolutionary mode provided a 

steadily improving process. 
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The above by no means exhausts the application of statistical methods that might 
have been necessary to produce a marketable and profitable product. For example, 
it would be necessary to determine the extent of the possible market and to judge 
the perfom1ance of the new resin relative Lo competitive products. Al so, production 
scheduling and inventory controls would need to be organized and rnonitored. 

1.5. HO\V TO USE STATISTICAL TECHNIQUES 

All real problems have their idiosyncrasies that must be appreciated before effec
tivc methods of tackling them can be adopted. Consequently each new problem 
should be treated on its own rnerit<i and with respect. Being too hasty causes 
mistakes. It is easy to obtain the right answer to the wrong problem. 

Find Out as l\'luch as You Can About the Problem 

Ask questions until you are satisfied that you fully understand the problem and. 
are aware of the resources available to study it. Here are some of the questions 
you should ask and get answers too. What is the object of this investigation? 
Who is responsible? I am going to describe your problem; am 1 correct? Do you 
have any past data? How were these data collected? In what order? On what 
days? By whom? How? May 1 see them? How were the responses measured? 
Have the necessary devices been recentJy checked? Do you have other data like 
these? How does the equipment work? What does it Iook like? May 1 see it? May 
1 see it work? How much physical theory is known about the phenomenon? lf the 
process concerns a manufacturing process, what are the sampling, measurement, 
and adjustment protocols? · 

Don't Forget Nonstatistical Knowledge 

When you are doing ~'statistics'' do not neglect what you and your colleagues 
know about the subject mattcr field. Statistical techniques are useless unless 
combined with appropriate subject matter knowledge and experience. They are 
an adjunct to, not a replacement for, subject mauer expertíse. 

Define Objectives 

It is of utmost importance to (1) define clearly the objectives of the study; (2) be 
sure that all interested parties concur in these objcctives; (3) make sure that 
the necessary equipment, facilities, scientific personnel, time, money, and adc
quate management support are available to perform the proposed investigation; 
(4) agree on the criteria that will determine when the objectives have been met; 
and {5) arrange that if the objectives have to be changed all interested parties are 
madc aware of the new objectives and critcria. Not giving thcse mauers sufficient 
auention can produce serious difficulties and sometimes disaster. 
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Learn from Each Other: The Interplay Between Thcory and Practice 

While experirnenters can greatly gain from the use of statistícal mcthods, the con
verse is evcn more truc. A spccialist in st¡1tistics can leam and bl:nefit enormously 
from hls or her discussions with engineers, chemists. biologists, and other subject 
matter specialists. The gcneration of really new· ideas in statistics and good sta
tistical seem to result from a genuine interest in practica} problems. Sir Ronald 
Fisher, who was the originator of most of the ideas in this book, was a scientist 
and experimenter who liked to work closely with other expcrimentcrs. For him 
thcre was no greater ple.asure than discussing their problems over a glass of beer. 
Thc same was truc of his fricnd William S. Gosset (bctter known as "Studenf'), 
of whom a colleague* commcnted, uTo many in the statistical world 'Student" 
was regarded as a statistical advisor to Guinness·s brewery~ to others he appeared 
to be a brewcr who devoted his spare time to statistics .... Though thcre is some 
truth in both thcse ideas they miss the central point, whicb was the intimate 
connection bctween his statistical rescarch and the pmctical problems on which 
he was engagcd.~· The work of Gosset and Fisher reflects the hallmark of good 
scicnce~ the interplay between thcory and practice. Their success as scientists 
and their ability to develop useful statistical techniques were highly dependent 
on their deep involvement in experimental work. 
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QUESTIONS I•OR CHAPTER 1 

l. What is mcant by the itcrative naturc of lcarning? 
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2. In what ways can statistics be useful to experimenters? 

3. What is achieved by good statistical analysis? By good statistical design? 
Which do you believe is more important? 

4. What are three common difficulties encountered in experimental investiga-
tions? -

5. Can you give examples (if possible from your own field) of real confusion 
(perhaps controversy) that has arisen because of one or more of these diffi
culties'? 

6. Which techniques in this book do you expect to be most useful to you? 

7. How should you use the techniques in this book? 

8. Can you think of an experimental investigation that (a) was and (b) was not 
iterative? 

9. Read accounts of the development of a particular field of science over a 
period of time (e.g., read the books The Double Helix by J. D. Watson and 
The Bishops Boys (the Wright brothers) by T. D. Crouch, 1989). How do 
these deve1opments relate to the discussion in this chapter of a scientific 
investigation as an iterative. process? Can you trace how the confrontation of 
hypotheses and data led to new hypotheses? 



CHAPTER2 

Basics (Probability, Parameters, 
and Statistics) 

Did you take a course in elementary statistics? If yes, and you remember it, 
please go on to Chapter 3. lf no, read on. If you need to brush up on a few 
things, you will find this chapter helpful and useful as a reference. 

2.1 •. EXPERil\IENTAL ERROR 

When an operation or an experiment is repeated under what are as nearly as 
possible the same conditions, the observed results are nevcr quite identical. The 
ftuctuation that occurs fróm one repetition to another is caBed noise~ experimental 
variation, experimental error, or rnerely error. In a statistical context the word 
error is used in a technical and emotionally neutral sen se. lt refers to variation. 
that is often unavoidable. lt is not associated with blame. 

Many sources contribute to experimental error in addition to errors of measure
ment, analysis, and sampling. For example, variables such as· ambient tempera
ture, skill or alertness of personnel, age and purity of reagents, and ú1e efficiency 
or condition of equipment can all contribute. Experimental error must be distin
guished from rnistakes such as misplacing a decimal point when recording an 
observation or using the wrong chemical reagent. 

It has been a considerable handicap to many experimenters that their formal 
training has left them unequipped to deal with the commtm situation in which 
experimental error cannot be safely ignored. Not only is awareness of the possible 
~ffects of experimental error essential in the analysis of data, but also its inftuence 
lS a paramount consideration in planning the generation of data, that is, in the 
design of experiments. Therefore, to have a sound basis on which to build practi
ca} techniques for the design and analysis of experiments, sorne elementary under
standing of experimental error and of associated probability theory is essentiaJ. 

~atisr~cs for Experimenters, Second Ediriotr. By G. E. P. Box, J. S. Hunter, and W. G. Hunter 
opynght © 2005 John Wiley & Sons, lnc. 
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Experimental Run 

We shaJI say that an experimental rw1 has been perfonned when an apparatus 
has been set up and aJiowcd to function under a specific set of experimental con
ditions. For example .• in a chemical experimenta run might be made by bringing 
together in a reactor spccific amounts of chemical rcactants, ·adjusting tcmpcra
ture and pressure to the desired levels. and allowing the reaction to proceed for 
a particular time. In engineering a run might consist of machining a part under 
specific, manufacturing conditions. In a psychological experiment a run might 
consist of subjecting a human subject to some controlled stress. 

Experimental Data or Results 

An experimental result or datum describes the outcome of the experimental run 
and is usually a numerical measurernent. Ten successive runs madc at what were 
believed to be identical conditions might produce the following data: 

66.7 64.3 67.1 66.1 65.5 69.1 67.2 68.1 65 .. 7 66.4 

In a chemical experiment the data might be percentage yield, in an enginecring 
experiment the data could be the amount of material removed in . a machining 
operation, and in a psychologicaJ experiment the data could be the times takcn 
by 1 O stressed subjects to perform a specific task. 

2.2. DISTRIBUTIONS 

The Dot Diagram 

Figure 2.1 is a dot diagram showing the scatter of lhe above values. You will 
tind that the dot diagram is a valuable device for displaying thc distrihution of a 
small body of data. 1 n particular, it shows: 

l. The location of the observations (in this example you will see that they are 
clustered near the value 67 rather than, say, 85 or 35). 

2. The spread of the observations (in this examplc they extend over about 
5 units). 

3. Whether there are somedata points considerably more extreme that the rest. 
Such "outliers'' might result from mistakes either in recording the data or 
in the conduct of a particular test. 

---L'--.1..' _ ... llf.--11-:. .. .l •••• 
63 64 65 66 67 

Yield 

• 68 • 69 
1 

70 

F'igure 2.1. Dot diagram for a sample of JO observations .. 
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The Frequency Distributlon 

Wben you have a large number of results, you will be better able to appreciate the 
data by constructing afrequency distribwion. also called a histogram or frequency 
diagram. This is accomplished by dividing the horizontal axis into intervals 
of appropriate size and constructing a rectangle over the ith interval with its 
area proportional ton;, the number (frequency) of observations in that interval. 
Figure 2.2 shows a frequency distribution for N = 500 observations of yield from 
a production process. • In this example each observation was recorded to one 
decimal place. The smallest of the observations was betwecn 56 and 57 and the 
Jargest between 73 and 74. lt was convenient therefore to classify the observations 
into 18 intervals, each covering a range of one unit. There were t,,...o observations 
in the first interval, thus llt = 2. Since in this example all the intervals are of 
width 1, the frequency of observations n; in the ith inter\.raJ., i = l. 2 .... , 18, is 
directly proportional to the height (ordinatc) on the vertical axis. 

Figure 2.2 glves a vivid impression of the 500 observations. ln particular, it 
shows their Iocation and spread. But other characterislics are brought to your 
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Figure 2.2. FrC<Jucncy diagram (histograrn. frequency distribution) for a sample of 500 obscn·ations: 

• r...~a~~ c?mputcr software programs provide such histograms. In this examplc thc histogram (fre
~~~nc~ d1agrnm) has intcrvals of equal width and hcnce heigbt is also proportional ton¡. However. 

lstograms are sometimcs constructcd for daUI in which thc intcrvals are of diiTerent width In that 
case the (lr f ti . 1 . . . f ea o te rectang e constructcd over cach mtcrval must be proportlonalto n1• ~he frcqucncy 
0 observations witbin that intervaJ. 
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attention, for instance, that about ~ of the observations lie between 60 and 70. 
This fraction, more precisely ~~~. is represented by the shaded region under the 
frequency diagram. Notice too that the histogram is not symn1etric but tails off 
slowly for observations having high values. 

Exercise 2.1. Construct a dot diagram with data given in miles per gallon for 
five test cars: 17.8, 14.3. 15.8, 18.0, 20.2. 

Exercise 2.2. Constntct a histogram for these air pollution data given in parts 
per rnillion of ozone: 6.5, 2.1, 4.4, 4.7, 5.3, 2.6, 4.7, 3.0, 4.9, 4.7, 8.6, 5.0, 4.9, 
4.0, 3.4, 5.6, 4.7, 2.7, 2.4, 2.7. 2.2, 5.2. 5.3, 4.7,. 6.8, 4.1, 5.3, 7.6. 2.4, 2.1. 4.6, 
4.3, 3.0, 4.1, 6.1' 4.2. 

Hypothetical Population of Results Represented by a Distribution 

The total aggregate of observations that conceptually miglzt occur as the result of 
repeatedly performing a particular operation is referred to as the population of 
observations. Theoretically. this population is usually assumed to be infinite, but 
for thc purposes of tlús book you can think of it as having size N where N is 
large. The (usually few) observations that actually have occurred are thought of 
as some kind of sample from this conceptual population. With a large number of 
observations the bumps in the frequency diagram often disappear and you obtain 
a histogram with an appearance like that in Figure 2.3. (Until further notice you 
should concentrate on this histogram and ignore for the moment the smooth 
curve that is supcrimposed.) If you make the area of the rectangle erected on 
the ith interval of this histogram equal to the relative frequency n; 1 N of values 
occurring in that interval, this is equivalent to choosing the vertical scale so that 
the area under the whole histogram is equal to unity. 
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f"igure 2.3. Hypolhetical probability distribution for a conceptual popuJation of observations. 
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Randomness and Probability 

A random drawing is one where each member of the population has an equal 
chance of being chosen. Imagine you have written each of thc N observations 
from the population on a ticket and put all these into a Jottery drum and in 
a random drawing yo u obtain so me value y. Thcn: 

t. The probability that y is less than .sorne value yo. Pr(y < Yo). will be 
equal to the area under the histogram to the left of Yo [for illustration, in 
Figure 2.3, if y0 was equal to 60, the probability that y was less than 60 
would be 0.361. i.e., Pr(y <.Yo)= 0.361]. 

2. The probability Pr(y > Yo) that y is greater than Yo will be equal to the 
arca under the histogram to the right of Yo.· 

3. The probability Pr(yo < y < Y1) that y is greater than Yo but less than 
y1 will be equal to the arca under the histogram between )~o and Yt· For 
example, in Figure 2.3 the shaded portion has an area of 0.545 so that 
Pr(60 < y < 70) = 0.545 .. 

To the accuracy of the grouping interval the diagram of relative frequencies for 
the whole population tells you everything you can know about the probability of 
a randomly chosen member of the population failing within any given range. lt 
is therefore called a probability distribution. 

Probability Density 

In this example the width of the grouping interval happens to be one unit of 
yield, but suppose it is h units of yield. Suppose al so that for a particular interval 
of size h the height of the constructed rectangle is p(y) and its area is P. (Recall 
that this area P = nf N is the probability of the interval containing a randomly 
chosen y.) Then P = p(y) x h and p(y) = P /h. The probability density; that is 
the ordinate p(y)y is thus obtained by dividing the probability. the area associated 
with a given interval. by the width of the interval. Notice that it is always an 
area under the probability distribution that represents probability. The ordinate 
p(y) of the distribution. the density at the point y, is not itself a probability 
and only becomes tme when it is multiplied by the appropriate interval width. 
Probability density has the same status as physkal density. Knowing the density 
of ~ metal does not teii you whether a given piece of the metal wil1 be heavy 
?r hght. To find this out, you rnust multiply its density by its volume to obtain 
lls ~as_s. Thus probability = probability density x interval size, just as mass = 
denstty x volume. 

Representing a Probability Distribution by a Continuous Curve 

Now _if you imagine the interval h taken to be very small, the probability P 
assoctatcd with the interval becornes proportionally small also, but no mauer 
how far you carry the process, the probability density p(y) = P 1 h can still be 
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finite. In the limit, as the interval becomes infinitesimally short~ you -~an conceive 
of the population being represented by a continuous probability distribution like 
the continuous dashed line in Figure 2.3. 

When a mathematical function is used to represent this continuous probability 
distribution, it is sometimes called the (probability) density function. One such 
theoretical funclion is the normal distribution, which is discussed later in this 
chapter. Just as beforc, the total area under a continuous probability distribution 
must be unity. and the area betv.'een any two values y0 and y 1 .is equal to Pr()'o < 
Y< _nj. 

A question sometimes asked is: Given that the theoretical population is reprc
sented by a conti11uous curve, what is the probability of gettlnga particular value 
of y, say y= 66 .. 3? lf the question referred to the probability of y being exactly 
66.300000000 ... COlTesponding to a point on the horizontal axis, the answer 
would be zero. because P = p(y) x h and h is zero. However. what is usually 
meant is: Given that the observations are made, say. to the nearest 0.1, what is 
the probability of getting the value y = 66.3? Obviously, the answer to this ques
tion is not zero. 1f we suppose that all values between y = 66.25 and y = 66.35 
are· recorded as y = 66.3, then we require Pr(66.25 < y < 66.35). The required 
probability is given by the area under the curve between the two Iimits and is · 
adequately approximated by p(66.3) x 0.1. O 

Sample Average and Population l\lean 

One important feature of a sample of n observations is its average value, denoted 
by y(read as "y-bar''), For the sample of 1 O observátions plotted in Figure 2.1 

66.7 + 64.3 + ... + 66.4 
y= =66.62 

10 

In general, for a sample of n observations, you can write 

Yl + )'2 + · · · + Yn = L Y y=--------------
11 n 

where the symbol :L. a capital sigma, befare the y's means add up all the y~s."" 
Since y tells you whcre the scatter of points is centered along ú1c y axis, more 
precisely whcre it will be balanced, it is a measure of location for ú1e sample. lf 
you imagine a hypothetical population as containing some very large number N 
of obscrvations. it is convenient to note the corresponding mcasure of location 

•1n sorne instanccs whcre you want to indicare a particular scqucnce of y's to be nddcd together, 
you need a somewhat more elaborate notalion. Suppose that Ya• .''2· )'3 •••• refer lo the first, second, 
third obscrvations. and so on~ so that y1 mcans thc jth observation. Then. for example, the sum of 
the obser\'ations beginning with the third nbscrvation )'3 and ending with the eighth Ys is wriucn as 

¿:~,.3 Yj and mcans )'3 + Y4 + Y5 + ,v6 + Y7 + Ys· 
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by the Greek letter 17 (eta) and to call it the popularion mean. so that 

EJ· 
1]=-

N 

2.3. STATISTICS AND PARAl\1ETERS 

To distinguish between the sample and population quantities. 11 is called the 
populalion mean and y the s~mple avera~e. A para~1~ter .like the mean '!_ ~s a 
quantity directly associated wtth a populatwn. A statJstic hke the average y ts a 
quantity calculated fro~ a set of data often thought of. as some kind of sample 
taken from the populatmn. Parameters are usually destgnated by Greek letters; 
statistics by Roman letters. In summary: 

Population: a very Iarge set of N observations from which your sample of 
observations can be irnagined to come. 

Sample: the small group of n observations actually available. 

Parameter: population mean '1 = L y/ N. 
Sratistic: sample average y = L y 1 n. 

The mean of the population is al so called the expected l'Cllue of y or the matlre
matical e~pectation of y and is often denoted as E(y). Thus TJ = E(y). 

The Hypothesis of Random Sampling? 

Since the hypothetical population conceptually contains all values that can occur 
frorn a given operation, any set of observations we may collect is some kind 
of sample from the population. An important statistical idea is that in certain 
circumstances a set of observations may be regarded as a random sample. 

This hypothesis of random sampling however will often nnt apply to actual 
data. For example, consider daily temperature data. Wam1 days tend to follow one 
another, and consequently high values are often followed by other high values. 
Such data are said to be autocorrelated and are thus not directly representable by 
random. drawings.* In both the analysis and the design of scientific expcriments 
~mch hangs on the applicability of this hypothesis of random sampling. The 
tmportance of randomness can be appreciated, for example, by considering public 
opinion polls, A poll conducted on election night at the hcadquarters of one 
~olitical party might give an entirely false picture of the standing of its candidate 
m the voting populaLion. Similarly, infonnation gencrated from a samplc of apples 
taken. from the top of the barrél can prove misleading. 

I.t I.s unfortunate that the hypothesis of random sampling is treatcd in much 
statisttcal writing as if it were a natural phenomenon. In fact, for real data it is 
a p~operty that can never be relied upon. although suitablc precautions in the 
des1gn of an experiment can make the assumption relevant. 

• In Chapter 14 you will see how autocorrelated data can be indirecrly rcprt!sented by nmdom dr-.!wings. 
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2.4. MEASURES OF LOCATION AND SPREAD 

The Population 1\·lean, Variance, Standard Deviation, and Coefficient 
of Variation 

As you have seen, an important characteristic of a population is its mean value 
1J = L )'/N. This mean val u e r¡ is called a parameter of the distribution. It is also 
ca1Ied the mathematical expectation ofy and denoted by E(Y). Thus E(Y) = 17. lt 
is the first moment of the distribution of y. and it defines the point of balance along 
the horizontal axis, as illustrated in Figure 2.4. It thus supplies a measure of the 
location. of the distribution, whether, for instance, the distribution is balanced at 0.6. 
60, or 60,000. Knowledge of location supplies useful but incomplete infonnation 
about a population. If you told visitors from another world that adult males in the 
United S tates hada mean hcight of approximately 70 inches, they could still believe 
that sorne members of the populatíon were 1 inch and others 1000 inches tall. A 
measure ofthe spread ofthe distribution would help give them a better perspective. 

The most useful such measure for our purposes is the variance of the pópulation, 
denoted by a 2 (sigma squared). A measure of how far any particular observation 
y is from the mean r¡ is the deviation y - 17; the variance u 2 is the mean val u e of 
the squares of such deviations taken over the whole population. Thus 

2 E( )2 L(Y- 1J)
2 

(1 = l' - 1] = ----. N 

Justas the special symbol E(y) may be used to denote the mean value, E(y) = n. 
so too the special symbol V (y) is used to denote the variance, and thus V (y) = 
u 2 ~.A measure of spread which has the same units as the original observations 
is u, the positive square root of the variance-the root mean square of the 
deviations. This is called the standard deviation 

0.10 

0.08 

0.06 

~ 
0.04 

0.02 

0.00 OLL _ _j5 __ __l10 __ _.L15 ___ 2l.0__:::===:2:t:_-:5,_,_-:31:-0--

Mean~. 
17 y 

Fi&"Ure 2.4. Mean r¡ = E(y) as thc point of balance for the distribution. 
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Occasionally a subscript will accompany u. Thus the symbol ay le aves no doubt 
that you are talking about the standard deviation of the population of observations 
y and noty for example, about some othcr population of observations z. 

Average, Variance, and Standard DeYiation of a Sample 

The data available to an investigator may be thought of as a small sample of n 
observations from the hypothetical larger set N represented by the population. 
Por the data in the dot diagram of Figure 2.1 lhe sample average y = LY / n = 
666.2/10 = 66.62 supplies a measure of the location of the sample. Similarly, 
the sample variance supplies a measure of the spread of the sample. The sample 
variance is calculated as 

n-1 

The positive square root of the sample variance gives the sample standard de
viation, 

which has the same units as the observations. Thus for the sample of lO obser
vations in Figure 2.1 the sample variance is 

2 (66.7- 66.62)2 + (64.3- 66.62)2 + ... + (66.4- 66.62)2 

S=---------------------------------------------------------------------------------
9 

44398.96- 10(66.62)2 

- 9 = 1.86 

and the sample standard deviation is s = 1.36. 
. Once again, as was true for the mean t7 and the average y, a Greek letter 
lS used for the population parameter and a Roman letter for the corresponding 
sample statistic. Thus a 2 and u are parameters that denote the population variance 
an~ population standard deviation, and the statistics s1 and s denote the sample 
vanance and sample standard deviation. A summary is gíven in Table 2.1. 

The Coefficient of Variation 

Suppose you need to know how big is the standard deviation u relative. to the 
mean r¡. The ratio a/r¡ is called the coefficient of variatíon. When wriuen as a 
~r~e~tage 100 ah], it is sometimes called the percelltage error. A coefficient of 
. a_nauon of 3% would imply that u was 3% of the mean r¡. As you will see Iater, 
Jt 15 very dosel y related to the standard deviation of log y. The sample coefficient 
of variation is sjy. Its inverse, yfs. is sometimes referred toas a signal-to-noise 
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Table 2.1. Populution and Sample Quantities 

Dcfinition 

Mca-.ure of 
location 

.1\ fe asure of 
spread 

Po¡mlarivn: a hypothctical set of N 
observations frorn which lhc samplc of 
observations actually ohtaincd can be 
imagincd to come (typically N is very 
large) 

Parameters 

Population mean '1 = L: )' 1 N 

Population variance 

Population standard deviation 

Samp/e: a set of n available 
observations (typically n is 
small) 

Statistics 

Sampk average y = L. yj n 

Sample variancc 

.~2 = Í:.(Y- f)2/(n- 1) 

Sample standard deviation 

s = +JL:<Y- yf1/Cn- 1) 

ratio. For the dot diagram d~~ta of Figure 2.1 the sample coefficient of variation 
s/)' is 1.36/66.62 = 0.020 = 2%. 

The l\Iedian 

Anothcr measure of a samplc that is occasionatly uscful is the median~ It may be 
obtained by Iisting the n data values in order of magnitude. Tbe median ls the 
middle value if u is odd and the average of the two middle values if n is cven. 

l~esiduals and Degrees of Freedom 

The n deviaüons of observations from their sample average are callcd residuals. 
Thcse residuals always su m to zero. Thus ~)y - Y> = O constitutes a linear con
.~trab11 on the residuals Yt - y, y2 - y, .... )'11 - y beca use any ll - J of them 
completcly detenninc the other. The n rcsiduals y- y (ami hence the sum of 
squarcs ¿)y- f) 2 and the sample variance s 2 = ¿)y- y)2/(n- 1 )) are there
fore said to have n - l degn>es offreedom. In this book the number of dcgrces of 
freedom is denotcd by the Greek letter v (nu}. For the dot diagram data the samplc 
variance is s 2 = 1.86, the samplc standard deviation is s = v't]6 = 1.36. and 
the number of degrees of freedom is v = n- 1 = 10- L = 9. The loss of one 
degree of freedom is associated with the need to replace the unknown population 
parameter 11 by the estímate y derived from thc sample d::ata. lt can be shown 
that because of this constraint the best estímate of u 2 is obtained by dividing the 
sum of squares of the residuals not by 11 but by v = n - l. 

In later applicatimls you will encounter examples where, because of the need 
to calculate scvcml sample quantities to replace unknown population paramc
ters, several constraints are neccssarily placed on the residuals. When thcre are 
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p independent linear constraints on n residuals, thcir sum of squarcs and the 
resulting sample variance and standard deviation are all said to have v = n - p 

dcgrees of freedom. 

Sample Variance lf thc Population 1\1ean "'ere Knm\·n: Thc "Natural" 
Variance and Standard De\'iation 

If the population mean 11 were known, the sumple variance would be calculated 
as the ordinary average of the squared deviations from this known mean. 

,., 2)Y- 1J)2 
s· = =.....;...._ __ 

n 

The statistic is designated by a dot to distinguish it from s2• The su m of squares 
L:<Y- 17)2 and the associated statistic s2 would then have rz degrees of freedom 
because alln quantities y - 1J are free to vary; knowíng 11 - 1 of the deviations 
does not determine the nth. In this book we will call s2 the natural variance and 
s the natural standard deviation. 

Exercisc 2.3. Calculate the average and standard deviation for the fo11owing data 
on epitaxiallayer thickness in micrometers: 16.8, 13.3, 11.8, 15.0. 13.2. Confirm 
that the su m of the residuals y- y is zero. Illustratc how you would use this fact 
to calculate the fifth residual knowing only the values of the other four. 

Ans\~·er: y = 14.02, s = .1.924 wilh v = 4 degrees of freedom. 

Exercise 2.4. A psychologist measured (in seconds) the following times required 
for 10 rats to complete a maze: 24, 37, 38, 43, 33, 35, 48. 29, 30, 38. Determine 
the average, sample variance, and sample standard dcviation for Lhese data. 

Answer: y= 35.5, s2 = 48.72, S = 6.98 with V = 9 degrces of freedom 

Exercise 2.5. The following observations on the Iift of an airfoil (in kilograms) 
were obtained in successive trials in a wind tunncl: 9072. 9148. 9103, 9084, 
9077. 91 1 1, 9096. Calculate the average, sample variance, and sample standard 
deviation for these observations. 

AnS\·ver: )' = 9098.71, .~ 2 = 667.90, s = 25.84 with u= 6 tlegrees of freedom 

Exercise 2.6. Given Lhe following liters of a reagent required to titmte Q grams 
of a substance: 0.00173. 0.00158, 0.(}{)164, 0.00169, 0.00157, 0.00180. Calcu
late the average, the sample variance, and sample standard deviation for these 
obscrvations. 

Answer: y= 0.00167, s2 = 0.798 x Io-8, s = 0.893 x 10-4 with v = 5 degrees 
of freedom 

2.5. THE NORl\IAL DISTRIBUTION 

Repcated observations that differ because of experimental error often vary about 
some central value in a roug.hly symmctric distribution in which small deviations 
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11 + u r¡ + 2u 1¡ + 317 

Figure 2.5. Nom1al (Gaussian) distribution. 

occur much more frequently than large ones. For representing this situation a 
valuable theoretical distribution that occupies an important position in the theory 
of statistics is the Gaussicm, or normal, distribution. The appearance of this dis
tribution and its mathematical formula are shown in Figure 2.5. lt is a symmetric 
curve with its highest ordínate at its center, taiJing off to zero in both direc
tions in a way intuitively expected of experimental error. It has the property that 
the logarithm of its density function is a quadratic function of the standardized 
residual (y - r¡) /a. 

Reasons for the lmportance of the Normal Distribution 

Two things explain the importance of the normal distribution: 

l. The centrallimit effect that produces a tendency for real error distributions 
to be "normal like." 

2. The robustness to nonnormality of sorne common statistical procedures, 
where "robustness" means insensitivity to deviations from theoretical 
nonnality. 

The Central Limit Effect 

Usually the "overall" error y- '7 =e is an aggregate of a number of component 
errors. Thus a measurement of yield obtained for a particular experimental run 
may be subject to analytical error, chemical sampling error and process error 
produced by failures in meeting the exact settings of the experimental conditions, 
errors due to variation in raw materials, and so on. Thus e will be some function 
of a number of component errors el.' e2,. ~., en• lf each individual error is fairly 
small, it would usually be possible to approximate the overall error as a linear 
function of the component errors 
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where the a's are constants. The centrallimit theorem says that, under conditions 
ahnost always satisfied in the real world of experimentation, the distribution of 
such a linear function of errors will tend to normality as the number of its 
components becomes large. The tendency to normality occurs almost regardless 
of the individual distributions of the component errors. An irnportant proviso is 
that severa/ sources of error must make important contributions to the overall 
error and that no particular source of error dominate the rest. 

Illustration: Central Limit Tendency for Averages 

Figure 2.6a shows the distribution for throws of a single true six-sided die. The 
probabilities are equal to ~ for each of the scores 1, 2, 3, 4, 5, or 6. The mean 
score is 77 = 3.5. Figure 2.6b shows the distribution of the average score obtained 
from throwing two dice, and Figures 2.6c, d, and e show the distributions .of' 
average scores calculated for throwing 3, 5, and 1 O dice. To see how the central 
limit effect applies to averages, suppose e1, e2 •••. ··en denote the deviations of 
the scores of the individual dice from the mean value of 11 = 3.5. Let e be 
the corresponding deviation of the average, that is, e = Le; 1 n. Then e will 
satisfy the equation e = a1 e 1 + a2e2 + · · · + ane¡, with all the a' s set equal tó 
1/n. Whereas the original, or parent, distribution of the individual observations 
(the scores from single throws) is far from normal shape, the ordinates of the 
distribution for the averages are remarkably similar to ordinates of the normal 
distribution even for 11 as small as 5. 

In summary: 

1; When, as is usual, an experimental error is an aggregate of a number of 
component errors, its distribution tends to normal form, even though the 
distribution of the components may be markedly nonnormal. 

2. A sample average tends to be normally distributed, even though the indi
vidual observations on which it is based are not. Consequently, statistical 
methods that depend, not directly on the distribution of individual obser
vations, but on the distribution of averages tend to be insensitive or robust 
to nonnonnality. 

3. Procedures that compare means are usually robust to nonnormality. How
ever, this is not generally true for procedures for the comparison of variances. 

Robustness of Procedures to the Assumption of Normality 

~t "is important to remember that aU mathematical-statistical models are approx
tmations. In particular, there never was. nor ever will be, an exactly straight line 
or observations that e.xactly follow the normal distribution. Thus, although many 
of the techniques described here are derived on the assumption of normality, 
approximate normality will usually be all that is required for them to be useful. 
In Particular, techniques for the comparison of means are usually robust to non
nonnality. Unless specifically warned, you should not be unduly worried about 
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Figure 2.6. Distrihution of avcrages scorcs from throwing various numhcrs of dice: (a) 1, (b) 2. (t") 

3. (d) 5, and (e) 10 dice. 

nonnality. You should of course be continually on the look-out and check for 
gross violations of this and all other assumptions. 

Characterizing the Normal Distribution 

Once the mean n and the variance a 2 of a nom1al distribution are given, the entire 
distribution is characterized. The notation N ( r¡, u 2) is often u sed to indicate 
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Figure 2.7. Nom1aJ distributions with different mcans and variances. 
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Figure 2.8. Tail areas of the normal .distribution. 

a normal distribution having mean 17 and variance a 2• Thus, the expression 
N(30,25) identifies a nonnal distribution with a mean r¡ = 30 and a variance 
a

2 = 25. Normal distributions .are shown in Figure 2.7 for N ( -5, 25). N (5. 
100), N(30, 25), and N(30, 6.25). These distributions are scaled so that each 
area is equal to unity. 

For a nonnal distribution the standard deviation u measures lhe distance from 
its mean 17 to the point of infiection on the curve. The point of intlection (see 
Fig. 2.8) is the point at which the slope stops increasing and starts to decreáse 
(or vice versa). The following should help you gain a fuller appreciation of the 
nom1al distribution: 

1. The probability that a positive deviation from the mean will exceed one 
standard deviation is 0.1587 (roughly i>· This is represcnted by the shaded 
"tail'' area shown in Figure 2.8. 
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2. Because of symmet.ry, this probability is exactly equal to the chance that a 
negative deviation from the mean wi11 exceed one standard deviation. 

3. From these two statements it is clear that the probability that a deviation in 
eirlzer direction will exceed one standard deviation is 2 x 0.1587 = 0.3174 
(roughly !). and consequently the probability of a deviation of less than 
one standard deviation is 0.6826 (roughly ~ ). 

4. The chance that a positive deviation from the mean wiJJ exceed two standard 
deviations is 0.0228 (roughly }o). This is represented by the heavily shaded 
region in Figure 2.8. 

5. Again, this is exactly equal to a chance that a negative dcviation from the 
mean will exceed two standard deviations. 

6. From these two statements the chance that a deviation in either direction 
will exceed two standard deviations is 0.0456 (roughly 2

1
0 or 0.05) 

A probability statement conceming some nonnally distributed quantity y is 
often best expressed in terms of a standardiz.ed normal de vi ate or unir nonnal 
deviate, 

y-7} 
z=--

(J 

The quantity z is said to ha ve a distribution that is N (0,1 >~ that is, z has a normal 
distribution with a mean '7 =O and a variance o-2 = l. We can therefore rewrite 
the previous statements as follows: 

l. Pr(y > ~ + rr) = Pr[ (y - ~) > rr] = Pr [ (y ~ ~) > 1 J = Pr (z > 1) = 
0.1587 

2. Pr(z < -1) = 0.1587 

3. Pr(lzl > 1) = 0.3174 

4. Pr(z > 2) = 0.0228 

5. Pr(z < -2) = 0.0228 

6. Pr(lzl > 2) = 0.0455 

Using Tables of the Normal Distribution 

In general, to determine the probability of an event y exceeding some value yo, 
that is, Pr(y > yo), you compute the normal deviate zo = (Yo- TJ)/u and obtain 
Pr(z > zo) from a computer program or from Table A at the end of this book. 
(The probabilities associated with the normal deviate are also available on many 
hand-held calculators.) For example, given a normal population with mean r¡ = 39 
and variance a 2 = 16, what is the probability of obtaining an observation greater 
than 42, that is, Pr(y > 42)? The normal deviate z = (42- 39)/4 = 0.75 and the 
required probability is Pr(z > 0.75) = 0.2266. As a second example, given that 
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the distribution is N (39, 16), what is the probability that an observation will líe 
· the interval (38 < y < 42)? The answer is 0.3721. To visualize this problem 
~:nd similar ones), it is hel~fu~ to sketch a nonna1 d~stribution I.ocated ':"ith mean 

== 39 with a standard devtatiOn a = 4 and shade m the area m questiOn. Table 
Á at the end of this book gives the arca in the upper tail of the standardized 
distribution, that is, Pr(z > zo).* 

Exerdse 2.7. The percent methanol in batches of product has an upper speci
fication limit of 0.15%. Recorded data suggest the methanol observations may 
be characterized by a normal distribution with mean 1J = 0.10% and standard 
deviation a = 0.02%. What is· the probability of exceeding the specification? 

Exercise 2.8. The upper and lower specification limits on capacitance of ele
ments within a circuit are 2.00 to 2.08¡..tF. Manufactured capacitors can be 
purchased that are approximately nonnally distributed with mean 1J = 2.50 ¡..tF 
and a standard deviation of 0.02!-lF. \Vhat portian of the manufactured product 
will Jie inside the specifications? 

2.6. NORMAL PROBABILITY PLOTS 

A normal distribution is shown in Figure 2.9a. Suppose the probability of an 
occurrence of sorne value less than x be given by a shaded are a P. If you now 
plot P against x, you will obtain the sigmoid cumulative normal curve as in 
Figure 2.9b. Nornml probability plots adjust the vertical scale (see Fig. 2.9c) so 
that P versus x is displayed as a straight line. 

Now consider the dots in Figure 2.9a representing a random samp/e of 1 O 
observations drawn from this normal distribution. Since the sample size is 10, 
the observation at the extreme left can be taken to represent the first P - 10% of 
the cumulative distribution so you would plot this first observation on Figure 2.9b 
midway between zero and 10%, that is, at 5%. Similarly. the second observation 
from the left can be taken as representative of the second 10% of the cumulative 
distribution, between 10 and 20%, and it is plotted at the intermediate value 15%. 
As expected, these san1ple values approximately trace out the sigmoid curve as 
in Figure 2.9b. Thus, when the same points are plotted on a normal probability 
scale, as in Figure 2.9c, they plot roughly as a straight line. Most computer 
software programs provide normal probability plots. Many offer comments on 
the adequacy of fitted lines and identify points either on or off the line. We 
believe that such commentary should be treated with some reserve and what to 
do about it is best left to the investigator. Scales for making your own normal 
probability plots are given in Table B at the end of this book. lntercepts such that 
P; = lOO{i- 0.5)/m are given for the frequently needed values m= 15, 31, 63, 
16, 32, 64. lnstead of identifying the ordinates by percentages, it is common to 

• Other normal tables may consider other areac;. for example, lhat Pr(z < zo) or Pr(O < z < z0). 

Whcn you use a normal table, be surc to note which arca (probability) is associatcd with z. 
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Figure 2.9. Nonnal distribution and the nonnal probability plot. 

·Use as an aJternativc the normal scores (the number of standard dcviatioris from 
the mean), also shown in Figure 2.9c. 

Using Normal Probability Plots 

Norn1a1 plots are uscd not so much for the purpose of checking dístributíonal nor
mality; a very large sample would be needed todo that. They can however point to 
suspcct values that may ha ve occun-ed. A further important application of normal 
probability plots is in the analysis of experiments using factorial and fractional 
factorial statistical designs. These applications are discussed in Chapters 5 and 6. 

An Estimate of u from the Normal Plot 

The slope of the nom1al plot can pro vide an approximate estimate of the standard 
deviation a. As you will see from Figure 2.9c, if you read off the value of x for 
probabilities .16%. 50%, and 84%. then an estímate of u is equal to Lhe distance 
on the x axis between the 16% and 50% points, or between the 50% and 84% 
points. or half the distante betwccn the 16% and 84% valucs. 

2.7. RANDOl\·INESS ANO RANDOI\1 VARIABLES 

Suppose you knew the distribution p(y) of the population of heights of recruits in 
thc Patagonian anny and suppose úmt a recruit was sclectcd randomly. Without 
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seeing him, what do you know of his height? Certainly you do not know it 
exactly. But it would be incorrect to say you know nothing about it because, 
knowing the distribution of heights of recruits, you can make statements of the 
following kind: The probability that the randomly chosen recruit is shorter thim 
Yo inches is P¡>; the probability that he is taller than Yo inches but shorter than y1 

inches is P1• A quantity y, such as the randomly drawn recruit's height, which is 
not known exactly but for which you know the probability distribution is called 
a random variable. 

Statistical Dependence 

Suppose you were considering two charactcristics, for example, the height y 1 

in inches and the weight Y2 in pounds of the population of recruits. There will 
be a distribution of heights p(y,) and of weights p(y2) for these soldiers; thus 
the height and weight of a randomly drawn recruit have probability dístributions 
and are random variables. But now consíder the probability distribution of the 
u·eights of all recruits who were 75 inches tal/. This distribution is written as 
p(y2 1 y1 = 75). It is called the conditional distribution of weight Y2 given that )'t 

is 75 inches (the vertical slash stands for the word "given"). Clcarly, you would 
expect the conditiona.l distribution p(y2 1 Y1 == 15) for the weights of recruits who 
were 75 inches ta11 to be quite different from, say, the conditional distribution of 
weights p(y2 1 Yt = 65) of recruíts 65 inches tal.l. The random variables height 
Yt and weight Y2 would be said therefore to be statistically dependen!. 

Now suppose that y3 was a measure of the IQ of the recruit. It might well be 
true that the conditional distribution of IQ would be the same for 75-inch recruits 
as for a 65-inch rccruit. That is. 

p(JJIYt = 75) = p(y3IY1 = 65) 

lfthe conditional distribution was the same 1-vhatever the height ofthe recruit, thcn 

and Y1 and )'3 would be statisrically independent. 

The Joint Distribution of Two Random Variables 

With height Yt measured to the nearest inch and weight J'2 to the nearest pound. 
consider the joint probability of obtaining a recrüit with height 65 inches and 
weight 140 pounds. This probability is denoted by Pr(y1 = 65, y2 = 140). One 
wa~ o~ finding recruits of this kind is (1) to pick out the special class of recruits 
Wetghmg 140 pounds and (2) to selectfi'Oin rlzis specia/ c/ass those recruits \vho 
are 65 inches tal l. Thc required joint probability is then the probability of finding 
a recruit who weighs 140 pounds multiplied by the probability offinding a recruit 
who is 65 inches tall given that he weighs 140 pounds. In symbols we have 

Pr(y¡ = 65, Y2 = 140) = Pr(y2 = 140) x Pr(y1 = 65 1 )'2 = 140) 
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You could have made the selection equally well by first picking the class with 
re.cruits with the desired height and then selecting from this class those with the 
required weight. Thus, it is equally true that 

Pr(y¡ = 65, Y2 = 140) = Pr(y¡ = 65) x Pr(y2 = 140 1 y1 = 65) 

Parallel relationships apply to probability densities. Thus, if p(y1, y2) is the 
joint density associated with specific (exact) values of .two random variables y1 
and )'2, that density can always be factored as follows: 

p(y¡, Y2) = p(y¡) X PÜ'2 1 y¡) = p(Y2) X p(y¡ 1 .V2) 

A Special Form for the Joint Distribution of Independent Random 
Variables 

lfY1 and Y2 are statistically independent, then p(yz 1 y1) = p(_v2). Substitution 
of thls expression into p(yt. Y2) = p()'t) x p(y2 1 yJ) shows that in the special 
circumstance of statistical independence the joint probability density may be 
obtained by multiplying individual densities: 

A corresponding product formula is applied to probabi1ities of events. Thus, if 
)'3 was a measure of IQ independent of height y1, the probability of obtaining a 
recruit with an lQ greater than 130 and a height greatcr than 72 inches would 
be given by the product of the two probabilities: 

Pr(y1 > 72, y3 > 130) = Pr(y1 > 72) x Pr(y3 > .130). 

The product formula does not apply to variables that are statistically dependent. 
For instance, the probability that a randomly chosen recruit weighs over 200 
pounds (yz > 200) and measures over 72 inches in height (y 1 > 72) cannot be 
found by multiplying the individual probabilities. The product formula does not 
hold in this instance because p(yl 1 y1) is not equal to p(y2) but rather depends 
on y¡ .. 

These arguments gencralize to any numbcr of variables. For examplc, if )'1, yz, 
.••• Yn are independently distributed random variables and )'JO• Y2o • ••• , Yno are 
particular values of thcse random variables, then 

Pr(y¡ > YID· )'2 > Yzo, •..• Yn > Yno) = Pr(y¡ > Yw) x Pr(y2 > .Y2o) 

X • • • X Pr(yn > YnQ) 

Application to Repeated Scientific Observations 

In the cxamples above y1• y2, ••• , Yn representcd different kinds of variables
height, weight, IQ. These fomlUlas al so apply when the variables are observations 
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of the same phenomena. Sllppose that Y1, )'.2, ~ •• , Yn are measurements of specific 
(Yravity recorded in the order in which they were made. Consider the first observa
rlon y1• Suppose it can be treated as a random variable, that is, it can be characterized 
as a drawing from sorne population of first obscrvations typified by its density func
úon p(y1 ). Suppose the subsequent observations )'2. )'J, .•• , Yn can be similarly 
treated and they have density functions p(y¡ ). p(y2), p(YJ), .... p(y,,), respec
tively. If y¡, Y2· •.. , Yn are statistically independent. then p()'l, Y2· •.. , )'11 ) = 
p(y1) x p(y2) x · · · x p(yn). And if p(y¡), p(y2), p(y3), .• •1 p(y") are not only 
independent but also identical in form (had the same location, spread. and shapc). 
thcn these n repeated observations would be said to be independemly and idellti
cally distributed (often shortened to liD). In that case the sample of observations 
y1, y2 •••• , Yn is as if it had been generaü~d by random drawings from sorne fixed 
population typified by a single probability dcnsity function p(y). If in addition the 
common population distribution was normal, they would be nommlly. identically~ 
and independently distributed (often shortcd to NIID). The nomenclature liD and 
NTID is uscd extensively in what follows .. 

2.8. COVARIANCE AND CORRELATION AS rvtEASURES OF LINEAR 
DEPENDEN CE 

A measure of linear dependence between, for example, height y1 and weight Y2 ís 
their covariance. Justas their variances are the mean valucs of the population of 
squared deviations of observations from their means. so their covariance (denoted 
by Cov) is the mean value of the population of the products of these deviations 
Yt - TJI with Y2 - T/2· Thus, 

and 

In particular, if y, and y2 were independcnt~ Cov()'l, y2) would be zero.• 
In practice, recruits that deviated positively (negatively) from their mean height 

~.ould tend to deviate positively (negatively) from their mean weight. Thus pos
thve (ncgative) values of y1 - r¡ 1 would tend to be accompanied by positive 
(negative) values of Y2 - r¡2 and the covariance between height and weight would 
be positive. Conversely, the covariance between speed of driver reaction and 
alcohol consumption would likely be negative; a decrease in reaction speed ís. 
associated with an increase in aJcohol consumption, and vice versa. 

The covariance is depcndent upon the scales chosen. If, for example, heighl 
was measured in feet instead of inches, the covariance would be changed. A 

• The converse is not true. For example~ suppose, apart from error. that y1 was a quadratic function 
of )'2 .thnt plottcd like the lctter U. l11cn. although y1 and y2 would be statisticully depende m. thcir 
covanance coutd be zero. · 
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.. scaleless covariance .. called the correlation coefficient identitied by the symbo] 
p(y¡, Y2) or simply p (the Greek lettcr rho) is obtained by dividing the cross 
product of the deviations Yl _,. 17 L and Y2 - 112 by O'J and cr2, respective] y. Thus 

Equivalently, we can write Cov(y1, .\'2) = pcrlcr1. 
The sample correlation coc;fficient between Yt ánd Y2 is then defincd as 

I::CYt - Yt HY2- Y2)/(n- 1) r = _______ ....,._ ___ . 

The numerator in this expression is called the sample covariance, and s 1 and s2 
are the sample standard deviations for Y1 and Y2· 

Exercise 2.9. Compute the sample correlation coefficient for these data: 

Answer: 0.83. 

.n (height in inches) 65 
Yz (weight in pounds) 150 

68 67 70 75 
130 170 180 220 

Serial Dependcnce 1\'leasured by Autocorrelation 

\Vhen data are taken in scquence, there is usually a tendency for observations 
made close together in time (or space) to be more alike that those taken farther 
apart. This can occur because disturbanccs, such as high impurity in a chemical 
feedstock or high respiration rate in an experimental animal, can persist. There 
are other instances where consecutive observations are less alike than those taken 
farther apart. Suppose, for example. that the response measured is the apparent 
monthly increase in the weight of an animal calculated from the differences of 
monthly weighings. An abnom1ally high increase in weight recorded for October 
(perhaps beca use of water rctention) can result in an unusually low increase being 
attributed to November. 

1f sufficient data are available, serial correlation can be seen by plotting each 
observation against the immediately proceeding one (y, vs. Yt-1 ). Similar plots 
can be made for data two intervals apart (y, vs. y,_2), three units apart, and so on. 
The corresponding correlation coefficicnts are called autocorrelarion coej]icients. 
The distance between the observations that are so correlated is caJied the lag. The 
lag k sample autocorrelation coejjicicllf is defined by 

~)y, - Y)(y,_k - Y> 
rk = L(Yr- Y)2 
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Excrcise 2.10. Compute r¡ for these data: 3, 6, 9. 8, 7, 5, 4. 

Ansu-er: 0.22. 

39 

Note: There is little point in ca1culating autocorrelation coefficients for such small. 
samples. The above exercise is included only to help gain an appreciation of the 
;neaning of the formula for r. Standard software programs can quickly provide 
all sample autocorrelations up to any desired lag k. Thc plot of rk versus k is 
called the sample aurocorre/mionftmction. 

2.9. STUDENT'S t DISTRIBUTION 

You saw earlier that if you assume normality and you know the standard deviation 
a you can determine the probability of y exceeding sorne value Jo by calculating 
the normal deviate zo = (Jo- 7])/a and thus Pr(z > zo) = Pr(y > Yo) from the 
tabled normal distribution. For example, suppose the level of impurity in a reac
tor is approximately normally distributed with a mean lJ = 4.0 and a standard 
deviation a = 0.3. What is the probability that the impurity level on a randomly 
chosen day will exceed 4.4? Here yo= 4.4, 1J = 4.0, and u = 0.3, so that 

- Yo - TJ - 4.4 - 4.0 - 1 33 zo- - - .. 
(J 0.3 

From Table A at the end of this book you can determine that Pr(z > 1.33) = 
0.0918. There is thus about a 9% chance that the impurity level on a randomly 
chosen day will excecd 4.4. 

In practice cr is almost always unknown. Suppose. then. that you substitutc in 
the equation for the oom1al deviate an estímate s of a obtained from n observa
tions themselves. Then the ratio 

Yó- 11 
1=--

s 

has a known distribution callcd Student's distribution.• Obviously a probabilüy 
calculatcd using the 1 distribution must depend on how reliable is the substituted 
value s. It is not surprising therefore that the distribution of 1 depends on the 
number of degrees of freedom u= n- 1 of s. Thc t distributions for u= 1, 9, 
and oo are shown in Figure 2.1 O. 

Thus, suppose that the estimared standard dcviation s was 0.3 and was based 
on seven observations. Then the number of degrces of freedom would be 6 
and the probability of a randomly drawn obse..;ation excceding 4.4 would be 
obtai ned from 

Yo - 7J 4.4 - 4.0 
to = = = 1.33 

S 0.3 

• The 1 dislribution was first discovered in 1908 by the chcmist W. S. Gosset. who worked for the 
Guincss brcwc1y in Dublin and wrotc undcr thc pseudonym "Studcnt." 



40 2· BASICS fPROBABIUTY. PARAMETERS, ANO STATISncs) 

v=oo 

-10 -8 -6. -4 -2 o 2 4 6 8 10 

Figure 2.10~ Thc r distribution for v = t, 9, oo. 

The corresponding probability Pr(t > 1.33) when t has six degrecs of freedom 
can be calculated by your computer or from Tablc El at the end of this volume. 
The value of Pr(t > 1.33) is found to be. about 12%, which, as might be expected, 
is somewhat largcr than the 9% found assuming that a was known. 

As illustrated in Figure 2.1 O, when the number of degrees of freedom v 
is small, uncertainty about s results in a greater probability of extreme devia
tions and hence in a "heavier" tailed t distribution. The following values for 
Pr(t > 2) illustrate the point: 

v = oo (normal distribution) 
v=9 
u=l 

Pr(t > 2) = 2.3% 
Pr(t > 2) = 3.8% 
Pr(t > 2) = 14.8% 

Except in the extreme tails of the distribution, the normal distribution provides 
a rough approximation of the t distribution wben u is greater than about 15. 

Random Sampling, Independence, and Assumptions 

Random sampling is a way of physically inducing statistical independence. Imag
ine a very Iarge population of data with values written on tickets placed in a 
lottery drum. Suppose that after the tickets were thoroughly mixed two tickets 
were drawn at random. We would expect the number on the first ticket to be 
statistically independent of that on the second. Thus, random sampling would 
ensure the validity of what was called the liD assumption. The. obscrvations 
would then be identically and independently distributcd. This means that the 
individual distributions are the same and that knowing one telJs you nothing 
about the others. 

It would be nice if you could always believe the random sampling model 
bccause this would cnsure the validity of the liD assumption and produce certain 
dramatic simplifications. In particular, it would endow sample statistics such as 
y with very special properties. 
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fhe l\1ean and Variance of the Average Y for Independent ldentically 
Distributed Observations 
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Ifthe random sampling model is appropriate so that the errors are liD, we have the 
sinlple role that y varies about the population mean 11 with variance a2fn. Thus 

(]2 
E(y) = 1], V(y) =-

n 

[However. when observation errors are not independent but correlated, the expre~
sion for the variance of y contains a factor C that depends on the degree of the1r 
correlation, that is, V (Y)= e X (u 2 /n). For independent data e = 1 but for 
autocorrelated data it can deviate greatly from this value. lf. for example. n = 10 
and only the immediately adjacent observations were autocorrelated, the factor 
e could be as Iarge as 1.9 for positively autocorrelated observations or as small 
as 0.1 for negatively correlated observations. (See Appcndix 2A.) Thus different 
degrees of lag 1 autocorrelation can change V (Y) by a factor of 19! It would be 
disastrous to ignore important facts of this kind.] 

Random Sampling Distribution of the Average y 

To visualize what is implied by the expressions E(J) = 1J and V (y)= a 2fn, 
suppose that a very large number of white tickets in a white lottery drum represent 
the population of individual observations y and that this population has mean TJ 
and variance a 2• Now suppose yo u randomly draw out a sample of n = 1 O white 
tickets, calculate their average y, write it down on a blue ticket, put the blue 
ticket in a second blue lottery drum, and repeat the whole operation many many 
times. Then the numbers in the blue drum, which now fomt the population of 
averages y, will have the same mean 1J as the original distribution of white tickets 
but with a variance u 2 fn, which is only one nth as large as that of the original 
observations. 

The original distribution of the individual observations represented by the 
dru~1 of white tickets is often called the parent distribution. Any distribution 
denved from this parent by random sampling is called a sampling distribution. 
Thus ~e distribution of numbers shown on the bluc tickets in the blue lottery 
drum 1s called the sampling distribution of y. 

Approach to Normality of the Sarnpling Distribution of Y 
To ju ·r · 

str Y thc fommlas for the mean and variance of y, we must assume the 
~dom sampling model is appropriate, but these formulas would remain true no 

latter what w th h f . . . . distr"b . as e s ape o· the parent d1stnbut1on. In partrcular, the parent 

trat d
1 ~tron would not need to be nonnal. lf it is not nonnal, then, as is illus;. 

e 1n p· · 
th.. 't· Igure 2.1 1, on the random sampling model averaging not only reduces 

es andard d · · distrib . ' evlal&on by a factor of 1/..Jii but also simultaneously produces a 
utton for Y that is more nearly normal. This is because of the central limit 
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y 
(a) 

6 
y 

(b) 

8 

8 

10 12 

10 12 

Figure 2.11. Distribution (/)) is for thc aver.tge of" = 10 observations randomly samplcd from the 
skewcd distribution (a). 

effect discussed earlier. In summary, then, on the /ID hyporhesis appropriatefor 
random sampling: 

Mean 
Variance 
Standard deviation 
Form of parent 

distribution 

Parent Distribution 
for Obscrvations y 

T} 
0'2 

(j 

Any• 

Sampling Dístribution 
for Averages y 

T} 

a2fn 

a/ .Jñ 
More ncarly nonnal than 

thc parent distribution 

*TI1is statemcnt applies to all partmt distributions commonly mel in practicc. lt is not true for certain 
mathcmaticnl toys (c.g., the Cuuchy distribution). which necd not concem us hcre. 
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The quantity y is the average ofthe parti~ular sam~le _of observations that happcns 
be available. Without further assumptton there 1s hule more you can say about 

~o If however, the observations can be regarded as a raizdom sample from sorne 
lt. • . 2 h 
population with mean 11 and vanance a , t en 

1. y has for its mean the mean value TJ of the parent population and 

2. y varics about YJ with standard deviation a 1 ..jñ. 

Thus, as you imagine taking a larger and larger sample, y tends to lie closer and 
ctoser to 11~ In these circumstances it is reasonable to regard y as an estímate of 

11 • Similarly, it may be shown that s2 has a mean value a 2 and varies about that 
value al so with a standard deviation proportional to 11 Jn - l. On the statistical 
assumption ofrandom sampling, therefore, you can regard s2 asan estímate ofa2 • 

The problem of choosing statistics to estímate parameters in the best way 
possible is complicated, depcnding heavíly. as you might guess, on the definition 
of "best." The important point to remember is thar it Is the liD assumption, 
appropriate to the hypothesis of random sampJing, that endows estimates with 
special distributional properties. 

Sampling Distributions of a Sum and a DifTerence 

Interest often centers on the distribution of the sum Y of two independem/y 
distributed random variables )'A and y 8 • Let us supposc that YA has a distribution 
with mean TJ¡\ and variance al and y8 has a distribution with mean 1Jo and 
variance a~. What can we say about the distribution of Y= YA + y8 ? 

Again you could illustrate this qucstion by considering fottery drums each 
\vüh appropriate populations of A and B tickets. Imagine that after each random 
drawing from drum A to obtain YA anothcr random drawing is made from drum 
B t~ obtain )'n, and the sum Y =YA+ y8 is written on a red ticket and put in 
a. th1_rd l~ttery drum. After many su eh drawings what could you say about the 
dJslríbutiOn of the sums written of the red tickets in the third lottery drum? 

It turns out that the mean value of sum Y is the surn of thc mean values of 
YA and y8 : 

E(Y) = E(yA + )'s) = E(yA) + E(yu) = TJ.-\ + lJn 

anfd it can be shown for independenr drawings that the variance of Y is the surn 
o the variances of y A and YB: 

V(Y) = V(yA + Yn) =al+ cr~ 
Corres d' ·pon mgly, for the difference of two random variables 

E(Y) = E(yA- Yo)= E(yA)- E(yo) = '1A- 11o 
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and for independent drawings 

V(Y) = V(yA- Ya)= cr~ + cr_i 

The result for the difference follows from that of the sum, for ifyou write -y8 :::: 

y0, then, of course, the variance does not change, V(y8 ) = V(y0), and thus 

V(yA- )'a)= V(yA +y~)= crl + cr~ 
These results for the su m and the difference do not depend on the form of the 
parent distributions; and, because of the central limit effect, the distributions of 
both sum and difference tend to be closer to the normal than are the original 
parent distributions. If, then, YA and YB are independent drawings from the same 
population with variance a 2 or, altematively. from different populations having 
the same variance a 2, the variance of the sum and the variance of the difference 
are identical, that is, 

., 
V(yA +Ya)= 2cr-, 

2.11. RANDOI\-1 SAMPLING FROl\'1 A NORl\L~L POPULATION 

The following important results are illustmted in Figure 2.12 on the assumption 
of rwulom sampling from a normal parent population or equivalently on the 
NIID assumptions. If a random sampling of n. observations is drawn from a 
normal distribution with mean r¡ and varían ce a 2, then: 

l. The distribution of y is al so nomtal with mean r¡ and variance a 2/ 11. 

2. The sample variance s 2 is distributed independently of y and is a sca1ed 
x2 (chi-square) distribution having u= n- l degrees of freedom. This is 
a skewed distribution whose properties are discussed Iater. 

3. The quantity (y- r¡)j(s/ ./ñ) is distributed in a 1 distribution with u= 
n - 1 degrees of freedom. 

In the illustration in Figure 2.12 rz = 5 so that v = 4. Result 3 is particularly 
remarkable because it allows the deviation y - r¡ to be judged against an estimare 
of the .standard deviation s 1 .jñ obtained from infernal evídence from the sample 
itself. Thus, no extemal data set is needed to obtain the necessary Student's 
1 reference distribution pro1·ü.led the assumption of mndom sampling from a 
normal distribution can be made. 

Standard Errors 

The standard deviation of the average. s 1 ..fñ, is the positive square root of the 
variance of the average and is often referred to as the "standard error" of the 
average also the square root of the variance of any statistic constructed from a 
sample of observations is commonly called that statistic's standard error. 
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Figure 2.12. Random sampling from a nonnal distribution to produce sampling distrihutions for y, s2, and t. 
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Sufficiency of y and s2 

lf the assumptions of random sampling from a normal distribut.ion are exactly 
satisfied, Fisher showed that al/ the information in the sample y1, y2, •••• y,, 
about 11 and u 2 is contained in the two quantities y and s2• These statistics are 
then said to be jointly sufficient estimates for 11 and cr2• 

2.12. THE CHI-SQUARE AND F DISTRIBUTIONS 

Two important distributions, again derived on the assumption of random sampling 
from normal distributions, are the x2 (chi-square) distribution, from which you 
can obtain the distribution of the sample variance s2, and al so the F distribution 
from which you can obtain the ratio of two sample variances. 

The Chi-Square Distribution 

Suppose that zt. z2 , •.•• Zv are a set of v (nu) independently distributed unit nom1al 
deviates. each having a mean zero anda variance unity. Then their sum of squares 
L~=l z~ = zi + z~ + · · · + z~ has a distribution of special importance, call.ed a x 2 

(chi-square) distribution. The number of independenr squared nonnaL variables 
determines the important parameter of the distribution-the number of degrees of 
freedom v. We use the symbol ~".# to mean "is distributed as~' so that 

means that L:~=l z~ has a chi-square distribution (is distributed as x2) with 
v degrees of freedom. Thus, the sum of squares of v independem unit normal 
deriates has a clzi-square distribution with v degrees of freedom. 

The x; distribution has mean v and variance 2v. It is skewed to lhe right, but 
the skewness becomes less as v increases, and for v greater than 50 the chi-square 
distribution is approximately normal. You can determine probabilities associated 
with this distributíon using an appropriate computer program or from the percent
age poinL~ ofthe x; distribution given in Table C at the end ofthis book. The curve 
in Figure 2.1 1 a is that of a x 2 distribution having v = 3 degrees of freedom. 

Distribution of Sample Variances Calculated from Normally Distributed 
Data 

The following results are tme on the NllD assumptions; specifically it is supposed 
that y1, y2 , •• ,·,y, are normally, independent, and identically distributed random 
variables having mean r¡ and variance cr2• Since Zu = (Y11 - r¡)fu is normaJly 
distributed with mean zero and variance unity (a unit normal deviate). the sum of 
squares L z~ of deviations from the population mean has a chi-square distribution 
with u = Tl degrees of frcedom, that is, 

~)Yu - r¡)2 
2 

? - Xn a-
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For the "natural" variance estímate .\- 2, appropliate when the popuJation mean is 
known. s2 = L,)y, - r¡ )2 / n, it follows thcrefore that 

or. equivalently, 

. ., 
ns- ., --x
a2 n 

The much more com.mon drcumstance* is that in which r¡ is unk'llown and the 
sample average y must be used instead of the population mean. Thc standardized 
sum of squares of deviations from y has a chi-square distribution with u= n- 1 
dcgrees of freedom. Thus 

and since s2 = E<.v,- y):i j(11- 1), ít follows that (n- 1 )s2jo-2 
;..,¡ xJ_1 or, 

equivalently~ s2 """ [a2 f(n- 1 >lx;7_ 1• The distribution of s2 is thus a scaled chi
square disttibution with sea le factor a 2 / (n - 1). 

The F Distribution of the Ratio of Two lndependent Sample Variances 

Suppose that a sample of n 1 observations is randomly drawn from a nom1al 
distribution having variance a~. a second sample of n2 observations is randomly 
drawn from a second normal distribution having va:riancc a?. so that the estimates 
s[ and si of thc two population variances have u1 = n1-- 1 and v2 = n2 - 1 
degrees of freedom, respectively. Then sffar is distríhutcd as x?;Jv¡ and sifaf 
is distributed as x~/v2 , and the raúo (xJ, fv1 )/(x~/v2) has an F distribution with 
U¡ and u2 degrees of freedom. The probability points for the F distribution are 
given in Table D at the end of this book. Thus 

2¡ ., 
sl a¡- F 
'l/ 2 "•·''2 Si (12 . 

or, equivalently, 

Residuals 

When 7] and a 2 are known. they completely define the normal distribution, and 
the standardized residuals 

(y, --Y) 
' ••.• t 

S 

• The natural standard dcviation has un imponant application c:Iiscussed Iatcr. 
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or equivalently the relative magnitudes of the residuals 

y¡-y,y2-y, ... ,yn-Y 

from such a distribution are. infonnationless. The other side of the coin is that, 
when a departzire from the hypothesis of random sampling from a normal popu
lation occurs, these residuals can provide hinL"i about the nature of the departure. 

A First Look at Robustness 

The NIID assumptions, or equivalently the assumption of random sampling from 
a nonnal distribution, are never exactly true. However, for many important pro
cedures. and in particular comparisons of means, the results obtained on NIID 
assumptions can frequently provide adequate approximations even though the 
assumptions are to sorne extent violated. Methods that are insensitive to spe
cific assumptions are said to be robust to those assumptions. Thus methods of 
comparing means are usually robust to moderate nonnormality and inequality of 
variance. Most common statistical procedures are, however, highly nonrobust to 
autocorrelation of errors. The important question of the robustness of statistical 
procedures is discussed in greater detail in later chapters. 

Exercise 2.11. The followíng are 10 measurements of the specific gravity y of 
the same sample of an alloy: 

Date October 8 Octobcr 9 October 1 O October 11 October 12 
n~ ~ .~ ·~ ~ ~ ~ ~ ~. ~ ~ 
y 0.36721 0.36473 0.36680 0.36487 0.36802 0.36396 0.36758 0.36425 0.36719 0.36333 

(a) Calculate the average y and standard deviation s for this sample of n = 10 
observations. 

(b) Plot the residuals y- y in time order. 

(e) lt is proposed to make an analysis on the assumption thal the 10 observa
tions are a random sample from a nonnal distribution. Do you have any 
doubts about the validity of this assumption? 

2.13. THE BINOI\-IIAL DISTRIBUTION 

Data sometimes occur as the proportion of times a certain evenl happens. On spe
cific assumptions, the binomial distribution describes the frequency with which 
such proportions occur. For i11ustration, consider the strategy of a dishonest gam
bler Denis Bloodnok, who makes money belting with a biased penny that he 
knows comes up heads, on the average, 8 times out of 1 O. For his penny the 
probability p of a head is 0.8 and the probability q = 1 - p of a tail is 0.2. 
Suppose he bcts at even money that of n = 5 tosses of his penny at least four 
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will come up heads. To make his bets appropriately, Bloodnok calculates the 
probability, with five tosses, of no heads, one head. two heads, and so on. Witb 
y representing the number of heads, what he needs are the ll + 1 = six val u es: 

Pr(y = 0), Pr(y = 1), ... , Pr(y = 5) 

Call the tossing of the penny five times a tria! and denote the outcome by listing 
the heads (H) and tails (T) in the order in which they occur. The outcome y = O 
of getting no heads can occur in only one way, so 

Pr(y = O) = Pr(T T T T T) = q x q x q x q x q = q5 = 0.25 = 0.00032 

The outcome of just one head can happen in five different ways depending on 
the order in which the heads and tails occur. Thus 

Pr(y = 1) = Pr(H T T T T) + Pr(T H T T T} + Pr(T T H T T) 

+ Pr(T T T H T) + Pr(T T T T H) 

and Pr(y = 1) = 5pq4 = 5 x 0.8 x 0.24 = 5 x 0.000128 = 0.00640. The out
come of just two heads can happen in 10 different ways (orderings): 

(HHTTT) 
(T H T H T) 

(H T H T T) 
(T H T T H) 

(H TT H T) 
(TTHHT) 

(H T T T H) 
(T T H T H) 

(T H H T T) 
(TTT H H) 

Thus Pr(y = 2) = 10p2q3 = 10 x 0.82 x 0.23 = 0.05120, and so on. Evidently. 
to obtain Pr(y) for any y, you must 

l. calculate the probability pYqn-.v of y heads and n -y tails occurríng in 
sorne specific order and 

2. multiply by the number of different orderings in which y heads can occur 
in n throws: This is called the binomial coefficient and is given by 

(n) n! 
y =.y!(n- y)! 

where n! is read as n factorial and is equal to n x (n - 1) x (n - 2) x 
···x2xl. 

. Thus the binomial distribution showing the probability of obtaining y heads 
In sorne order or other when there aren throws is 

(n) n! Pr(y) = - pY qn-y = pYqn-y 
y y!(n- y)! 
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Table 2.2. Binomial Distribution for y Heads in n Trials When p = 0.8 and 11 = S 

Number of Heads y 

o 
1 
2 
3 
4 
5 

(5) 5! 
y = y!(5- y)! 

5 
10 
10 
5 

p'lqn-y Pr(y) 

0.00032 0.00032 
0.00128 0.00640 
0.00512 0.05120 
0.02048 0.20480 
0.08192 0.40960 
0.32768 0.32768 

1.00000 

For Bloodnok's problem the distribution of the number of heads is calculated in 
Table 2.2 and plotted in Figure 2.1 3a. 
In this way Bloodnok calculates that using his biased penny the probability of 
at /east four heads [given by Pr(4) + Pr(5)] isabout 0.74. For the fair penny 
Pr(4) + Pr(5) yields a probability of only 0.19 (see Fig. 2.13b). Thus a wager at 
even money that he can throw at least four heads appears unfavorable to him. 
But by using rus biased penny he can make an average of 48 cents for every 
dallar bet. (If he bets a single doiiar on this basis 100 times, in 74 cases he will 
make a dallar and in 26 cases he will lose a dollar. His overall net gain is thus 
74-26 = 48 do11ars per 100 bet.) 

Exercise 2.12. Obtain Pr(y) for y = O. 1, 2, ... , 5 for five fair pennies and con
firm that Pr(4) + Pr(5) = 0.19. What would Bloodnok's average profit or loss be 
if we accepted his wager but made him use fair pcnnies? 

Answer: A Ioss of 62 cents for every dallar bet. 

Exercise 2.13. Using a standard deck of 52 cards, you are dealt 13. What is the 
probabilíty of getting six spades? Answer: 0.13. 

General Properties of the Binomial Distribution 

The binomial distribution might be applied to describe the proportion of animals 
surviving a certain dosage of drug in a toxicity trial or the proportion of manu
factured items passing a test in routine quality inspection. In all such trials there 
are just two outcomes: head or tail. survived or died. passed or failed. In general. 
it is convenient to call one outcome a success and the other a fai/ure. Thus we 
can say the binomial distribution gives the probability of y successes out of a 
possible total of n in a trial where the fixed probability of an individual success 
is p and of a failure is q = 1 -p. 
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Figure 2.13. Binomial distributions for different choices of p: (a) p = 0.8 and n = 5 (Bloodnok's 
distribution); (b) p = 0.5 and 11 = 5 (distribution for fair penny). 

rvlean and Variance of the Binomial Distribution 

Thc mean and variance of the binomial distribution are 

1] = np, a 2 = npq 

Thus the standard deviation is a = ..¡ñjiq. For the gambler's trial of five tosses 
of the biased penny 1J = 5 x 0.8 = 4.0 and u = Js x 0.8 x 0.2 = 0.89. as illus
trated in Figure 2.13a. 

Distribution of the Observed Proportion of Successes y /n 
In sorne cases you may wish to consider not the number of successes but the 
proportion of successes y 1 n. The probability of obtaining sorne val u e y 1 n is the 
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same as the probability ofobtaining y, so 

The distribution of y/n is obtained simply by rescaling the horizontal axis of 
the binomial distribution Pr(y). Thus Figure 2.14a shows the distribution of y 

0.2 

f 
3 0.1 
... a. 

0.2 

t 
~ 0.1 
.... 

CL 

l1 = 16 

~ 

o 1 2 3 4 5 6 7 8 9 10 1112 13 14 15 16 17 18 19 20 
Y-~ 

(a) 

n=O.B 

·~ .. 

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

p=y/n-~ 
(b) 

Figure 2.14. Nonnal approximation to binomial: (a) number of successes; (b) proportion of suc
cesses; (e) normal approximalion showing taH area with Yates adjustment. 
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successes for p = 0.8 and n = 20. Figure 2.14b shows the distribution of the 
proportion fi = y f n of successes using the same ordinates. The observed pro
portian yfn is p, an estima/e of the probability p.• 

Approacb to Normality of the Binomial Distribution 

In Figures 2.14a,b,c the continuous line shows a normal distribution having the 
same mean and standard deviation as the respective binomial distribution. In 
general, the nonnal approximation to the ordinates of the binomial distribution 
steadily improves as n increases and is better when p is not near the extremes 
of zero or unity. A rough rule is that for n > 5 the nonnal approximation will 
be adequate if the absolute value of (1/ ,Jñ)(.¡;¡¡p- ..[ji/q) is Iess than 0.3 .. 

Yates Adjustment 

In the above a continuous nonnal distribution is being used to approximate a 
discrete binomial distribution. A better normal approximation for Pr(y > Yo) is 
obtained by adding ! to the value of YO· Thus, for a binomial distribution with p = 
0.5 and n = 20, Pr(y > 14) = 2.06%~ The approximately normal distribution 
using the same mean '1 = 10.0 and standard deviation 2.24 gives P0 (y > 14) = 
3.18%. A much better approximation is provided with Yates adjustment P(y > 
14.5) = 2.21 %. Ifyou imagine Figure 2.14c drawn as a histogram, you can easily 
see why. 

'A caret over a symbol or group of symbols means "an estímate of." Thus p is read .. an estimate 
of p." 
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2.14. THE POISSON DISTRIBUTION 

If in the expression for. the binomial distribution 

Pr(y) = { n! l p>'q"-Y 
y!(n- y)! 

the quantity p is made smaller and sma1ler ut the .mme time as n is made larger 
and larger so that r¡ = np remains finite and fixed, it turns out that Pr(y) tends 
closer and closer to the lintit~ 

-r¡ V e r¡· 
Pr(y) =· 

1 y. 

This limiting distributio11 is called the Poisson distríbution after its discoverer. 
The distribution has the property that the probability of a particular value depends. 
only on the mean frequency r¡. For the Poisson distribution r¡ is also the variance 
of the distribution. Thus r¡ is the only parameter of the distributíon. This linúting 
distribution ís of importance because there are many everyday sjtuations, such as 
the occurrence of accidents, where the probability p of an event at a particular 
time or place is small but lhe number of opportunities n for it to happen are large. 

In general Jet y be the intensity of an event, that is, the count of the number 
of times a random eveút occurs within a certain unit (breaks per Iength of wire. 
accidents per month, defects per assembly). Then, so long as this intensity is not 
inftuenced by the size of the unit or the number of units, the distribution of y is 
that of the Poisson distribution with r¡ the mean number of counts per unit. 

To illustrate, when Henry Crun is driving his car, the probability that he will 
ha vean accident in any given minute is srnall. Suppose it is equal to p = 0.00042. 
Now suppose that in the course of one year he is at_ risk for a total of n = 5000 
minutes. Then, although there is on1y a small probability of an accident in a 
given minute, his mean frequency of accidents peryear is np = 2.1 and is not 
small. If lhe appropriate conditions* apply his frequency of accidents per year 
wiJI be distributed as a binomial distribution with p = 0.00042 and n = 5000. 
shown in the first row of Table 2.3. 

Thus you see that in 12.2% of the years (about 1 in 7) Henry would have no 
accidents. In 25.7% of years (about 1 in 4) he would have one acciden~ and so 
on. OccasionaiJy, specifica11y in (4.2 + 1.5 + 0.4 + 0.1)% = 6.2% of the years 
he would have five accidents or more. 

Now consider the record of his girlfriend Minnie Bannister, who is a better 
driver than Henry. Minnie"s probability p' of having an accident in any given 
minute is p' = 0.00021 (half that of Henry's), but since she drives a total of 
10,000 minutes a year (twice that of Henry). her mean number of accidents per 
year is 17 = n' p' = 2.1, the same as his. If you study the individual frequencies 

• An irnportant assumption unlikcly to be true would be that thc probability of an accid~nt in any 
given minute remains conslant, irrespective of traftic dcnsíty. 



VI 
VI 

Table 2.3. Distribution of Accidenlc¡ per Year Assuming a Binomial Distribution 

Probabiliry That y Accidcnts Will Occur in a Given Year 

y=O .v=l y=2 y=3 y=4 y=5 y=6 

(a) Hcnry Crun (exact binomial, 0.12240 0.25715 0.27007 0.18905 0.09924 0.04166 0.01457 
p = 0.00042, n = 5000, 
'1 = 2.1. 0' 2 = 2.0991) 

(b) Minnie Bannister (exact 0.12243 0.25716 ().27004 0.18903 0.09923 0.04167 0.01458 
binomial, p = 0.00021, 
11 = 10, 000, '1 = 2.1. 
a2 = 2.0996) 

(e) Limiting Poisson distribution 0.12246 0.2571.6 0.27002 .0.18901 0.09923 0.04168 0,04159 
(p -t- O, n ~ oo 
11 = 2.1, a 2 = 2.1) 

y=1 )'=8 

0.00437 0.00115 

0.00437 0.00115 

0.00438 0.00115 
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of accidents in Table 2.3 you will see that not only Minnie's mean but also Min
nie's distribution of accidents is virtually the same as Henry's. Her distribution 
of accidents per year calculated from the binomial formula with n' = 10,000 and 
p' = 0.00021 is shown in the second row (b) of Table 2.3. 

For both Minnie and Henry the mean frequency of accidents per year is 11 = 
2.1 Now consider the same probabilities calculated from the Poisson dislribution. 
They are 

Pr(O) = e-2·1 = 0.12246, Pr(l) = e-2·1 x 2.1 = 0.25716 

Pr(2) = e~2· 1 x (2.1 2)/2 = 0.27002. etc. 

and are given in Table 2.3(c) and plotted in Figure 2.15a. You will see that they 
approximate very closely the values calculated from the binomial distributions. 
The limiting Poisson distribution is important because it can approximate many 
everyday situations where the probability p of an event at a particular time or 
place is small but the number of opportunities n for it to happen is large. 

For example, consider the problem faced by a manufacturer of núsin bran 
cereal who wants to ensure that on the average 90% of spoonfuls will each contain 
at least one raisin. On the assumption that the raisins are randomly distributed in 
the cereal, to what value should the mean 17 of raisins per spoonful be adjusted 
to ensure this? To solve this problem, imagine a spoonful divided up into raisin
sized cells, the number n of cells will be large, but the probability of any given 
cell being occupied by a raisin will be small. Hence, the Poisson distribution 

1] = 2.1 

~ 

1 1 

o 1 2 3 4 5 6 7 8 

(a) 

71 = 10 t O'= {fQ = 3.16 

o 1 1 11 ¡·¡, ·, 1 1 1 o .. 

o 1 2 3 4 5 6 7 8 9 1 o 11 12 13. 14 15 1. 6 17 18 19 20 
(b) 

Figure 2.15. Poisson distributions for (a) t} = 2.1 nnd (b) '1 = 10. 
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should supply a good approximation. The required probability .is 1 - probability 
of no raisins. Thus you require that 1 - e-TJ = 0.90, that is, 71 = loge 1 O = 2.3. 
Hence the manufacturer should ensure that on the average there á.re 2.3 raisins 
in every spoonful. 

\Vhen 71 Is Not Too Small, the Poisson Distribution Can Be Approximated 
by the Normal Distribution 

As the mean frequency (count) increases, the Poisson distribution approaches the 
normal distribution quite quickly. Thus the Poisson distribution with 71 = a 2 = 10 
in Figure 2.15b has ordinates wel1 approximated by the normal distribution. When 
employing the normal approximation to compute the tail areas of a Poisson 
distribution Yates adjustment should be used, that is, you use Yo+ 0.5 instead 
of Ye in the nonnal approximation. For example, Pr(y > 13) is approximated by 
the area under the normal curve to the right of y= 13.5. 

Additive Property of the Poisson Distribution 

The Poisson distribution has an important additive property. If y1, y2, ••• , YJ. are 
observations from independent Poisson distributions witb means TJJ, 112 •••• , TJK> 

then Y= Yl + Y2 + · · · + Yk also has a Poisson distribution with mean '11 + '12 + 
... + 'lk· 

Sum of Normalized Squared Deviations Approximately Distributed 
as Chi Square 

If y follows the Poisson distribution with mean r¡ and r¡ is of moderate size 
(say greater than 5), the quantity (y- r¡)/ ~ is very approxirnately a standard 
nonnal deviate and its square (y - 17)2/r7 is distributed approximately asx 2 with 
one degree of freedom. It follows that if y 1, y2 , ••• , Yk are k observations from 
independent Poisson distributions with means 1J1t 1]2, ••• , 'lk then 

k . 2' 
"""(y¡- 'li) ~ x2 
L..., r-.;k 
j=l 1]¡ 

where the notation ~ means 'is approximately distributed as'. 
In words, the sum of the observed minus the expected frequencies squared 

divided by the expectedfrequerlcy is approxirnately distributed as chi square with 
k degrees of freedom. 

APPENDIX 2A. l\1EAN AND VARIANCE OF LINEAR COI\IBINATIONS 
OF OBSERVATIONS 

Suppose Y1, Y2· Yl are random variables (not necessarily normal) with means 
1J • 2 2 ., d 1 . ffi . 1. '12, 173, vanances a 1, a2 , a;, an corre ataon coe tctents p 12, p 13. P23· The 
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mean and the variance of the linear combínation Y = a 1y 1 + Gi)'2 + a3y3, where 
a¡. a2, a3 are any positive or negative constants, are, respectively, 

and 

These formulas generalize in an obvious way. For a linear combination Y = 
1:7=1 a; y; of n random variables 

n 

E(Y) = La;1}; 
i=l 

and, V(Y) will have n ''squared" terms like alul and n(n- 1)/2 cross~product 
terms like 2a;ajU;UjPiJ· Specifically 

n n n 

V(Y) = Lalu;
2 + 2 L L a;ajU;UjPij 

i=l i=l j=i+l 

Notice that u;UJPij is the Cov(y;, Yj). so that you can also write 

11 n n 

V(Y) = LalV(y;) + 2¿ L a;aJ Cov(y;, YJ) 
i=1 i=l j=11 

Variance of a Sum and a Difference of Two Correlated Random Variables 

Since a sum y1 + Y2 can be wrilten as (+l)y¡ + (+1)y2 anda difference Jt- Y2 
as (+l)Yt + (-l)y2, 

? ., 

V(y¡ + Y2> =u¡+ u¡+ 2Pt1UtU2 

V(y¡ - )'2) = ul +uf- 2p12u1cr2 

You will see that, if the correlatíon between y1 and y2 is zero, U1e variance of 
the sum is the same as that of the difference. If the correlation ís positive, the 
variance of the su m is greater; if the correlation is negative, the. opposite is true. 

No Correlation 

Consider the statistic Y, 

Y = OtYl + 02)'2éJ + · · · + Gn)'n 



APPENDIX 2A MEAN ANO VARIANCE Of LINEAR COMBINATIONS OF OBSER\'ATIONS 59 

a Hnear combination of n random variables Yt• Y2· .. • , Yn each of which is 
assumed uncorrelated with any other; then 

No Correlation, Equal Variances 

If, in addition, all the variances are equal, E(Y} remains as before and 

Y) ( 2 2 ' 2) 2 V( =al +a2+···+al, a 

Variance of an Average of 11 Random Variables ·with Alll\leans Equal to 1J 
and All Variances Equal to u 2 

Sin ce 
- Yt + Y2 + · · · + Yn 1 1 1 
Y = = - Yt + -y2 + · · · + - Yn 

n n n n 

the average is a linear combination of observations with all the a's equal to lln. 
Thus, given the assumptions, ECf) = 17 and for the variance of the average y, 

. ) 2 1 l 1 2 n 2 a 
V(Y) = (--::; +- + · · · +- a = 1 a = -· n- n2 n2 n- n 

the formula for the variance of the average used earlier. 

Variance of the Average Y for Observations That Are Autocorrelated 
at Lag 1 

As illustrated earlie.r, the linear statistic Y = L~= 1 á; y; has expectation (mean) 

and variance 

n 

E(Y) = La; 17¡ 

i=l 

n n n 

V(Y) = Lafal + 2 L L a;a1a;a1pu 
i=l i=l i=i+l 

Suppose now that all the observations y 1, y2, ... , Yn ha ve a constant variance a1 

and the same lag 1 autocorrelation Pi.i+l =PI· Suppose further that al1 correla
tions at greater lags are zero. Then 

Y= ny = Yt + .Y2 + · · · + Yn 
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and makirig the necessary substitutions, you get 

where 

(12 
V(y) = C X-

n 

e _ [t 2(n - 1) J · - + P1 n 

lt may be shown that for the special case being considered P1 must lie between 
-0.5 and +0.5. Consequently C lies between (2n- 1 )/n and 1/n. Thus, for 
n = 10, the constant e lies between 1.9 and 0.1. (A range of nineteen!) Now 
for observations taken in sequence serial dependence is a:Imost certain, so the 
consequence of ignoring it can be disastrous. (see e.g., Box and Newbold, (1971)). 
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QUESTIONS FOR CHAPTER 2 

l. What are a dot diagram, a histogram, and a probability distribution? 

2. What is meant by a population of observations, a sample of observations, a 
random drawing from the population, and a rand.om sample of observations? 
Define population mean, popuhlfion variance, sample average, and sample 
variance. 

3. Distinguish between a standard deviation and a standard error. 
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4. What is the central limit effect and why ls it important? 

5. What does a normal distribution look like and why is it important? 

6. What two parameters charactcrize the normal distribution? 

7. What is meant by the no assumption and the NilO assumption? 

8. When must a t distribution be used instead of a normal distribution? 

9. What are statistical dependence, randomness, correlation, covariance, auto
correlation, random sampling, and a sampling distribution? 

10. What are the properties of the sampling distribution for the average y from 
a nonnormal distribution? Oiscuss and state your assumptions? 

11. What are the sampling distributions of y, s2, and t =<Y- YJ)/(s/ .jñ) from 
a normal distribution. Discuss and state your assumptions. 

12. What are the formulas for the expectation and variance for the sum and for 
the differcnces of two random variables? How might these formulas be used 
to check for lag 1 autocorrelation. 

13. Consider the second difference Y= y;- 2y;-t +Yí-2· What is the variance 
of Y if successive observations y;, i = 1, 2, , .. , n, all ha ve the same variance 
and are (a) independent and (b) autocorrelated with p = 0.2? 

14. Two instruments used to mea'\ure a certain phenomenon give separate res
ponses Yt and Y2 with variances o- 21 and o- 22. What are two ways to determine 
whether these instrumental responses are correlated? Answer: (a) Estimate p 
from repeated pairs of y 1 and Y2 and (b) use the sums and difference of thc 
responses. 

15. What is meant by the natural variance and natural standard deviation of a 
sample of observations? 

PROBLEl\IS FOR CHAPTER 2 

Whether or not specifically asked, the reader should always ( 1) plot the data in 
any potentially useful way, (2) state the assumptions made, (3) comment on the 
appropriaten~ss of the assumptions, and ( 4) consider altemative analyses. 

l. Given the following observations: 5, 4, 8, 6, 7, 8. Calculate (a) the sample 
average, (b) the sample variance, and {e) the sample standard deviation. 

2. The following are recorded shear strengths of spot welds (in pounds): 12.560, 
12,900, 12,850. 12,710. Calculate Lhe average, sample variance, and sample 
standard deviation. 
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3. Four bttll bearings were ta.ken randomly from a production line and their 
diameters measurcd. The results (in ccntimeters) were as follows: 1.0250. 
1.0252, 1.0249, 1.0249. Calculate the average. sample variance, and sample 
standard deviation. 

4. (a) The following are rcsults of fuel economy te!\ts (miles per gallon) obtained 
from a sample of 50 automobiles in 1975: 

17.74 12.17 12.22 13.89 16.47 
15.88 16.10 16.74 17.54 17.43 
14.57 12.90 12.81 14.95 16.25 
17.13 14.46 14.20 16.90 11.34 
12.57 13.15 16.53 13.60 13.34 

13.67 14.23 15.81 16.63 11.40 
14.94 13.66 9.79 13.08 14.57 
14.93 14.01 14.43 16.35 15.65 
11.52 17.46 14.67 15.92 16.02 
13.46 13.70 14.98 14.57 15.72 

Plot the histogram of these data and calculate the samp1e average and 
sample standard deviation. 

(b) The following 50 results were obtained in 1985: 

24.57 24.79 22.21 25.84 25.35 
22.19 24.37 21.32 22.74 23.38 
25.10 28.03 29.09 29.34 24.41 
25.12 25.27 27.46 27.65 27.95 
21.67 22.15 24.36 26.32 24.05 

28.27 26.57 26.10 24.35 30.04 
25.18 27.42 24.50 23.21 25.10 
23.59 26.98 .,.., 64 

""-· 25.27 25.84 
27.18 24.69 26.35 23.05 23.37 
25.46 28.84 22.14 25.42 21.76 

Plot the histogram of thcse data and calcu1ate the sample average and 
samp1e standard deviation. Considering both data sets, comment on any 
intcrcsting aspects you find. Make a list of qucstions you would like 
answered that would allow you to investigate further. 

5. If a random variable has a normal distribution with mean 80 and standard 
deviation 20. what is the probability that it assumes the following values? 

(a) Less than 77.4 
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(b) Betwcen 61.4 and 72.9 

(e) Greater than 90.0 

(d) Less than 67.6 or greater than 88.8 

(e) Between 92.1 and 95.4 

(f) Between 75.0 and 84.2 

(g) Exactly 81.7 

6. Suppose the daily mill yields at a certain plant are normally distributed with 
a mean of 1 O tons and a standard deviation of 1 wn. What is the prob
ability that tomorrow the value will be greater than 9.5? To obtain your 
answer, assume tbat the observations behave as statistically independent ran
dom variables. 

1. Four sampJes are taken and averaged every hour from a production line and 
the hourly measurement of a particular impurity is recorded. Approximately 
one out of six of these averages exceeds 1.5% when the mean value is 
approximately 1.4%. State assumptions that would enable you to determine 
the proportion of the individual readings exceeding 1.6%. Make the assump
tions and do the calculations. Are thcse assumptions likely to be true? lf not. 
how might they be violated? 

8. Suppose that 95% of the bags of a certain fertilizcr mix wcigh bctwecn 49 
and 53 pounds. Averages of three succe.ssive bags were plotted, and 47.5% 
of these were observed to lie between 51 and X pounds. Estlmate the value 
of X. S tate the assumptions you make and say whether these assumptions 
are Jikely lo be truc for this example. 

9. For each sampJe of 16 boxcs of cereal an average box weight is recorded. 
Pa~t records indicate that 1 out of 40 of these averages is less than 8.1 
ounces. What is the probability that an individual box of cereal selected at 
random will weigh less than 8.0 ounces? State any a'\sumptions you make. 

10. The Jcngths of bolts produccd in a factory may be taken to be nonnally 
distributed. The bolts are checked on two "go-no go'' gauges and those 
shortcr than 2.9 or longcr than 3.1 inches are rejected. 

(a) A random sample of 397 bolts are chccked on the gauges. If the (truc 
but unknown) mean length of the bolts produced at that time was 3.06 
inches and the (true but unknown) standard deviation \Vas 0.03 inches, 
what values would you expect for n 1, the number of bolts found to be 
too short, and 112, the number of bolls found to be too long? 

(b) A random sample of 50 bolts from another factory are al so checkcd. 
If for these llt = 12 and n2 = 12. estimate the mean and the standard 
deviation for these bolts. State your assumptions. 
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11. The mean wcight of items coming from a production line is 83 pounds. 
On the average, 19 out of 20 of these individual weights are between 81 
and 85 pounds. The average lVeights of six randomly selected items are 
plotted. What proportion of these points wi11 fall between the limits 82 and 
84 pounds'? What is the precise nature of the random .sampling hypothesis 
that you need to adopt to answer this question? Consider how it might be 
violated and what the effect of such a violation might be on your answer. 

12. After examination of sorne thousands of observations a Six Sigma Black Belt 
quality engineer detennined that the observed thrusts for a certain aircraft 
engine were approximately normally distributed with mean 1000 pounds and 
standard deviation JO pounds. What percentage of such measured thrusts 
would you expect to be 

(a) Less than 985 pounds? 

(b) Greater than 1020 pounds? 

(e) Between 985 and 1020 pounds? 

13. On each die in a set ·of six dice the pips on each face are diamonds. lt is 
suggested that the weight of the stones will cause the "five" or "six" faces 
to fall downward, and hence the "one" and "two" faces to fall upward, more 
frequently than they would with fair dice. To test this conjecture, a trial is 
conducted as follows: The throwing of a one or two is called a success. The 
six dice are thrown together 64 times and the frequcncies of throws with 
O, 1, 2, ... , 6 successes summed over all six pairs are as follows: 

Successes out of six (number of dice O 1 2 3 4 5 6 
showing a one or two) 

Frequency O 4 19 15 17 7 2 

(a) What would be the theoretical probability of success and the mean and 
variance of the above frequency dístribution if all the dice were fair? 

(b) What is the empiri.cal probability of success calculated from the data and 
what is the sample average and variance? 

(e) Test the hypothesis that the mean and variance have their theoretical 
values. 

(d) Calculate the expected frequencics in the seven "ceJis" of the table on 
the assumption that the probability of a success is exactly 1· 

(e) Can you think of a better design for this trial? 

14. The Ievel of radiation in the control room of a nuclear reactor is to be 
automatically monitorcd by a Geiger counter. The monitoring device works 
as follows: Every tenth minute the number (frequency) of .. clicks" occurring 
in t seconds is counted automatically. A scheme is required such that if the 
f~equcncy exceeds a number e an alarm will sound. The scheme should have 
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the following properties: lf the number of clicks per second is less than 4, 
there should be only l chance in 500 that the alarm wiJJ sound, but if the 
number reaches 16, there should be only about 1 change in 500 that the alarm 
will not sound. What values should be chosen for t and e? Hint: Recall that 
the square root of the Poisson distribution is rotighly normally distributed 
with standard deviation 0.5. [Answer: t ~ 2.25, e"' 20 (closest integer to 
20.25).] 

15. Check the approximate answer given for problem 14 by actual1y evaluating 
the Poisson frequencies. 





CHAPTER3 

Comparing Two Entities: Reference 
Distributions, Tests, and Confidence 
Intervals 

In this chapter we discuss the problem of comparing two entities experimentally 
and deciding whether differences that are found are likely to be genuine or merely 
due to chance. This raises important questions conceming the choice of relevant 
reference distributions with which to compare apparent differences and also the 
uses of randomization, blocking, and graphical tests. 

3.1. RELEVANT REFERENCE SETS AND DISTRIBUTIONS 

In the course of their scientific careers Peter Minerex and tris wífe Rita Stove
ing had lo move themselves and their family more than once from one part 
of the country to another. They found that the prices of suitable houses varied 
considerably in different locations. They soon determined the following strategy 
for choosing a new house. Having found temporary accommodation, they spent 
sorne time merely looking at houses that were available. In this way they built 
up in their minds a '"reference sef' or .. reference distribution'' of available values 
for that particular part of the country .. Once this distribution was established. 
they could judge whether a house being considered for purchalie was modestly 
priced, exceptionally (significantly) expensive, or exceptionally (significantly) 
inexpensive. 

The method of statistical inference called significance testing (equivalently 
hypothesis testbzg) parallels this process. Suppose an investigator is considering a 
particular result apparently produced by making sorne experimental modification 
to a system. He or she needs to know whether the rcsult is easily cxplained by 

Statistics for Experim~mers. Second Edition. By G. E. P. Box, J. S. Huntcr. and W. G. Hunter 
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mere chance variation or whether it is exceptional, pointing to the effectiveness 
of the modification. To make this decision~ the investigator must in sorne way 
produce a relevant reference distribution that represents a characteristic sct of 
outcomes whlch could occur if the modification was entirely without effect. The 
actual outcome may then be compared with this reference set. If it is found to 
be exceptional, the result is called statistically significant. In this way a valid 
signlficance test may be produced. 

Validity 

The analogy with pncmg a house points to a very important consideration: 
Minerex must be sure that the reference set of house prices that he and his wife 
are usíng is re/evant to their present situation. They should not, for instance, use 
a reference set appropriate to their small country hometown if they are look
ing for a house in a metropolis. The experimenter must be equally discerning 
because many of the questions that come up in this and subsequent chapters tum 
on this issue. 

In general, what is meant by a valid signHicance test is that an observed 
result can be compared with a relevan! reference set of possibJe outcomes~ If the 
reference set is not relevant, the test will be invalid. 

The following example concems the assessment of a modification in a manu
facturing plant. The principies in volved are of course not limited to thls applica
tion and you may wish to relate them to an appropriate example in your own field. 

An Industrial Experimcnt: Is the ~1odified l\Iethod (B) Bctter Than the 
Standard 1\'lethod (A)? 

An experiment was perforrrted on a manufacturing plant by making in sequence 
10 batches ofa chemical using a standard production method (A) followed by 10 
batches using a modified method (B). The results are given in Table 3.1. What 
evidence do the data provide that method B gives higher yields than method A? 

To answer this question, the experimenters began very properly by plotting the 
data as shown in Figure 3.1 and calculating the averages obtained for methods 
A and B. They found that 

YA= 84.24, YB = 85.54 

where you will recall the bar over the symbol y is used to denote an arithmetic 
average. The modified method thus gave an average that was 1.3 units higher-a 
change that although small could represent significant savings. However, because 
of the considerable variability in batch to batch yields, the experimenters worried 
whether they could reasonably claim that new process B was better or whether the 
observed difference in the averages could just be a chance event. To answer this 
question, they Iooked at the yields of the process for the previous 210 batches. 
These are plotted in Figure 3.2 and recorded in Table 3B.l at the end of this 
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Table 3.1. Yield Data from an Industrial Expcriment 

Time Order Method Yield 

1 A 89.7 

2 A 81.4 

3 A 84.5 

4 A 84.8 

5 A 87 .. 3 
6 A 79.7 
7 A 85.1 
8 A 81.7 
9 A 83.7 

10 A 84.5 
11 B 84.7 
12 B 86.1 
13 B 83.2 
14 B 91.9 
15 B 86.3 
16 B 79.3 
17 B 82.6 
18 B 89.1 
19 8 83.7 
20 B 88.5 

YA= 84.24 YB = 85.54 
YA- Ya.= 1.30 

Process 8 

• 

• • 

• • 
• 

• • • 

• 
11 12 13 14 15 16 17 18 19 20 

Time order 

Figure 3.1. Yield values plotted in time order for comparative experimenL 
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Figure 3.3.- Reference distrihution of 191 differcnccs between averages of adjacent sets of JO 
observations. 

book. They u sed these 21 O yield val u es to determine how often in the past had 
differences occurred between averages of successive groups of 10 observations 
that were at lea'it as great as 1.30. If the answer was "frequently,'' the investigators 
concluded that the observed difference could be readily explained by the ordinary 
chance variations in the process. But if the answer was "rarely," a more tenable 
explanation would be that the modification has indeed produced a real increase 
in the process mean. 

The 191 differences between averages of two successive groups of lO obser
vations• are ploued in Figure 3.3 and recorded in Table 38.2. They provide arel
evant reference set with which the observed diffcrence of 1.30 may be compared . 

.It is secn lhat rather rarely, specifically in only nine instances, do the differ
ences in the reference se.t exceed + 1.30. the diffe.rence observed in the actual trial. 

•1ñese J91 ~ifferences were computcd as follows. The first. -0.43, was obtaincd by subtracting 
the average 83.94 (lf batches 1 to 10 fmm average 83.51 of batches 11 to 20. TI1is calculation was 
repcated using the a\·erages culculatcd from batchcs 2 lo 11 and 12 to 21 and so on through thc dmá 
of Table 3.2. 
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The .. null" hypothcsist which would make the observed difference a member of 
the reference set, is thus somewhat discredited. In statistical parlance the inves
tigators could say tha~ in relation to this reference se~ the observed difference 
was statistically significant at the 9/191 = 0.047 level of probability or, more 
simply stated, at the 4.7% significancc level. 

This test using the externa] refcrence distribution has appeal because it assumes. 
very Jittle. In particular, it does not assume normality or that the data are inde
pendent (and in particular not autocorrelated). It supposes only that whatever 
mechanisms gave rise to the past observations were opcrating during the plant 
trial. To use an extemal reference distribution, however~ you must have a fairly 
extcnsive set of past data that can reasonably be regarded a typifying standard 
process operation. 

A Recognizable Subset? 

One other important consideration in sceking an appropriate reference set is that 
it does not contain one or more recognizable subsets. Suppose that after more 
careful study of the 21 O previous data in the industrial experiment it was found, 
for example, the first 50 values were obtained when the process wa~ run with 
a different raw material; then this would constitute a recognizable subset which 
shou]d be omitted from the relevant reference set. 

Similarly, if Peter and Rita were to be relocated, say, in Florida. they might 
decide that houses that did not have air conditioning were a recognizable subset 
that should be excluded from their reference set. Later in this chaptcr you will 
see how you might tack1e the problem when you have no extemal reference 
distribution. But there you will al so find that thc importance of using a relevant 
reference set which does not contain recognizable subsets still applies. 

Exercise 3.1. Suppose that the industrial situation was the same as that above 
except that only lO experimental observations were obtained, the first 5 with 
method A (89.7, 81.4, 84.5, 84.8, 87.3) and the next 5 with B (80.7, 86.1, 
82.7, 84.7, 85.5). Using the data in Table 3B.l, construct an appropriate ref
erence distribution and determine the significance associated with y 8 - y A for 
this test. 

Answer: 0.082. 

Exercise 3.2. Consider a trial designed to compare cell growth rate using a 
standard way of preparing a biological specimen (method A) and a new way 
(method 8). Suppose that four trials done on successive days in the arder A. 
A, 8, B gave .the results 23, 28, 37, 33 and also .that immediately before this 
trial a .series of preparations on successive days with method A gave the results 
25, 23, 27, 31, 32, 35, 40, 38, 38, 33, 27, 21, 19, 24, 17, 15, 14, 19, 23, 22. 
Using an extemal reference distribution~ compute the significance level for the 
null hypothesis 1JA = 11B when the altemative is 7JB > 1JA· ls there evidence that 
B gives higher rates than A. 
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Answer: The observed significance level is 0/17 = Q. Evidence is that B gives 
higher growth rates. 

Random Samples from 1\•ro Populations 

A customary assumption is that a set of data, such as the lO observations from 
method A in the plant trial, may be thought of as a random sample from a 
conceptual population of observations for method A. To visualize what is being 
assumed, imagine that tens of thousands of batch yields obtained from standard 
operation with method A are written on cards and placed in a large lottery drum. 
as shown diagrammatically at the top of Figure 3.4. The characteristics of this 
very large population of cards are represented by the distribution shown in the 
lower part of the same figure. On tlze h)1Jothesis ofrandom sampling the 10 
observations with method A would be thought of as 10 independent random 
drawings from lottery drum A and hence from distribution A. In a similar way 
the observations from modified method B would be thought of as 1 O random 
drawings from lottery drum B and hence from popu]ation B. 

A null hypothesis that you might wish to test is that the modification is entirely 
without effect. If this hypothesis is true, the complete set of 20 observations can be 
explained as a random sample from a single common population. The altemative 
hypothesis is that the distributions from which the two random samples are drawn, 

Hypothetical 
population A 

(standard method) 

Hypothetlcal probabllity 
dlstrlbution characterizing 
populatlon A 

Available sample 
from populatlon A 

Hypothetlcal 
population 8 

(modified method) 

71s 

Hypothetical probability Available sample 
distribution characterizing from population 8 
population B 

Figure 3.4. Random sampling from two hypothetical distributions. 
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though otherwise similar, have different means 7JA and TJB· (You should note that 
neither distribution A nor distribution B is necessarily normal.) 

\Vhy It \Vould Be Nice If \\re Could Believe the Random Sampling 1\lodel 

The assumption that the data can be represented as random samples implies the 
y's are independently distributed about their respective means. Thus the errors 
Yt - 'T'JA, Y2- TJA, •• ·, Yto- lJA, Y1 1 - TJo, Y12- 1JB· ••• , Y20- TJn could be sup
posed to vary independently of one another and in particular the order in which 
the runs were made would have no inftuence on the results. 

Industrial Experiment: Reference Distribution Based on the Random 
Sampling l\fodel 

Suppose for the industrial example that you had no external reference distribution 
and the only data available were the two sets of 1 O yields obtained from methods 
A and B given in Table 3.1. Suppose you assumed that these were random 
samples from populations of approximately the same the form (and in particular 
the same variance cr2) but with possible different means 1JA and 11B· Then the 
following calculations could be made. 

Calculation of the Standard Error of the Differences in Averages 

Jfthe data were random samples with n,t = 10 observation from the first popuJa
tions and no = lO observations from the second, the variances of the calculated 
averages would be 

Also, YA and y 8 would be distributed independently, so that 

V(- - ) a2 a2 2 ( J 1 ) Yo-YA =--+-=u -+-
nA JJo n.A ns 

Thus the standard deviation of the conceptual distribution of the difference of 
averages would be 

You will also remember that the square root of the variance of a statistic is often 
called the standard error of that statistic. 

Even if the distributions of the original observations had been moderately non
normal, the distribution of the difference y 8 - y A between sample averages with 
nB =nA = lO would be ex.pected to be nearly normal because ofthe central Iimit 
effect. On this assumption of random sampling and denoting the true population 
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difference by 8 = TJn - iJA• 

would be approximately a nonnal deviate. 

Estimating the Variance u 2 from the Samplcs 

Suppose now that the only evidence about the variance a 2 is from the nA= 10 
observations from melhod A and lhe n 8 = 1 O observations from method B. These 
sample variances are 

. ., LevA -.YA>
2 

75.784 
SA = = 9 = 8.42 

flA-) 

, L<Yn- .V8)
2 

119.924 
SiJ = = = ]3.32 

ns- 1 9 

On the assumption that the two population variances for melhods A and B are to 
an adequate approximation equal~ these estimates may be combined to provide 
a pooled estímate s 2 of this common: u 2• This is done by adding. the sums of 
squares of the errors and dividing by the su m of the degrees of freedom, 

2 L(YA-YA)2 +L<Ys-YB)2 
75.784+119.924 

S = . = = 10.87 
nA +na ...... 2 18 · · 

On the assumption of random normal sampling, s2 provides an estímate of a 2 

with n ,, + n 8 - 2 = 18 degrees of freedom distributed independently of y 8 -

YA· Substituting the estímate s for the unknown a, you obtain 

t= cYn-YA)-8 
sJl/nn + 1/llA 

in which the discrepancy [(y 8 - YA)- .5] is compared with the eslimated stan
dard error of y 8 - y A- On the above assumptions, then, this quantity follows a 
t distribution with v = n8 +nA- 2 = 18 degrees of freedom. 

For the present example y 8 - J' A = 1.30 and s JI 1 nA + 1/ n B = 1.47. The 
significance level associated with any hypothesized difference 8o is obtained by 
referring the statistic 

1.30- .So 
to = 

1.47 

to the t table with J 8 degrees of freedom. In particular (see Table 3.2), for the 
null hypothesis 80 =O, t0 = 1.30/1.47 = 0.88 and Pr(t > 0.88) = 19.5%. This 
differs substantially from the valuc of 4.7% obtained from the external reference 
distribution. Why? 
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Table 3.2. Calculation of Significance Level Based on the Random Sampling 
Hypothesis 

Method A Method B 

89.7 
81.4 
84.5 
84.8 
87.3 
79.7 
85.1 
81.7 
83.7 
84.5 

84.7 
86.1 
83.3 
91.9 
86.3 
79.3 
82.6 
.89.1 
83.7 
88.5 

Pooled estimate of cr 2: 

nA= 10 

Sum = 842.4 
Average y A = 84.24 

ns = 10 

Sum = 855.4 
Average Y 8 --: 85.54 

Difference y 0 -YA = 1.30 

s2 = 75.784+ 119.924 = 195.708 = 
10

_
8727 

10+ 10-2 18 

with v = 18 degrecs of freedom 

(1 1)· 2s
2 

Estímatcd varían ce of Y 8 - y A: s2 
nA + n 

8 
= JO 

¡;;52 -- ¡ 10.85727 = 1.47 Estimated standard error of Y B - Y A: y 5 ~ 

<Yn- Y.-1)- oo 
to = . 

s.Jl/nn + lfnA 

1.30 . . 
For ~o = O, to = - = 0.88 wtth l' = 18 degrees of freedom 

1.47 

Pr(l ?: 0.88) = 19.5% 

75 

Exercise 3.3. Remove the last two observations from method B (i.e., 83.7 and 
88.5) and, again assuming the random sampling hypothesis, test the hypothesis 
that 1'JB - 1'JA = 0. 

Answer: s2pooled = 2.5791 with 16 degrees of freedom; 1 = 1.16/1.47 = 0.78, 
Pr(/ > O. 78) = 0.228. 

Comparing the External and Internal Reference Distributions 

Figure 3.5a (similar to Fig. 3.3) displays the reference distribution appropriate 
for the statistic y 8 - y A with nA = n B = 1 O constructed from an extenwl set 
of 210 successively recorded observations. As you have seen, for this reference 
set Pr[()Y 8 -YA) > 1.30] = 4.7% and the observed clifference y 8 - YA = 1.30 
has a significance probability of 4.7% so that the null hypothcsis is somcwhat 
discredited, and it is likely that 1"JB > 11A· 
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Figure 3.5. (a) Reference distribution based on external data (b) Refcrence distribution based on 
random sampling model using imemal data. (e) Plot of y, versus y,_, using the 210 observations 
of Table 3.2 showing an cstimated correlation (lag-on a autocorrelation) of />1 = -0.29. 
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In Figure 3.5b, however, you see displayed an appropriately scaJed t reference 
distribution (v = 18 degrees of freedom) based solely on the intenwl evidence 
contained in the nA + n B = 20 observations listed in Table 3.1. This reference 
distribution assumes the random sampling model and the observed difference 
then has a significance probability of 19.5% which would provide little evidence 
acrainst thC hypothesis that 1]B - TJA = 0. 

e Why the large disagreement in the probability statements provided by these 
two methods of analysis? lt was causcd by a mther small serial correlation (auto
correlatíon) of adjaccnt observations. The physical reason was almost certainly 
as follows. In this particular process the yield wus determined by measuring the 
volume of liquid product in each successive batch, but because of the design of 
the systcm. a certain amount of product was Ieft in the pipes and pumps at each 
dctermination. Consequcntly, if slightly less was pumped out on a particular da y, 
the recorded yicld would be low but on the following day it would tend to be 
high because the available product would be from both the current batch and any 
residual from the previous batch. Such an effect would produce a negative cor
relation between successive yields such as that found. More frequently in serial 
data positive autocorrelation occurs and can produce much larger disc.repancies 
(see e.g. Box and Newbold, 1971 ). 

Now Student's t is appropriate on the random sampling hypothesis that the 
errors are not correlated. In which case the variance of an average is V (v) = 
u2 1 n. However, as noted in Appendix 2A, for autocorrelated data V (Y) can be 
very different. In particular, for a series of observations with a single autocorre
lation of p¡ at lag 1 (i.e., where each observation is correlated with its immediate 
neighbors), it was shown there that the variance of y is not a 21 n but 

0'2 
ex

n 
with e 1 

2(n-1) 
== 1r Pt 

1'l 

For the 210 successively recorded data that produced the extemal reference dis
tribution the estimated lag 1 autocorrelation coefficient is p1 = -0.29. Using 
~he above fot;:nula for averages of n == 1 O observations, this gives an approx
tmate value e = 0.48. The negative ·autocorrelation in these data produces a 
rcduction in the standard deviation by a factor of about J[48 = O. 7. Thus 
the reference distribution obtained from past data in Figure 3.5a has a. sma/ler 
sprcad lhan the corresponding scaled t distribution in Figure 3.5b. Studenfs 
1 test in this case gives the wrong answer becausc it a'\sumes lhat the errors 
~e independently distributed~ thus producing an inappropriate reference 
dJstribution. 

You are thus faced with a dilemma: most frequently you will not have past 
~ata from which to generate an externa} reference distribution. but because of 
tnfluences such as serial correJation the 1 test based on NilO assumptions will 
0?1 be valid. Fisher (1935) pointed out that for a randomized experiment the 
d•lemma might be resolved by using a randomization distribution to supply a 
reJevant reference sct. 
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A Randomizcd Dcsign Uscd in thc Comparison of Standard and 1\-lodified 
Fcrtilizcr ~lixtures for Tomato Plants 

Thc following data were obtained in an cxperiment conducted by a gardener 
whose object was to discovcr whcther a change in fertilizer mixture applied 
to her tomato plants would result in improvcd yield. Shc had 11 plants set 
out in a ~ingle row; 5 were given the standard ferti1izer mixture A, and the 
remaining 6 were fed a supposedly improved mixture B. The A 's and B's 
were randomly app1ied to positions along the row to give the experiment<.~l 
dcsign shown in Table 3.3. She arrivcd at this random arrangement by taking 
1 1 playing cards, 5 markcd A and 6 marke<.l B. After thoroughly shufning 
them shc obtained thc urrangcmcnt shown in Lhc tabJe. The first plant would 
receive fertilizer A as would the second. the Lhird would reccive fertilizer B. and 
so on. 

Fisher argued that physical randomization such as was cmployed in this exper
iment would make it possible to conduct a valid significance test without making 
any other assumptions about the form of the di.stribution. 

The reasoning was as follows: the experimental arrangemenl that was actu-

ally used is one of the 
1
,
1 

!' = 462 possible ways of allocating 5 A ~s and 6 B's 
. 5"6" • 1 1 1 to the 11 tnals and any one of the allocauons cou d equa ly well 1ave been 

chosen. You can thus obtain a valid reference set appropriate to the hypothe
sis that the modification is without effect by computing the 462 differences in 
a\'erages obtained from the 462 rearrangements of the "labels." The histogram in 
Figure 3.6 shows this randomjzation distribution together with the difference in 
the avcrages y8 - Yrt = 1.69 actually observed. Sincc 154 of the possible 462 
arrangcments provide differences greater than 1.69, tl1e signiticance probability is 

Tablc 3.3. Results from a Randomizcd Expcrimcnt (Tomato Yields in Pounds) 

Position in row 1 ., 3 4 5 6 7 8 9 JO IJ ... 
Fertilizer A A B B A B B B A A 8 
Pounds of 29.2 1 1.4 26.6 23.7 "25.3 28.5 14.2 17.9 16.5 21 1.1 24.3 

tomatocs 

Srandard Modilied 
Fertilizer A Fcrtilizer B 

29.9 26.6 
11.4 23.7 
25.3 28.5 
16.5 14.2 
21.1 J7.9 

24.3 

n,.,=5 ns=6 
)'Á = 20.84 Y B = 22.53 
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Figure 3.6. Randomiz.aliun di~tribuúon wilh scalcd 1 di~tribution: romalo plant cxamplc. 

154/462 = 33%. Thcre was thcrcforc liulc rcason to doubt the null hypothcsis 
that one fertilizer was as good as Lhe othcr . .... 

Comparison '\\ith the 1 Test 

Writing 8 for the difference in means 17 8 - 11A on lhe NIID assumption of random 
sampling from a normal population, the quantity (sce Table 3.4 for details) 

(fn-Y .. ,>- 8 

s.jlfnn + 1/nA 

would be distributed as 1 with v = n 8 + 11A -2 dt'grees o[ freedom. For this 
cxamplc y 11 - y A = 1.69 so thc nu11 hypothcsis that 8 = O m ay be tcsted by 
calculating 

1 = 1.69 - o = 0.44 
3.82 



80 3 REFERENCE DJSTRIBUTIONS, TESTS. ~"'lD CONFlDENCE INTERVALS 

Tabte 3.4. Cnlculation of t for thc Tomato Experlment 

y 8 -y"' = 22.53 - 20.84 = 1.69 

2 LY¡-(LYA)
2

1nA SA 209.9920 
S A = = - = = 52.50 

IJA-1 liA 4 
., 

., LY~- (LYB r lnB Sn 147.5333 
SiJ = =- = = 29.51 

n B - 1 l'B 4 

The pooled variance cstimatc is 

52 = SA + Sn = ''As~+ vos¡ = 4(52.50) +5(29.51) = 39.71 
VA+ Vn 1-'A +vn 4+5 

with v = n,., +na- 2 = vA+ v8 = 9 degrees of frcedom 

The estimatcd variance ofy8 - YA is s2(1jn 8 + 1/tJ") = 39.73(1/6+ 1/5) = 14.57. 
TI1e standard error of y 8 -YA is JI4.57 = 3.82, 

(ji 8 - Ys)- ~o (22.53- 20.84)- ~o 1.69- Óo 
to= = ----

Js2(1/na + 1/nA) ~39.73(1/6 + 1/5) 3.82 

where ó0 is the hypothcsized value of 8. lf 80 = O, thcn 

to = 0.44 with v = 9 dcgrees of freedom 

Pr(t ~lo)= Pr(t ~ 0.44) = 0.34 

and referencing this value to a t table with v = 9 degrees of freedom, giving 
Pr(t > 0.44) = 34%~ as compared with 33% given by the randomization test. 
So that in this example the result obtained from NJID theory is very close to 
that found from the randomization distribution. A scaled 1 distribution with the 
standard error of y 8 - YA, that is, 3.82~ as the scale factor is shown together with 
the randomization distribution in Figure 3.6. For this example the distributions are 
in remarkabty good agreement. As Fisher pointed out, the randomization test frees 
you from the assumptüm of independent errors as well as from the assumption 
of nonnality. At the time of its discovery calculation was slow, but with mod
ero computers calculation of the randomization distribution provide a practical 
method for significance testing and for the calculation of confidence intervals. 

Exercise 3.4. Given the following data from a randomized experiment, construct 
tbe randomization rcfcrence distribution and the approximate scalcd t distribution. 
\Vhat is thc significance levet in each case? 

A 8 B A B 
3 5 5 1 8 

Answer: 0.05, 0.04. 
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Excrcise 3.5. Rcpeat the above excrcise with thcse data: 

Answer: 0.02, 0.0 l. 

B A B 
32 30 31 

A A A B B 
29 30 29 31 30 

3.2. RANDOI\HZED PAIRED COl\1PARISON DESIGN: BOYS' 
SHOES EXAl\lPLE 

81 

Often you can greatly increase precision by making comparisons within matched 
pairs of experimental material. Randomization is then particularly easy to carry 
out and can ensure the validity of such experiments. We illustratc with a trial on 
boys' shoes. 

An Experimcnt on Boys' Shoes 

The data in Table 3.5 are measurements of the amount of wear of the soles 
of shoes wom by 10 boys. The shoe soles were made of two different synthetic 
materials. a standard material A and a cheaper material B. The data are displayed 
in Figure 3.7 using black dots for material A and open dots for material B. lf 
you consider only the ovcrall dot plot in thc right margin, the black dots and 
open dots overlap extensi\•ely and there is no clear indication that one material 
is better than the other. 

But thcse tests were run in pairs-each boy wore a spccial pair of shoes, 
the sol e of one shoe madc with material A and the so le of the other with B. 
Thc decision as to whcther the left or right sote was made wiú1 A or B was 

Tablc 3.5. Boys' Shocs Example: Data on the \Year of 
Shoe Soles 1\lade of 1\vo Diftcrent Materials A and B 

Boy Material A Material B Diffcrencc d = B - A 

1 
2 
3 
4 
5 
6 
7 
8 
9 

.10 

13.2(L) 
8.2(L) 

10.9(R) 
14.3(L) 
J0.7(R) 
6.6(L) 
9.5(L) 

10.8(L) 
8.8(R) 

13.3(L) 

14.0(R) 
8.8(R) 

11.2(L) 
14.2(R) 
ll.S(L) 
6.4(R) 
9.8(R) 

11.3(R) 
9.3(L) 

13.6(R) 

Average diiTercnce d = 0.41 

0.8 
0.6 
0.3 

-0.1 
1.1 

-0.2 
0.3 
0.5 
o:s 
0.3 
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Boys 
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{

• Material A 

O Material B 

Figure 3.7. Data on two diffcrent muterials 1\. and B, used for making soles of boys' shoes. 

determined by the 11ip of a coin. During the test sorne boys skuffed their shocs 
more than others, however for each boy his two shoes were subjected to the same 
treatment. Thus by working with the 10 differences B -A most of the boy-to
boy variation could be eliminated. An experimental design of this kind is calle<:l 
a randvmized paired comparison design. (You will see in the next chapter how 
this idea can be extended to compare more than two entities using "randomized 
block" designs.) 

Notice that whiJe it js desirable that the experimental error witlzin pairs of 
shoes is made small it is not necessary or even desirable that the variation between 
pairs be made small. In particular, while you might at first think that it would 
be better to make all the tests with the same boy, refiection will show that this 
is not so. lf this was done, conclusions might apply only to that particular boy. 
By introducing lO different boys, you give the experiment what Fisher callcd 
a "wider inductive base." ConcJusions drawn now depend much less on the 
choice of boys. This idea is a particular case of experimcnting lo produce robust 
products. as discussed later. You might say that the conclusions are robust to the 
choice of boys. 

Statistical Analysis of the Data from the Paired Comparison Design 

Material A was standard and B was a cheaper substítute that, it was feared, might 
result in an incrcased amount of wear. The immcdiate purpose of thc experiment 
was to test the hypothesís that no change in wear resulted when switching from 
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A to B against the altemative that there was increased wear with material B. 
The data for this experirnent are given in Table 3.5. 

A Test of Significance Based on the Randomization Reference Distribution 

Randon1ization for the paired design was accomplished by tossing a coín. A 
head meant that material A was used on the right foot. The sequence of tosses 
obtained was 

T T H T H T T T H T 

leading to the allocation of treatments shown in Table 3.5. 
Consider the null hypothesis that the amount of wear associated with A and 

B are the same. On this hypothesis, the labcling given to a pair of results merely 
affects the sjgn associated with the difference. The sequence of lO e o in tos ses is 
one of 210· = 1024 equiprobable outcomes. To test the null hypotheses, therefore, 
the average difference 0.41 actually observed may be compared with the other 
1023 averages obtained by calculating d for each of the 10:24 arrangements 
of signs in: 

d = ±0.8 ± 0.6 ± ... ± 0.3 
10 

The resulting randomízation distribution together with the appropriately scaled t 

distribution is shown in Figure 3.8. 

/. 
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0.<41 
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Figure 3.8. Randomization distribution and scaled t disrribution: boys' shoes example. 
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The value d = 0.41 that actually occurred is quite unusual. Only 3 of the 1024 
differences produced by the randomization process give values of d greater than 
0.41. Using Yates 's continuity correction and including half of the four differences 
in which d = 0.41, you get a significance level of 5/1024 = 0.5%. Thus the 
conclusion from this randomization test is that a highly statistical significant 
increase jn the amount of wear is associated with the cheaper material B. 

Corresponding and Test 

Consider again the diffcrences 0.8, 0.6, ... , 0.3. lf you accepted the hypothesis 
of random sampling of the d's from a normal populatión with mean~' you could 
use the t distribution to compare d with any chosen value o0 of o. If there were 
n differences ~ - 8o then 

L<t~- d)
2 Ld2

- (Ld)
2 

/nJ 3.o3o- 1.681 SJ = = = = 0.149 
n-1 n-1 9 

1 9 6 - - SJ - 0.386 - 0 J 22 SJ = v0.14 = 0.38 and sd- v'ñ- ..jjQ - . 

The value of to associated with the null hypothesis S = ~o is 

d- 8o 0.41 -O 
to = = = 3.4 

SJ 0.12 

By referring this to the t table with nine degrees of freedom, you find 

Pr(t > 3.4) :::: 0.4% 

which agrees closely with the result of 0.5% given by the randomization distri
bution. 

Exercise 3.6. Given thesé data froni a randomization paired comparison design 
and using the usual null hypothesis, constmct the randomization distribution and 
the corresponding scabbed t distribution and calculate the significance levels 
bascd on each. 

A 
3 

B 
5 

A 
8 

Exercisc 3.7. Repeat thc above ex.ercise with the following data 

B A lJ A A B A B B A B A A 
29 29 32 30 23 25 36 37 39 38 31 31 27 

B B A 
26 30 27 
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A Complementary Graphical Display 

As an adjunct to the 1 test and randomization test, a graphical procedure is 
introduced. In Figure 3.9a a dot plot of the residuals d ~ d supplies a reference 
distribution for d. The open dot on the same diagram indicates the scaled average 
(j x Jv = 0.41 x 3 = 1.23. The scale factor .jV is such that if the true differ
ence was zero the open circle could be plausibly considered as a member of 
the residual reference plot. • In Figure 3.9b a nonnaJ plot of the residuals is al so 
appended. These graphical checks thus lead to the same conclusion as the fonnal 
t test and the corresponding randomization test 

\Vhy the Graphical Procedure? 

Since an "exact" t test is available supported by the randomization test, why 
bother with the graphicaJ plot? A famous example will explain. 
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Figure 3.9. Boys' shoes examplc: (a) refercncc dot plot of rcsiduaJs d- d and in reh1tion to the 
scalcd mean; (b) nonnal plot of the rcsiduals. 

• Spccifically the .natural variance of the opcn dot wóuld be the sarne as that of the residual dots (see 
Appcndix 4A for dctails). 
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Darwin's Data on the Heights of Plants 

In his book Tlze Design oj'Etperiments Fishcr ( 1935, p. 36) illustrated the paired t 
test with data due to Charles Darwin. An experiment was conducted in which the 
heights of 15 pairs of plants were measured. Of each pair one was self-fertilized 
and the other cross-fertilizedand each pair was grown in the same pot. Darwin 
wanted to know if there was evidence of a difference in mean heights for the two 
types of plants. The 15 differences d in eighths of an inch are given in Table 3.6. 
Also shown are ~he average d, its estiniated standard error s¡, and the value of 
1 = 2. 15 which has 14 degrees of freedom. 

The 5% point for t is 2.145, and Fisher observed~ .. the result may be judged 
significant, though barely so." He noted that the flaw in Darwin's procedure was 
the absence of randomization and he went on to show that the result obtained from 
the t test was almost exactly duplicated by the randomization testusing the. Yates 
adjustment for continuity. He did this by evaluating only the extreme differences 
of the randomization distribution. The complete evaluation here is shown in 
Figure 3.11. As in the case of the two previous examples, the randomization 
distribution and the appropriately scáled t distribution are quite similar. 

Thus there was sorne evídence that cross-fertilized plants tended to be taller 
than comparable self-fertilized plants and this reasoning seems to be supported 
by the dot plots in Figures 3.10a and b since the scaled average represented 
by the open dot does appear somewhat discrepant when judged against the 
residual reference set. But much more discrepant are the two outlying devia
tions shown on the left. (These are observations 2 and 15 in Fisher's table.) 
Assocíated discrepancies are displayed even more clearly in the nonnal plots 
of the original unpaired data in Figures 3.10c,d, from which it seems that two 
of the cross-fertilized plants and possibly one of thc self-fertilized plants are 
suspect. 

Thus. if around 1860 or so yo u were advising Darwin, you might say. "Charles, 
you will see there is sorne evidence that cross-fertilized plants may be taller than 
the seJf .. :fcrtilized but results from these few plants seem qucstionable." To which 
Darwin might reply, "Yes. I see! Before we do anything else let's walk over to 
the greenhouse and Iook at the plants and also at my notebook. I may have made 
copying errors or we may find that the deviant plants have been affected in sorne 
way. possibly by disease.n 

Tahle 3.6. Differences in Eighths of a Incb between 
Cross- and Self-Fertilized Plants in the Same Pair 

d = 20.93 

49 
-67 

8 
16 
6 

s¡= 9.15 

23 
28 
41 
14 
29 

t = 2.15 

56 
24 
75 
60 

-48 

V= 14 
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Figure 3.10. Darwin's data: (a) rcference dot plot of the residuals d- d in rclation to thc st·aled 
mean; (b) nom1al plot of the residuals; (e) nomal plot for cross-fertilizcd plants; (á) nomal plot for 
sclf-fenilized plants. 
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Figure 3.11. Reference dislribution and scaled 1 distribution: Darwin's paired data. 

Nothing other than looking carefully at the physical evidence and the data 
itself and derived values such as residuals can reveal discrepancies of this kind. 
Neither the randomization test nor any of the other so-called nonparametric dis
tribution free tests wiU help you. In many cases, as. in this example, such a test 
may merely confirm the result obtained by the parametric test (in this case a t 
test). See, for example, Box and Andersen (1955). To see why this is so, notice 
that the randomization test is based on Fisher' s concept that after randomization~ 
if the null hypothesis is true, the two results obtained from each particular pot 
wil1 be exclwngeable. The randomization test tells you what you could say if that 
assumption were true. But notice that inspite of randomization the basic hypothe
sis of exchangeability would be false if, for example. the discrepant plants could 
have been seen to be different (e.g., diseased). The data from such plants would 
then constitute a recognizable subset and there would be three distributions: self
fertilized, cross-fertilized, and diseased. So randomization as envisaged would 
not produce a relevant reference distribution for the comparison of interest. Such 
discrepancies can only be found by looking. 

Discussion of a Constructed Example 

From these three examples of randomization tests and associated t tests-the 
tomato plant dat~ the boys' shoes, and Darwin~s data-you might be 1eft with an 
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impression that the two types of tests, randomization and t, will always coincide. 
The following example illustrates that this is not so. Thi.s appeared in an article 
urging the supposed superiority of randomization tests and was used to show 
that for the comparison of two means the randomization distribution may not 
necessarily be approximated by the t distribution. The authors Ludbrook and 
Dudley, (1998) used the following constructed example. 

It was supposed that 12 men from a fitness centcr were asked to participate "'in 
an experiment to establish whether eating fish (but not meat) resulted in lower 
plasma cholesterol concentrations than eating meat (but not f1sh)." The men were 
supposedly randomly allocated to the fish eating and meat eating groups and it 
was further supposed that at the end of one year their measured cholesterol 
concentrations were as follows: 

Fish eaters: 5.42, 5.86, 6.156, 6.55, 6.80, 7 .00, 7.1 l. 
Meat eaters: 6.51. 7.56. 7.61, 7.84. 11.50. 

The authors remarked that most investigators would note the outlying value 
(11.50) in the meat eating group (see nonnal plot in Fig. 3.12a) and having 
confinned that "it did not result fróm an error of measurement or transcription" 
use sorne different test procedure. By contrast, they calculated the randomization 
distribution in Fig. 3.12b for the difference in the averages <Ymeat - Ytish). As they 
found, the distribution is bimodal and bears no resemblance to the symmetric t 

distri bu tion. 
However, in a real investigation, having determined that the outlying result 

is genuine (e.g., not from a copying error), a very important question would 
be, "Was there something different about this particular subject or this particular 
test that produced the outlying result?" Were all the cholesterol detenninations 
made in the same laboratory? What were the cholesterol readings for the subjects 
at the beginning of the study? Did the aberrant subject come from a family in 
which high cholesterol levels were endemic? Did the subject stop taking the 
fitness classes? Did he or she follow a different exercise routine? Did a physical 
examination and appropriate laboratory tests support other abnormalities? In a 
real scientific investigation the answers to such questions would greatly affect 
the direction of subsequent investigation. 

The statistical question posed was whether or not the null hypothesis is sensible 
that meat eaters and fish eaters carne from the same population or from two 
populations with different means. However, if any of the above explanations 
was found to be correct, thc aberrant observation would have come from a third 
population (e.g., meat eaters who were members of a high-cholesterol family) 
and the outlying observation would be a member from a recognizable subset and 
the two-sample randomization reference distribution would not be relevant. 

In Figure 3.12c we have added a third diagram whicb shows that the bimodal
ity of the randomization distribution of Ymeílt - Ytish is entirely produced by the 
?berrant data value 11.50. The shading indicates that abnost all of the samples 
In the left hand hump as those where the aberrant value was allocatcd to Yfish 
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Figure 3.12. (a) Nonnal plots for fish and meat eaters. (b) Bimodal randomizatiori distribution for 
(f mcac - Yti..JI)- (e) Distribution with shadcd portian indicating samplcs in whkh the outlier occurred 
in Y!ish· 

and those in the righl hand hump to Ymcat· Thus in an ongoing investigation 
reaction to these data should not be to use this bimodal distribution to supply a 
significance test or to look for sorne alternative test but to try to detennine tbe 
reason for the discrepant observation. If this could be found it might constitute 
the most important discovery from this experiment. 

\Vhat Does This Tell Us? 

Whatever your field of expertise, there are important lessons to be leamed from 
these examples. The statistics in textbooks and in many published papers concem 
themselves mostly with thc analysis of data that are long dead. Observations that 
are apparently discrepant can be dealt with only in terms of various teste;. Thus 
you will find a particular suspect "data set" analyzed and reanalyzed; one expert 
will find an outlier~ another will argue there are probably two outliers, another 
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will say that if an appropriate transformation on the data is made thcre may 
be none, and so on. But such postmortem analyses of data obtained from sorne 
experimental system that no longer exists are necessarily reactive and cannot Jead 
to any certain conclusions. The question "So if you got these results, what would 
you do now?" is rarely asked, and if you are contcnt only to be a data analyst, 
you can do nothing about it anyway. The reason for discordant runs that prove 
not to be copying mistakes can be decided on1y by Iooking and checking the 
system that generated the data and finding out, possibly by making one or two 
additional nms, if something exceptional was done that might explain suspect 
rons. (Experiment and you'll see.) This is only possible if you are part of the 
team carrying out the ongoing investigation. 

Thus, just as you might in 1860 have walked with Charles Darwin down to 
his greenhouse to try to find out what was going on, when you are involved 
in an investigation that shows aberrant values, you must do likewise. that is, 
walk down• to the laboratory. to the piJot plant. or to the test bed where the 
data were generated and talk to those responsible for the experiment and the 
environment surrouncling the process of data taking. This is one of the many 
reasons why the designer and analyst of the experiment must be part of the 
investigation. 

When you visit the laboratory, process, or test bed where the data were 
obtained and talk to those running the experiments, the first thing to Iook for is 
whether the data you analyzed are the same as the data they originally recorded. 
If there were no copying errors, you should try to find out whether something 
unusual happened during a suspect run. Good experirnenters, like Darwin, keep 
notebooks on the experimental runs they make. (You should make sure that your 
experimenters do too.) An experimenter might say, "Yes. in order Lo run this 
particular combination of specified conditions. we had to change certain other 
factorsn (e.g .• use a higher pressure oran increased flow rate). A devíation from 
the protocol of this kind may be the reason for unusually high values (perhaps 
good) or low values (perhaps bad). lf the fonner, you may have stumbled on 
an unsuspected factor that could be used to improve the process! If the latter, 
then you may have found conditions to avoid. In either case. this search for an 
assignable cause for the unusual event is likely to teach you something and point 
the way where further experimentation is necessary .. 

Remember that your engineers, your other technologists, and your competitor's 
engineers and technologists have had similar training and possess similar beliefs. 
Therefore~ finding out things that are tzot expected is doubly important because 
it can put you ahead of the competition. It is said that the hole in the ozone 
layer would have been found much earlier if the data continuously transmitted 
from the orbiting satellite had not bcen screened by a computer program that 
automaticaJJy removed or down-weighted outliers. If you just throw away .. bad 
valucs," you may be throwing away important infonnation. 

•tr the expl!rimcnt is bcing conductcd at a rcmote site thnt you cannot visit. much can be done by 
telephone or email. 
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3.3. BLOCKING AND RANDOL\UZATION 

Pairing observations is a special case of what is called b/ocking. You will find 
that blocking has important applications in many kinds of experiments. A block 
is a portion of the experimental material (the two shoes of one boy, two seeds in 
the same pot) that is expected to be more homogeneous th'm the aggregate (the 
shoes of all the boys, all the seeds not in the same pot). By confining comparisons 
to those within blocks (boys, pots), greater precision is usually obtained because 
the differences associated between the blocks are e1iminated. 

In the paired design the .. block size,. was 2, and we compared two treatments 
A and B. But if you had been interested in comparing four types of horseshoes, 
then, taking advantage of the happy circumstance that a horse has four Iegs, you 
could run this experiment with blocks of size 4. Such a trial wot~ld employ a 
number of horses, with each horse having the four different treatment-; applied 
randomly to the horseshoes on its four hooves. \Ve discuss the use of such larger 
blocks in later chapters. 

Pairs (Biocks) in Timé and Space 

Runs made close together in time or space are 1ike1y to be more similar than 
runs made further apart'" and hence can often provide a basis for blocking. For 
example, suppose that in the comparison of two treatments A and B two runs 
could be made each day. If there was reason to believe that runs made on the 
same day would, on the whole, be more alike than those on djfferent days. it 
would be advantageous to run the trial as a paired test in which a block would 
be an individual day and the arder of running the two treatments within that day 
would be decided at random. 

In the comparison of methods for treating leather specimens, pieces of leather 
close together on the hide would be expected to be more alike than pieces further 
apart. Thus, in a comparative experiment 6-inch squarcs· rnight be cut from several 
hides, each square cut in two, and treatments A and B applied randomly to 
the halves. 

A Possible ImproYement in tbe Design of the Experiment on Tomato Plants 

Earlier in this chapter we considered a randomized experiment carried out by a 
gardener to compare the effects of two different fertilizers on tomato plants. Thc 
fully randomized arrangement that was used was a valid one. On the assumption 
of exchangeability the dlfference in means was referred to a re]evant reference 
set. However, an equally valid arrangement using randomized pairs might have 
been more sensitive for detecting real differences between the fertilizers. Plots 
el ose together could be used as a basis for pairing, and with six plots of two plants 
each the arrangement of treatments might have looked like that shown below: 

(B A) (8 A) (A B) (B A) (A B) (8 A) 

• Notice, however. that the 2l0 consccutive yields for the production data wcre negatively scrially 
corrclated. This docs not often happen, but it can! 
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Because the relevant error would now arise only from the differences between 
adjacent plants, this arrangement would usually be better thart the unpaired 
design. 

Occasionally, however, for either of two reasons the paired design could be 
less sensitive. For example: 

(a) In an experiment using 12 plots the reference t distribution forthe unpaired 
design would ha ve 1 O degrees of freedom. For the design arranged in six 
pairs it would have only 5 dcgrees of freedom. Thus you would gain from 
the paired design only if the reduction in variance from pairing outweighed 
the effects of the decrease in the number of degrees of freedom of the r 
distribution. 

(b) It can happen (as in the industrial data of Table 3.1) that the errors 
associated with adjacent observations are negatively correlated so that 
comparisons within pairs are /ess alike because of the noise structure. 

Block What You Can and Randomize What You Cannot 

The lack of independence in experimental material provides both a challenge 
andan opportunity. Positive correlation between adjacent agricultura! plot yields 
could be exploited to obtain greater precision. On the exchangeability assumption 
randomization could approximately validate the statistical tests. 

Although blocking and randomization are valuable devices for deaLing with 
unavoidable sources of variability, hard thinking may be required when faced 
with sources of variability that are avoidable. Extraneous factors likely to affect 
comparisons within blocks should be eliminated ahead of time, but variation 
between blocks should be encouraged. Thus, in the boys' shoes example it would 
be advantageous to include boys of different habits and perhaps shoes of different 
styles. But choosing only boys from the football team would clearly reduce the 
scope of the inferences that could be dmwn. 

About the Nonparametric and Distribution Free Tests 

The randomization tests mentioned in this chapter introduced in 1935 were 
the first examples of what were later callcd, "nonparametric'' or "distribution 
free" tests. 

Although something of a mouthfu1 to say, exclumgeability theory tests would 
be a more appropriate name for these procedures. The name would then point 
out the essential assumption involved. You replace the NIID assumption for the 
assumption of exchangeability. Tius assumption becomes much more plausible 
for an experiment that has been appropriately randomized. But as you have seen. 
you must always be on the lookout for "bad" data. 

San1pling experiments that demonstrate the effects of nonnommlity, serial 
dependcnce, and randomization on both kinds of test'i are described in Appendix 
3A. In particular, you will see that when the distribution assumption of serial 
independence is violated both kinds of tests are equally seriously affected. 
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3.4. REPRISE: COl\'IPARISON, REPLICATION, RANDOl\fiZATION, 
AND BLOCKING IN Sll\IPLE EXPERmiENTS 

What have you leamed about the conduct of expcriments to assess the possible 
difference bctween two means for treatment~ A and B? 

l. Wht!never possible, experiments should be comparative. For example, i( 
you are testing a modification, the modified and unmodified procedures 
should be ron side by side in the same experiment. 

2. There should be genuine replication. Both A and B runs should be carried 
out several times. Furthennore, this should be done in such a way that 
variation among replicates .can provide an accurate measure of errors that 
· affect any comparison made between A runs and B runs. 

3. Whenever appropriate •. blocking (pairing) should be used to reduce error. 
Similarity of basic conditions for pairs of runs usually provides a basis for 
blockíng, for example, runs made on the same day, from the same blend 
of raw materials, with animals from the same litter, or on shoes from the 
same boy. 

4. Randomization should be planned as an integral part of experimentation. 
Having eliminated "known" sources of discrepancy, either by holding them 
constant during the experiment or by blocking, unknown discrepancics 
should be forced by randontization to contribute homogencously to the 
errors of both treatments A and B. Givcn the speed of the modcm computer 
a full randomization test might as well be made. When the exch¡mgeability 
hypothesis makes sense, the randomization test 'is likely to agree closely 
wilh lhe parametric .1 test. 

5. None of the above will nccessarily alert you to or protect your experiment 
from the inftuence of bad values. Only by looking at the original data 
and at the appropriate chccks on the original data can you be made aware 
of these. 

6. In spite of lheir name, distribution free tests are not distributjon free and 
are equally sensitivc to violatlon of distributional liD assumptions other 
than that of nonnality. 

7. E ven with randomization the assumption of exchangeability can be violated. 

3.5. l\'IORE ON SIGNIFICANCE TESTS 

One- and Two-Sided Significance Tests 

The objective of the experiment comparing the two types of boys' shoesoles was 
to test the null hypot.hesis Ho that no change in wear resulted when switching from 
material A to the cheaper material B. Thus it can be said that the null hypothesis 
Ho : 80 = r¡ 8 - 11A =O is being tested against the altemative hypothesis Ht that 
there was im:reased wear with material B. that is, Ht : 'lB - 17A > O. The data 
for this experiment were givcn in Table 3.5. The value of to associated with this 
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one·sided test of the null hypothesis is 

- d- oo - 0.41 -o - 3 4 to- - - . 
SJ 0.12 

Referring this to the 1 table Appendix B with nine degrees of freedom gives 

Pr(t > 3.4) = 0.4% 

Jf the modification under test could have affected the wear equally well in either 
direction, you would want to test the hypothesis that the true difference o was 
zero against the altemative that it could be greater or less than zero. _that is, 

Ho: ó = 80 =O, 

You would now ask how often t would exceed 3.4 or fallshort of -3.4. Because 
the t distribution is symmetric, the required probability is obtained by doubling 
the previously obtained probability, that is. 

Pr(lt 1 > ltol> = 2 x Pr(t > 3.4) = 0.8% 

If the true difference were zero, a deviation in either direttion as large as that 
experienced or Jarger would occur by chance onJy about 8 times in 1000. 

Exercise 3.8. Given the data below from a randomized paired design~ calculate 
the t statistic for testing the hypothesis 8 =O and the probability associated with 
the two-sided significance test. 

B A B A B A B 
12 ll 4 2 10 9 6 

Answer: t = 4.15, p value = 0.014. 

Conventional Significance Levels 

A number of conventional significance levels are in common use. These levels 
are somewhat arbitrary but have been used as ''critica!" probabilities represent
ing various degrees of skepticism that a discrepancy as large or larger than thar 
observed might occur by chance. A discrepancy between observation and hypoth
esis producing a probability less than the "critical" level is said to be signiJicant• 
at that Jevel. A conventional view would be that you should be somewhat con
vinced of the reality of the discrepancy at the 5% leve1 and fairly confident at 
the 1% leve!. 

& Thc choice of the word sigfl~ficam in this context is Ulúortunate since it refers not to the importam:e 
of n hypothcsizcd cffcct but to its p/(lusibility in thc light of the data. In other words, a particular 
differcnce may be statistkally significant but scientifically unimportant and vice versa. 
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lt is always best to state the probability itself. The statement that a particular 
deviation is "not significant al the 5% level" on closer examination is sometimes 
found to mean that the actual "signíficance probability" is 6%. The difference in 
mental attitude to be associated with a probability of 5% and one of 6% is of 
course negligible. In practice your prior belief in the possibility of a particular 
type of discrepancy, subject matter knowledge and the consequences (if any) of 
being wrong must affect your attitude. Complementary graphical analysis such 
as we show in Figures 3.9 and 3.1 O and in later chapters can make it less likely 
that you wiJJ be misled. 

Significance testing in general has been a greatly overworked procedure. Also 
in most cases where significance statements have been made.it would have been 
better to provide an interval within which the value of the parameter in question 
might be expected to Jie. Such intervals are called confidence intervals. 

Confidence Intervals for a DitTcrence in 1\·teans: Paired Comparison Design 

The hypothesis of interest is not always the null hypothesis of .. no difference." 
Suppose that in the boys' shoes example the true mean increase in wear of the 
cheaper material B compared to material A had some value 8. Then a l- ex 
confidence interval for 8 would be such that, using a two-sided significance· 
test, aH values of 8 within the confidcnce interval did not produce a significant 
discrepancy with the data at the chosen value of probability a but all the values 
of 8 outside the interval did show a significant discrepancy. The quantity 1 -a 
is sometimes called the cm{fidence coefjicient. For the boys' shoes example the 
average difference in wear was d = 0.41; Üs standard error was 0.12, and there 
were nine degrees of freedom in the estímate of variance. The 5% level for the 
1 distribution is such that Pr(ltl > 2.262) = 5%. Thus all values of 8 such that 

. 0.41-8 2" '2 o < .... 6 
.12 

would ilot be discrcdited by a two-sided significance test rnade at thc 5% level 
and would therefore dcflne a 95% confidence interval. Thus the 95% confidence 
limits for the mean 8 are 

0.41 ± 2.262 X 0.12 or 0.41 ± 0.27 

This interval thus extends from 0.14 to 0.68. The two values 8_ = 0.14 and 
8+ = 0.68 are called contidence /imits and as required the c:m{{idence interval 
spans the values of 8 for which the observed diffcrence d = 0.41 just achieves a 
significant differencc. • See Figure 3.13. 

Exercise 3.9. For thc data given in the previous exercise compute the 80% con-· 
fidence limito;; for the mean difference 8. Answer: 3.0, 6.6. 

•n hac; the theoreticaJ prope11y that in .. repeated sampling from the same population" a proportion 
1 - a of intcrvals _so constmcted would contain 8. 



J.S MORE ON SIGNIFICANCE TESTS 97 

2.26 s¡¡ 2.26 S(j 

o, 14 0.41 

95% confidence interval for 8 

Figure 3.13. Generation of 95% confidence interval for 8: boys· shoes example. 

In general, the 1 -a confidence Iimits for ~ would be 

d±t l ·s-¡ 
"·2a 

where n differences d 1, d2 ••••• dn have an average value d and S;j is the standard 
error of d. Thus · 

11 

., L(du -d)2 

s-sf.. = ..!!_ = _u=_J ___ _ 

d n (n- l)n 
and 

The value of fv,a/2 denotes the t deviate with v degrees of freedom corresponding 
to the single tail area a/2. See the t tah1e (Table B at the end of this book). 

Confirmation Using Randomization Theory 

Randomization theory can be used to verify the 95% confidence levels of ~- = 
0.14 and 8+ = 0.68, which just produce a significant discrepancy with the data 
and so delineate the confidence interval. The necessary data for making the 
calculations are given in Table 3.7. 

The hypothesis that the parent populations have a difference in mean equal 
to the upper limit o+ = 0.68 implies that after subtracting 0.68 from each of 
the differences the signs (plus or minus) carried by· the resulting quantities are a 
matter of random labeling. The resulting quantities given in column 2 of Table 3.7 
have an average of 0.41 - 0.68 = -0.27. Sign switching shows that just 25 out 
of the possible 1024 possible averages (i.e., 2.4%) have equal or smaller values. 
Similarly. after subtracLing ~- = 0.14 the third column of the table is obtained, 
whose average value is 0.41-0.14 = 0.27. Sign switchjng then produces just 
19 out of 1024 possible averages (i.e., 1.9%) wilh equal or larger values. These 
values approximate$ the probability of 2.5% provided by the t statistic. 

• The adjustment for continuity due to Yates (see F1sher, 1935. p. 47) allowing for the fact that the 
randomization distribution is discrete produces evcn closcr agreement. 
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Table 3.7. Calculations for Confirmation \1a Randomization Tbeory of Confidencc 
Inten·al 

Original DifTerence Differeoce - 0.68 Difference- 0.14 
(1) (2) (3) 

0.80 0.12 0.66 
0.60 -0.08 0.46 
0.30 -0.38 0.16 

-0.10 -0.78 -0.24 
1.10 0.42 0.96 

-0.20 -0.88 -0.34 
0.30 -0.38 0.16 
0.50 -0.18 0.36· 
0.50 -0.18 0.36 
0.30 -0.38 0.16 

Avera<'e e 0.41 -0.27 0.27 

Note: Original DiJTerences from Table .3.5, boys' shoes example. 

In the analysis of randomized designs to compare means, we shall proceed 
from now on to calculate confidence intervals employing normal sampling the
ory on the basis that thcse procedures could usually be verified to an adequatc 
approximation with randomization theory.t 

Exercise 3.10. Using the data in the previous example. determine the approxi
mate 80% conHdence interval of 8 using the randomization distríbution. 

Ans·wer: 2.8 to 6.5 approximately. 

Sets of Confidence Intervals 

A bettcr understanding of the uncertainty associated with an estímate is provided 
by a ser of confidence intervals. For instance, using d ± t 1 • s-.d and the t table in 

;-a 

(Table B at the back of the book), one can compute the set of contidence intervals 
given in Table 3.8. These intervals are shown diagrammatically in Figure 3.14. 

A Confidence Distribution 

A comprehensive summary of all confidence inten'al statements is supplied by a 
confidence distribution. This is a curve having the property that the area under ú1e 
curve between any two limits is equal to the confidence coefficient for that pair 

tstudies have shown (Welch. 1937, Pitman; 1937, Bo:< and Andersen: 1955) that these properties 
extcnd to amlysis of variuncc problcms that wc 1ater discuss. Specifically Box and Andcrson show 
that randomization tests can be close1y approximated by cmrcsponding parametric tests with slightly 
modified dcgrccs of frccdom. 
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99.9% 

99% 

95% 

Table 3.8. Confidence Intervals: Boys' Shoes 
Examplc 

Confidence 
Interval 

Significance Confidence 
Leve( Coeflicient ,s_ o+ 

0.001 0.999 -0.16 0.98 
0.01 0.99 0.01 0.81 
0.05 0.95 0.14 0.68 
0.10 0.90 0.19 0.63 
0.20 0.80 0.24 0.58 

1 

-0.2 o 0.2 0.4 
s--.. 

0.6 0.8 

Figure 3.14. Set of confidence intcrvals: boys· shoes example. 

99 

1.0 

of confidence limits. Such a curve is shown for the shoe data in Figure 3.15. For 
example, the area under the confidence dístribution between the 90% limits 0.19 
and 0.63 is exactly 90% of the total arca under the curve. The curve is a ·scaled t 
distribution centered at d = 0.41 and having scale factor·~ = O. 12. Note that, on 
the argument we have given here, this confidence distribution merely provides 
a convenient way of summarizing all possible confidence intervitl statements. 
lt is .not the probability distribution for 8, which according to the frequency 
theory of statistical inference is a fixed constant and does not ha ve a distribution. 
It is interesting, however~ that according to the altcrnative statistical theory of 
Bayesian inference the same distribution can, on reasonable assumptions, be 
interpreted as a probability distribution. We do not pursue this tempting topic 
further here, but to us, at least. to do this would make more sense. 

Confidence Intervals Are l\lore Useful Than Single Significance Tests 

The information given by a set of confidence intervals subsumes that supplied 
by a significance test and provides more besides. For example, consider the 
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~- 95% confidence limits --.¡ 
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Figure 3.15. Confidence distribution for the difference in wear produced by two materials: boys' 
shocs example. 

statement that the 95% interval for 8 extends from 8_ = 0.14 to á+= 0.68. That 
the observed difference d = 0.41 is "significant" for o =O at the 5% level is 
evident in the confidence interval statement since the postulated value of o = O 
Hes outside the interval. The interval statement, however, provides you with 
important additional facts: 

l. At the 5% level the data contradict any assertion that the modification 
causes a change in the amount of wear greater than 0.68. Such a statement 
could be very important if the possible extent of a deleterious efTect was 
under study. 

2. Contemplation of the whole 95% interval (0.14, 0.68) makes it clear that, 
although we have demonstrated a "highly significant" difference between 
the amounts. of wear obtained with rnaterials A and B, since the mean wear 
is about 11, the percentage change in wear is quite small. 

3. The width of the interval 0.68 - 0.14 = 0.54 is large compared with the 
size of the average difference 0.41. lf this difference had to be estimated 
more precisely, the information about the standard error of the difference 
would be useful in deciding roughly how many further experiments would 
be needed to reduce the confidence interval lo any desired extent. For 
example, a further test with 30 more pairs of shoes would be expected to 
halve the interval. (The length of the interval would be inversely propor
tional to the square root of the total number of pairs tested.) 

4. In addition to these calculations, a graphical analysis should of course be 
made that allows you to see all the data, to be made aware of suspect 
observations, and to more fully appreciate what the data do and do not 
tell you 
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Confidcnce IntervaJs for a Diffcrence in l\1eans: Unpaired Dcsign 

For a fully randomized (unpaired) design such as was used in the tomato plant 
example a confidence interval for the mean difference 1JB- 1JA may be obtained 
by an argument similar to that used above. The two treatments had na= 6 and 
llA = 5 observations and the difference in the averages y 8 - YA = 1.69. The 
hypothesis that the mean difference 8 = 11A -1]8 has sorne value 8o can therefore 
be tested by referring 

(Ya- YA)- 8o 1.69- 8o 
to= =---

s./1/na + 1/nA 3.82 

to atable of the t distribution with (n 8 - 1) + (nA - 1) = 9 degrees of freedom. 
For the two-tailed test Pr(ltl > 2.262) = 0.05. Thus all the values of 8 = 7JB -17.4. 
for which 

1.69-8 < 2 2 2 
3.82 1 •• 

6 

are not discredited at the 5% level by a two-sided' significance test. The 95% 
confidence limits are therefore 

1.69 ± 3.82 X 2.262 or 1.69 ± 8.64 

and the 95% interval extends from ,_.6.95 to 10.33. These limits can be verified 
approximately by a randomization test as before. 

In general, the 1 -a limits for 8 = 17n - 1/A are 

where 
2 (na- l)s~ +(nA- l)s~ 

S = -----=:..----..:.:. 
(llR - l) +(nA - l) 

Excrcise 3.11. Given the foJJowing data from a randomized experiment, compute 
the probability associated with the two-sided significance test of the hypothesis 
that 17B - TJA = 0: 

Answer: 0.08. 

A B 
3 5 

B A B 
5 1 8 

Exercise 3.12. Repeat the above exercise with these. d-ata: 

Answer: 0.02. 

B A B 
32 30 31 

A A A B B 
29 30 29 31 30 
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Exercise 3.13. Using the data in Exercíse 3.11, compute the 95, 90, and 80% 
confidcnce interval for "lB - 11t\• Answer: ( -0~7,8.7), (0.5,7.5) (1.6,6.4). 

Exercise 3.14. Using the data in Exercise 3.12, compute the 95, 90, and 80% 
confidence interval for f]B - 17". 

Answer: ( -0.4,3.4), (0.3,2.7), (0.5,2.5), (0.8, 2.2). 

Exercise 3.15. Following the approach described in this chapter. derive the for
mula for a 1 - a confidence interval for the mean 11 given a ra:ndom sample of 
11 observations Yt, )'2 ••.• , Yn from a normal population. 

Ans1t.·er: y± ta¡2s.jñ, where s2 = Í:(Y- )')2 j(n- I) with v = (n- 1) dcgrces 
of freedom. 

Exercise 3.16. Using your answer to the above exercise~ compute the 90% confi
dcnce interval for 11 given the following mileage readings: 20.4, 19.3, 22.0, 17.5, 
14.3 miles per gallon. List ali your assumptions. Answer: 18.7 ± 2.8. 

In this chapter we have obtained formulas for 1 -a confidence intcrvals of 
differences in means for paired and unpaired experiments. Notice that both these 
important formulas are of the form 

Statistic ± ta¡2 x standard error of thc statistic 

\vhere the standard error is the square root of the estimated variance of the statis
tic. For regression statistics, which we discuss later, as indeed for any statistic that 
is a linear function of approximately normally distributed data, similar intervals 
can be constructed. 

Inferences about Variances of Normally Distributed Data 

Sometimes it is the degree of variation that is of interest. For example. in man
ufacturing it may be that the dye uptake of nylon thread, the potency of an 
antityphus vaccine, or the speed of color film varies as little as possible. Process 
modifications that reduce variance can be of great importance. Again, it may 
be of interest to compare. for example, the variation of two analytical meth
ods. The following describes how tests of significance and confidence intervals 
may be obtained for variances. The performance of these methods for comparing 
variances are, however, much more dependent on approximate nommlity of the 
parent distribution than are the corresponding methods for comparing means. 

You saw in Chaptcr 2 that on the hypothesis of random sampling from nom1al 
populations the standardized sum of squares of deviations from y has a chi-square 
distribution with v = n - 1 degrees of freedom. Thus 
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A Significance Test 

Jt is claimed that measurements of the diameter of a rod in thousandths of an 
inch ha ve a variance a 2 no larger than 1 O. Suppose you make six measurements 
and obtain as estimate of variance s2 = 13. On NIID assumptions~ is there any 
substantial evidence that the variance is higher than what is claimed? If you refer 
(n -1)s2fu2 = (5 X 13)/10 = 6.5 to a X2 table With five degrees of freedom~ 
(see Tablee at the end of this book). You will see that such a discrepancy happens 
more than 25% of the time so there is little reason to dispute the claim. 

A Confidence Interl'al 

The Jower and upper 1 -a confidence limíts for a2 are of the fonn 

(n- l)s2 

B 
and 

(n- 1 )s2 

A 

where. as before, the confidence limits are values of the variance a 2 that will 
just make the sample val u e significant at the stated level of probability. 

Suppose, as before, you had obtained as estímate of variance s 2 = 1.3 based on 
five degrees of freedom. A 95% confidence interval for the populati'on variance a 2 

could be obtained as foJJows. The x2 table shóws. that 0.975 and 0.025 probability 
points of x 2 with v = 5 degrees of freedom are A = 0.831 and B = 12.83. Thus 
the required 95% confidence limits are 

5 X 13 = 
5 07 

12.83 . 
and 5. X 13 = 78.22 

0.831 

Notice that, unless the number of degrees of freedom is high, the variance and 
its square root the standard deviation cannot be estimated very precisely. As a 
rough guide, the standard deviation of an estimate s expressed as a percentage of 
a is 100/.JiV .. Thus, for example, if we wanted an estímate of u with no more 
than a 5% standard deviation, we would need a sample of about 200 independent 
observations! 

Exercise 3.17. Using the data of Exercise 3.16, obtain a 90% confidence intervaJ 
for the variance of the mileage readings. Carefully State your assumptions. 

Testing the Ratio of Two Variances 

Suppose that a sample of n 1 observations is randomly dmwn from a nonnal 
distribution having variance al. a second sample of n2 observations is randomly 
drawn from a second normal distribution having variance af ~ and estimates s; 
and si of the two population variances are calculated, having v1 and v2 degrees of 
freedom. On the standard NIID assumptions, since srla} is distributed as xJJv1 
and silai is distributed as x~/v2, the ratio <x;Jv1)1(x;/v2) has an F distribution 
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with v1 and 1.12 degrees of freedom. The probability points of the F distribution 
are given in Table D at the end of this book. Thus, 

or equivalently 

For example, the sample variances for replicate analyses performed by an 
inexperienced chemist 1 and an experienced chemist 2 are sf =O. 183 (v1 = 12) 
and si= 0.062 (1'2 = 9). Assuming the chemists• results can be treated as nor
mally and independently distributed random variables having variances Uf and 
a}. suppose you wish to test the null hypothesis that a~2 = af against the alter
native that af > a'f. On the null hypothesis al = <Jf the ratio srlsi is dis
tributed as F12.9· Referring the ratio 0.183/0.062 = 2.95 to the table of F with 
'-'1 = 12 and v2 = 9~ you will find that on the null hypothesis the probability 
of a ratio as large or larger than 2.95 is about 6%. There is so me suggestion. 
therefore, though not a very strong one, that the inexperienced chemist has a 
1arger variance. 

Confidence Limits for uf/uf for Normally Distributed Data 

Arguing exactly as before, on NUD assumptions, A and B are the 1 - af2 and 
a/2 probability points of the F distribution with v1 and v2 degrees of freedom, 
the Iower and upper 1 -a confidence Jimits for af!af are 

2¡ 2 s1 s2 

B 
and 

srfsi 
A 

The l - a/2 probability points of the F distribution are not given but rnay be 
obtained from the tabulated a/2 poinl~. This is done by interchanging v1 and v2 

and taking the reciproca! of the tabled value. 
For instance, suppose you needed to calculate the 90% Jimits for the variance 

ratio aflai where, as before, srlsi = 2.95 and the estimates had respectively 12 
and 9 degrees of freedom. Entering Lhe F table with v1 = 12 and ~ = 9,. we 
find the 5% probability point B = 3.07. To obtain the 95% probability point, 
we enter the F table with v1 = 9 and v2 = 12 and take lhe reciproca} of the 
value 2.80 to obtain A = 1¡2.80 = 0.357. Thus the required confidence lim-
its are 

2.95 = 0.96 
3.07 

and 

Lack of Robustness of Tests on Variances 

2.95 = 8.26 
0.357 

Whereas tests to compare means are insensitive to the normality assumption, 
this is not true for the tests on variances. (See, e.g., comparisons made from the 
sampling experiments in Appendix 3A.) It is sometimes possible to avoid this 
difficulty by converting a test on variances to a test on means (sce Bartlett and 
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Kendall, 1946). The logarithm of the sample variance s2 is much more nearly 
normally distributed than is s2 itself. Also on the normal assumption the variance 
of Iogs2 is independent of the population variance u 2• lf you have a number of 
variaóces to compare, you could carry out an approximate test that is insensitive 
to nonnormality by taking the logarithms of the sample variances and perfom1ing 
a t test on these "observations." 

Consider the following example. Each week two analysts perform five tests 
on identical samples from sources that were changed each week. These special 
samples were included at random in the sequence of routine analyses and were 
not identifiable by the analysts. The variances calculated for the results and 
subsequent analyses are as follows. 

Analyst 1 Analyst 2 

Week 
., 

Iog too.rr s2 Iog 100s] d =1og lOOsf- log lOO.ri S"" 1 2 

1 0.142 1.15 0.043 0.63 0.52 , 0.09 0.96 0.079 ·o.9o 0.06 -
3 0.214 1.33 0.107 1.03 0.30 
4 0.113 1.05 0.037 0.43 0.62 
5 0.082 0.91 0.045 0.65 0.26 

Using the paired 1 test for means, you obtain 

d = 0.352, SJ = 0.226, 

Thus 
t = (j - o = 0.352 = 3.49 

s¡ 0.101 

To allow for changes from week to week in the nature of the samples analyzed, 
we have in this instance perfonned a paired t test. The value of 3.49 with four 
degrees of freedom is significant at the 5% level. Hence, analyst 2 is probably 
the more precise of the two. In this example there is a natural division of the data 
into groups. When this is not so, the observations might be divided randomly 
into small groups and the same device used. 

3.6. INFERENCES ABOUT DATA THAT ARE DISCRETE: BINOI\HAL 
DISTRIBUTION 

A discussion of the properties of the binomial distribution was gi ven in Chapter 2. 
This would be of value to you if you had steadily lost money to the gambler 
Denis Bloodnok by betting how many times his penny would produce four or 
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more heads in five throws. Now suppose you manage to get hold of his penny and 
you toss it 20 times and 15 turn up heads. Should this confim1 your suspicions 
that his coin is biased? 

You can ánswer thi$ question by applying the binomial distribution whereby 
Pr(y = y0 ) = (~)p)'oqn-:•u (see Chapter 2). Giving Bloodnok the benefit of the 
doubt, you might entertain the null hypothesis that his penny was fair (p = 0.5) 
against the alternative that it was biased in his favor (p > 0.5). You will find that 

Pr(y > 14) = Pr(y = 15)+Pr(y = 16)+Pr(y = 17)+Pr(y = 18)+ · ·. 
- 0.015 + 0.005 + 0.001 + 0.000 +0.000 

0.021 

Thus the observed event is significant at the 2.1% level. You might therefore 
regard your suspicion as justified. When the normal approximation to the binomial 
is used, as wa'i seen in Chapter 2, a much closer approximation is established by 
using Yates adjustment and continuity. 

A Confidence Interval for p 

Suppose your nu1l hypothesis was that p = 0.8. Then, after obtaining y = 15 
heads in n = 20 trials you could again evaluate Pr(y > 14) by adding the binomial 
probabilities with p = 0.8. In this way you would obtain, for p = 0.8, n = 20, 

Pr(y > 14) = 0.175 + 0.218 + 0.205 + 0.137 + 0.058 + 0.012 = 0.805 

Thus, whereas 0.5 is an implausible valuc for P~ 0.8 is not. Now imagine a series 
of values for p confronting the data y= 15. n = 20. As p was increased from 
zero, there would be some value P- Jess than yln Lhatjust produced significance 
at, say, the 2.5% level for lhe null hypothesis p = P- tested against the allernative 
p > P-· Similarly, there would be some other value P+ greatcr than yln that 
just produced significance at the 2.5% Jevel for the null hypothesis that p = P+ 
against the altemative that p < P+· The values that do this are P- = 0.51 and 
P+ = 0.94. They are the limits of a 95% confidence intervaJ for p. In repeated 
sampling 95% of the intervals calculated this way will include the true value 
of p. Confidence limits for p based on the estimated probability p = y 1 n may 
be read from the charts givc in Table F at the end of this book ()T by using an 
appropriate computer software program. 

Exercise 3.18. Recalculate the confidence limits for p using the normal approx
imation. 

Sorne Uses of the Binomial Distribution 

The following exercises iJJustrate the use of significance levels and confidence 
intervals for the binomial distribution. 
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Exercise 3.19. An IQ test is standardized so that 50% of male students in the 
general population obtain scores of over 100. Among 43 male applicants at an 
army rccruiting office only 10 obtained !;cores highcr than 100. ls there significant 
evidence that the applicants are not a random sample from the population used 
to standardize the test? 

Answer: Yes. For p = !~ the significance leve! is 0.0003 on the hypothesis that 
p = 0.5 against the alternative p < 0.5. The normal approximation gives 
0.0004. 

Exercise 3.20. Using a table of random numbers, police in a certain state ran
domly stopped 100 cars passing along a highway and found that 37 of the drivers 
were not wearing seat belts. Obtain confidence limits' for the probability of not 
wearing seat belts on the highway in question. Explain your assumptions. 

Partía/ Answer: The 95% confidence Iimits are 0.275 and 0.475. 

Exercise 3.21. In a plant that makes ball bearings. samp1es are routinely sub
jected to a stringent crushing test. A sampling inspection scheme is required 
such that if out of a random sample of n bcarings more than y fail the batch is 
rejected. Otherwise it is accepted. Denote by p the ptoportion of bearings in a 
large batch that will fail the test. It is required that lhere be a 95% chance of 
accepting a batch for which p is ali low as 0.3 and a 95% chance of rejecting a 
batch for which p is as high as 0.5. Using the normal. approximation, 11nd values 
of n and y that will be satisfactory. Hint: Show that to satisfy the requirements 
it is necessary that 

(yo ~ 0.5) - 0.3n = 0.5n - (yo - 0.5) = l.
64

S. 
-.J1 n=x=:o==.3===x==o::=:. 1= J n x 0.5 x 0.5 

Answer: n = 62, y = 25. 

Comparing Different Proportions 

The effcctivcness of mothproofing agents was determined by placing 20 móth 
larvae in contact with treated wool samples and noting the number that died 
in a given period of time. Thc experimentcrs wantcd to compare two different 
methods A and B for applying the agent to the wool, but it was known that 
tests done in different Iaboratories gave widcly different results. A cooperative 
experiment involving seven different laboratorics resulted in the data shown in 
Table 3.9. Randomization was employed in selecting the particular Iarvae and 
wool samplcs for each trial. 

If the number of larvae dying (or equivalently the percentage dying, 100y!n) 
could be assumed to be approximately nonnally distributed with constant vari
ance, a paired 1 test could be used to assess the null hypothesis that, irrespective 
of which application method was used, the mean proportion dying was the same. 
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Table 3.9. Cornparison of Two 1\fethods of Application of l\lothproofing Agent in 
Seven Laboratories: Tests with Twenty l\toth Larvae 

Method of Pifferent Ways of 
Laboratory 

Application Measuring Results 1 2 3 4 5 6 7 

A Nurnber dead 8 7 1 16 10 19 9 
Percentage dead 40 35 5 80 50 95 45 
Seo re 43 40 14 71 50 86 47 

B Number dead 12 6 3 19 15 20 11 
Pcrcentage dead 60 30 15 95 75 100 55 
Se ore 57 37 25' 86 67 100 53 

Difference in percentages 20 -5 10 15 25 5 10 
Difference in scores 14 -3 11 15 17 14 6 

Standard Error of Signifkance Level (%) 
Average Difference Average Difference t Value (Two-Sided Test) 

Percentage 11.43 3.73 3.06 2.2 
Seo re 10.57 2.63 4.03 0.7 

As you can see from Table 3.9, the test yields the value t = 3.06 with six degrees 
of freedom. This is significant at the 2.2% leve], suggesting that method B caused 
greater mortality of the larvae. 

Variance Stabilizing Transformation for the Binomial 

The proportion dying in the above experiment varied greatly from laboratory to 
laboratory. lndeed, it looks from the data as if p might easily vary from 0.05 
to 0.95. lf this were so, the variances npq could differ by a factor of 5. Before 
treating binomial proportions y 1 n = p by standard NIID theory techniques using 
t statistics (and the analysis of variance and regression methods discussed later), 
it is desirable to make a variance stabilizing transformation. Fisher showed Umt 
this could be done by analyzing not p but the "score, x given by 

sinx = /P where 
... )' 
p=-

n 

A graph of the score x• needed to stabilize the variance versus the proportionp 
(measured as a percentage) is shown in Figure 3.16. Whereas the variance of 
p .is very different for various values of p. the variance of x is approximately 
constant. It also tums out that x is much more nearly normally distributed than 
p. You can see from the graph that this stabilization is achieved by stretching 
. out the sea le at the ends of the range of x. 

• Meao;ured in grads (l 00 grads = 90°) 
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Figure 3.16. Variance stabilizing tnmsformation for the binomial: score -~ as a function of the 
pcrcentage 1 00 fi. 

To carry out the modified test, you first transfom1 the percentages to scores, 
for example by using the graph in Figure 3.16. Thus the entry 40% in the first 
column of the table transfonns into a score of 43, and so on. A paired t test 
applied to the scores gives a value t = 4.03, which is even more significant than 
that obtained from the raw percentages. Because the assumptions on which the 
r test is derived are more nearly met. the transformed scores will on average 
produce tests of greater sensitivity. The reason the transfonnation produces a 
marked difference in the significance level for this example is that the observed 
values yln cover a wide range. If this were not so. the transformation wo!!ld have 
had less effect on the significance level. 

The variance of the transformed score x is very nearly independent of p 
and has a theoretical value of 1013hz. Even though this theoretical variance is 
available, it makes the assumption that the value of the parameter p does not 
change from trial to trial. Whenever possible, it is bctter to employ a variance 
calculated from the data. More explicitly, in this example it could be argued 
that each transformed value has a theoretical variance of 1013/20 = 50.7 and 
thcrefore the test should be based on this value. If you use this route, however, 
you must mak.e a direct assumption of the exact applicability of exact binomial 
sampling. It is always best to avoid assumptions you do not need to make. 

Does the Probability Vary? Sampling Inspection of BaH Uearings 

Each day 20 ball bearings randomly sampled from routine production are sub
jected toa crushing test. The numbcr of bearings failing the test on 1 O successive 
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days are as follows: 

Da y 
Numbcr failing out of 20, y 

1 
8 

2 
4 

3 4 5 
10 6 2 

6 1 
3 7 

8 
12 

9 
5 

Is there evidence of day-to-day variation in the probability p of failure? 

10 
7 

Consider the null hypothesis that p (the probability that a bearing fails) does 
not vary from day to day. On this hypothesis the distribution of (.v - 1])/a = 
(y - np)/ ..fiijiq may be approximated by a standard normal distribution. \Ve do 
not know p, but an estímate is provided by p = yfrz = 6.4/20 = 0.32. Now 
for a sample of k observations from a fixed binomial distribution, L:~= 1 (yj -
np)2 fnpq is approximately distributed as a x2 distribution with k- 1 degrees 
of freedom. Thus, to test tbe null hypothesis, the value 

L<)'j- 6.4)
2 

86.4o 
----- = = 19.85 
20 X 0.32 X 0.68 4.352 

m ay be referred to a x 2 distribution with k - 1 = 9 degrees of freedom. This 
value yields significance at the 1.88% leve). There is evidencé, therefore, of real 
variation from day to day in failure rates as measurcd by the crushing test. 

Suppose now that the value of p differs from day to day about its average 
value with variance 0';. Then ü turns out that o} will not be given by npq 

but by a; = npq + n(n- I)a;, that is, 9.600 = 4.352 + 38oa;. A (very rough) 
estimate of a; is therefore (9.600- 4.352)/380 = 0.014. This yields an estímate 

standard deviation ap = .Jo.OI4 = 0.12, which is relatively large in comparison 
with the estimated probability p = y f 11 = 0.32. You would want to find out 
why such large variation in p occurred. The variation could arise, for example. 
from inadequacies in the test procedure or in the sampling method or because of 
inadequate process control. Further iterations in the investigation would take up 
these questions. 

3.7. INFERENCES AHOUT FREQUENCIES (COUNTS PER UNIT): 
THE POISSON DISTRIDUTION 

As explained in Chapter 2; the Poisson distribution is the limiting distribution to 
which the binomial distribution tends as p is made smaller and smaller and n is 
made larger and larger so that 17 = np remains finite. lt is often used to represent 
the frequency y in time or space of rare events such as the number of blemishes 
on a painted panel1 the number of bacteria} colonies on a petri dish. and the 
number of accidents occurring in a given time period. Its distribution function is 

e-"'1,. 
Pr(y) = -

y! 

where 1J is the mean number of events per un.it. The variance a 2 of the Poisson 
distribution also equals 17. 
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A Significance Test 

A supervisor of a raisin bran production unit suspected that raisins were not 
being added to the cereal in accordance with process specifications. In a test the 
quality control supervisor randomly selected one box per hour ovcr a 12-hour 
period, thoroughly shook the box, and counted the raisins in one standard-sized 
scoopful. The specification required a mean of 36 raisins per scoopful. Random 
sampling variation would thus produce Poisson distributed frequencies (counts) 
with mean 36 and standard dcviation a = .J36 = 6. The inspector's data were 
as follows: 

Hour 1 ') 3 4 5 6 7 8 9 JO 1l 12 Total ... 
Number of 43 46 50 40 38 29 31 35 41 52 48 37 490 

raisins 
in a 
scoopful 

Average frequency: 40.83 

Comparing the observed frequencies Yi with the hypothesized mean 11. = 36 pro
vides a quantity approximately distributed as chi square. Thus 

L(Y¡- 36)
2 

866 , 
36 = 36 = 24.06"' Xi2 

Entering the chi-square tables with 12 degrees of freedom, yo u will find this value 
lo be significant at about the 2% point. Two possible reasons for the discrcpancies 
between observed and expected frequencies would be (a) the mean frequency of 
raisins 1J is greater dmn 36 and (b) the variance from box to box. is greater than 
can be accounted for by random sampling variation. 

To test the first possibility, you could use the additive property of th~ Poisson 
distribution. The sum of the frequencics 490 would be compared with thc value 
432 = 12 x 36 expected if the mean frequency per scoopful were really 17 = 36. 
If you refer the value (490- 432)2/432 = 7.79 to a chi~square table with one 
degree of freedom, you will find it is significant at about the 0.5% leve l. It appears 
therefore that the mean frequency is almost ccrtainly greatcr than 36, the value 
expected if the process was operating correctly. 

For the second possibility, for samples drawn from a Poisson distribution of 
unknmvn mean the quantity L~=I (yi - y-}2/Y will be approximately distributed 
as X 2 wlth k - 1 degrees of freedom. Por this exarnple, then. y = 490112 = 
40.83 and 

L(Y¡- 40.83)2 ... 
--4-0.-83-- = 14.34 

Entering in the chi-square table with k - 1 = 12 - 1 = 1 1 degrees of freedom 
produces a signi ficance leve] of about 20%. 
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This analysis indicates therefore that there are discrepancies from the specifi
cation frequency and that they are likely due to an excessively high mean level 
rather than to variation from hour to hour. 

Exercise 3.22. The. first step that should be taken is, as always, tó plot the data. 
Make such a plot for the above example and suggest what additional enquiries 
the supervisor núght make in furtherance of this interactive investigation. 

Confidence Limits for a Poisson Frequency 

· Suppose you ha ve an observed value Yo for a Poisson distributed frequency. What 
are the l -a confidence limits 17- and 17+ for the mean frequency 17? As before, 
17- is sorne value less than )'o that just produces a result significant at the a/2 
level against the alternative 11 > 11-· Correspondingly, 17+ is sorne value greater 
than y0 that just produces significance at the a/2 level against the altemative 
11 < 11+· It is tedious to compute these values directly from the uistribution. The 
computer can supply these limits or altematively Table G at the back of the book 
gives the 95 and 99% limits for )'o = l, 2, ... , 50. 

Approach to Normality of the Poisson Distribution \Vhen 71 Is Not 
Too Small 

As the mean frequency (count) increases, the Poisson distribution approaches 
normality quite quicklyt as was illustrated in Figure 2.15a, which showed the 
Poisson distribution with mean 17 = u 2 = 2.1 (representing, from Chapter 2, Min
nie' s and Henry' s accident distributions ). Figure 2.15b ( on page 56) showed a 
Poisson distribution with 17 = u 2 = 10. The former was quite skewed, but the 
latter could be fairly well approximated by a nom1al distribution with mean and 
variance equal to lO using Yates's adjustment as with the binomial. 

Variance Stabilizing Transformation for the Poisson Distribution 

You can often analyze frequency data to an adequate approximation by using 
standard normal theory procedures involving t statistics and the analysis of vari
ance and regression techniques that are discussed Iater. However, because the 
variance of a Poisson variable is equal to its mean, contrary to the assumptions 
of normal theory, the variance altees as the mean changes. lf the frequencies cover 
wide ranges, it is best to work with scores obtained by an appropriate transfor
mation. The appropriate variance stabilizing transformation is in this instance the 
square root. Thus, if y is distributed as a Poisson variable, the score ..¡y has an 
approximately conslant variance equal to 0.25. 

3.8. CONTINGENCY TABLES AND TESTS OF ASSOCIATION 

Since for the Poisson distribution the mean r¡ is equal to the variance, for suf
ficicntly large 71 the quantity (y- 71)/ 0j is distributed approximately as a unit 
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normal deviate and (y- r¡) 2/r¡ is distributed as x2 wilh one degree of free· 
dom. Also, from the additive property of x2 for 11 ce11s L;(y; - TJ¡) 2h¡; is 
distributed approximately as x2 with n degrees of freedom. Thcse facts may 
be used for the analysis of "contingency" tables as is illustrated by the follow
ing example. 

The data in TabJe 3.1 O show thc results from five hospitaJs of a surgical pro
cedure designed to improve the functioning of certain joints impaired by disease. 
In this study the meanings to be attached to "no improvement.~' "partiaJ func
tional restoration,~' and "complete functional restoration" were carefully defined 
in tenns of measurable phenomcna. 

These data, when expressed as percentages, suggest differences in success at 
the five hospitals. However, percentages can be very misleading. For example, 
28.6% can, on closer examination, tu m out to represent 2/7 or 286/1000. To 
make an analysis, therefore, you must consider the original data on which 
these percentages were based. These are the frequencies shown in large type 
in Table 3.1la. 

An important qucstion was whether the data were explicable on the hypoth
esis that the mean frequendes in the various categories were distributed in the 

Table 3.10. Results (Percentages) from a Surgical Proccdure in Five Hospitals 

Hospital 

A B e D E Overall Pcrcent.age 

No improvement 27.7 16.1 'JO.l 16.4 52.4 24.5 
Partia1 restoration 38.3 32.3 45.6 43.8 35.4 40.6 
FuU restoration 34.0 51.6 44.3 39.8 12.2 34.9 

Table 3.1la. Results of Surgical Procedures: Original Frcquencies Shown in Bold 
Type, Expected Frequencies in Upper Right Corner, Contribution to x1 in Top Left 
Corner of Each Cell 

Hospital 

A B e 1 D E Totals 

No 0.19 11.53 0.89 7.60 6.67 19.37 3.44 31.39 26.05 20.11 
improvemcnt ' 13 S 8 21 43 90 

Partial 0.06 19.08 0.53 12.59 0.48 32.07 0.31 51.97 0.55 33.29 
improvement 18 10 36 56 29 149 

Complete 0.01 16.39 2.49 10.81 2.01 27.55 0.91 44.64 12.10 28.60 
restoration 16 16 35 51 10 128 1 

Totals 47 31 79 128 82 367 

X2 value 56.7, dcgrees of frccdom 8. significance level < 0.001% 
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same pmponior1s from hospital to hospital. lf the mean (expected) frequencies 
were exactly known for each cell in the table. the x2 approximation mentioncd 
above could be used to test the hypothesis. However, the only evidence of 
what the expected frequcncies should be on this hypothesis comes from the 
marginal totals of the data. For instance, from the right-hand margin. 90 out 
of 367. or 24.5%, of all palients showed no improvement. Sin ce there was 
a total of 47 patients from hospital A, 24.5% of 47, or 11.53, would be the 
expected frequency of paticnts showing no improvement in J10spita1 A if the 
null hypothesis were true. In a similar way the other empirical expected fre· 
quencies can be computed from the marginal totals. In general, the expcéted 
frequency ~i.J to be entered in the ith row and jth column is F; Fjl F, where 
F; is the marginal frequency in the ith row and Fi is the marginal frequency 
in the jth column and F is the total frequency. These valucs are shown in 
the top right-hand coroer of each cell. The value of chi square contributed 
by the cell in the: ith row and jth column. (Y;i- 17u)2/lliJ• is shown in the 
top left-hand comer of each cell. For the first entry the contribution is ( 13 -
11.53)2 ¡ 11.53 = 0.19. Adding together the 15 contributions gives a total chi
square value of 56.7. 

Fisher showed that, when empirical expected frequencies were calculated from. 
marginal totals, the chi-square approximation• cou]d still be used but the con·ect 
number of degrees of freedom for a table with r rows ande: columns is (r
l)(c- 1). This corresponds to the number of cells in the table less the number 
of known relationships (constraints) that the method of cakulation has imposed 
on the expected values. Thus the calculated value of 56.7 should be referred 
to a chi-square table with 2 x 4 = 8 degrees of freedom. The value is highly 
significant. Thus, there is little doubt that the results from hospital to hospital 
are different. 

Now hospital_ E was a referral hospital. It seemed rele\·ant therefore to ask 
two questions: 

l. How much of the discrepancy is associated with differences between the 
referral hospital on the one hand and the nonreferral hospitals takentogether 
on the other? 

2. How much of the discrepancy is associated with differences among the 
four nonreferral hospitals? 

Tables 3.11 b and 3.11 e, which ha ve the same format as Table 3.1 1 a, permit 
the appropriate comparisons to be made. It is evident that the differences are 
mainly between the referral hospi"ta1 E and the nonreferral hospila1s. Differ
ences in Table 3.11 e, among nonreferral hospitals are readily explained by sam
pJing variation. 

You should notice that the discrepancies mainly arise because the results from 
the referral hospital are notas good as those from hospitals A. B. C~ and D. This 

• Tite x2 appmltimation ís rcasunably good provid<.."d Lhe expccted frcqucncy in cuch cell is not lcss 
lhan 5. 
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Table 3.1lb. Hospital E (Referral) Compared to HospitaJs A, B, C and D 
(Nonreferral) 

Hospital 

Restoratioil A+B+C+D E Total 

None 7.50 69.89 26.06 20.11 
47 43 1 90 

1 

Partial 0.16 115.71 0.55 33.29 
120 29 149 

Complete 3.48 99.40 12.10 28.60 
118 lO 128 

Totals. 285 82 367 

x2 value 49.8, degrces of freedom 2. significance level < 1% 

Tablc 3.11c. Comparison of Hospitals A, B, C and D (Nonreferral) 

Hospital 
. 

A B e 1 D Total 

3.55 7.75 0.00 5.11 1.94 13.03 0.00 21. J 1 
13 5 8 21 47 

0.16 19.79 0.71 13.05 0.23 33.26 1 .0.08 53.89 
18 10 36 56 120 

0.61 19.46 0.78 12.84 0.16 32.71 0.18 :53.00 
16 16 35 51 118 

47 31 79 128 285 

x2 value 8.3, degrces of frcedom 6, signiflcance leve! about 20% 

115 
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might be expected because typically the more difficult cases are sent to the 
rcferral hospital. · 

The 2 x 2 Table: Comparison of Repair Records for Television Sets 

A special case of sorne importance occurs for the 2 x 2 contingency table when. 
there are only two rows and two columns, and consequently the resulting chi 
square has only one degree of freedom. For instance, the data in Table 3.12 were 
obtained by a consumer organization from 412 buyers of new color television 
sets made by manufacturers A and B. The frequencies in the column headed 
"required service" denote the number of customers whose sets necded service at 
least once during a l 0-year period. 

A null hypothesis of interest is that the proportions requiring service are the 
same for both manufacturers, observed discrepancies being due to sampling vari
ation. To test the hypothesis, expected frequencies may be calculated from the 
marginal totals as before. These are shown in the top right-hand comer of the 
cells in the table. By adding the contributions from the four cells, we obtain 
x2 = 15.51. which is referred to the chi-square table with one degree of freedom. 
This gives a significance probability of less than 0.1 %. Thus, if these samples 
can be regarded as random samples from the two manufacturers, there is little 
doubt that sets made by manufacturer A have a better repair record than those 
by manufacturer B. 

Yates's Adjustment 

For the 2 x 2 contingency table, where the chi-square approximation . is most 
strained. the test tends to exaggerate significance. A considerably improved 
approximation is obtained by applying Yates's adjustment, discussed earlier. In 
the present context this adjustment consists of changing the observed frequencies 
by half a unit to give smaller deviations from expected values. For the color 
television data, for example. you should change the observed frequencies fróm 
111, 162, 85, 54 to 111.5. 161.5, 84.5, 54.5, which yields a si ightly smaller value 
for x2 of 14.70 again with a significance probability of less than 0.1 %. 

Table 3.12. Comparison of Two Brands of Color 
Tclevision Sel~ 

Did Not 
Brand Required Service Require Service Total 

A 2.74 129.87 2.49 143.13 

111 162 273 

B 5.38 66.13 4.89 72.87 

85 54 139 

Total 196 216 412 
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APPENDIX 3A. COl\IPARISON OF THE ROBUSTNESS OF TESTS TO 
COl\tPARE T\VO ENTITIES 

In this chapter, as a means of introducing some elementary principies of statis
tical analysis and design, you were deliberately confronted with a dilemma. The 
comparison of two means requires either ( 1) a long sequen ce of previous records 
that may not be available or (2) a random sampling assumption that may not be 
tenable. As was said earlier, practitioners might be forgiven for believing that a 
solution to these difficulties would be provided by what have been misleadingly 
called "distribution free" tests, also referred toas ''nonparametric tests." For illus
tration, we compare under nonstandard conditions the perfonnance of the _t test 
and that of a widely u sed nonparametric test due to Wilcoxon. • \Ve denote this 
test by W and apply to the analysis of the two samples of 10 observations in 
Table 3A.l. 

You make the Wilcoxon test as follows: 

l. Rank the combined samples in order of size from smallest to largest (here a 
-13lies to the left and hence is "smaller• than a -10). Ties are scored with 
their avemge rank. The ranking of the observations is shown in Table 3A.l. 

2. Calculate the su m of the ranks for _methods A and B: 

For A: 2+3+4+7.5+9.5+9.5+···+ 19=95.5. 
For B: 1 + 5 + 6 + 7.5 + 11 + 14 + · .. + 20 = 114.5. 

3. Refer one of the sums to the appropriate table. Alternatively, for equal 
groups of size n, if S is the larger of two sums, an approximate significance 
level is obtained by referring zo = .JT2rs- 0.5n(2n + 1)]/[nJ2n + 1] to 

Table 3A.l. \Vilcoxon Example: Comparing the l\feans of Two samples of Ten . 
Observations F..ach 

Rank 1 2 3 4 5 6 7.5 7.5 9.5 9.5 
Observation 79.3 79.7 81.4 81.7 82.6 83.2 83.7 83.7 84.5 84.5 
Method 8 A A A B 8 A B A A 

Rank 11 12 13 14 15 16 17 18 19 20 
Observation 84.7 84.8 85.1 86.1 86.3 87.3 88.5 89.1 89.7 91.9 
Method B A A 8 8 A 8 8 A B 

• Frank Wilcoxon was a scientist of !-he tirst rank who had many years of practica! expericnce working 
With cxperimenters on the design and analysis of experiments at Boyce Thomson Institute and Jater 
at Lederle Laboratories. He was weU aware of the cssential role that randomíz.ation played in the 
strategy of investigation and irs importancc for validation of significance tests which later writers 
called "distribution free." His motivation for introducing this test wás not to obtain a proccdure that 
Wa.:¡ inscnsitive to nonnonnality. Ata time whcn aids to rapid computing were not availablc, he often 
necdcd to make very Jarge numbcrs of significance tests every day. He developed his test because it 
could be done quickly. For this purpose it was extremely valuablc. 
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the tables of the unit nonnal distribution. For this example zo :::; 0.718 and 
Pr(z > 0.718) = 0.236. This probability of 23.6% is comparable to the 
Ievel 19.5% given by the t test. wWch also assumes random sampJing. 

As we explained, this test is not really distribution free but makes the dis
tributional assumption of exchangeability. 1t gives erroneous results when that 
assumption is inappropriate. In particular the distribution free test assumes, as 
does the parametric test. that the observations are not autocorrelated. However~ 
observations taken in .scquence are unlikely to be independently d.istributed. For 
example. records from successive plots in an agricultura}· field tri al are Hkely to 
he serially corrclated4< and so are successive observations in time. 

Table 3A.2. J>ercentage of 20,000 Results Significant at the 5% Le,·el \Vhen the 
Mean Difference & =O Using the t Test (t) and \Vilcoxon Test (W) 

Parent Distribution 

_/\__ ~ A 
Rectangular Normal SkewB Contaminated 

norma lb 

p = Autocorrelation lu:tweeiZ Successive Obscin•ations 

A. W/THOUT RANDOMIZ4TION 

p 
0.0 t 5.1 1 5.0 t 4.7 t 5.0 

w 4.4 w 4.3 w 4.5 \V 4.5 
-=0.4 t 0.8 t 0.6 t 0.5 t 1.8 

w 0.7 w 0.5 \V 0.4 w 1.3 
+0.4 1 19.5 1 20 1 19.6 1 13.0 

w 11.3 w 17.6 w 18.2 w 12.9 

B. \VJTH RANDOMJZ4.TION 

p 
0.0 r 5.0 t 5.0 t 4.8 t 4.9 

w 4.4 w 4.4 w 4.4 \V 4.3 
-0.4 t 4.7 1 5.2 t 4.8 f 5.1 

\V 4.0 w 4.5 w 4.4 w 4.5 
+0.4 t 4.9 1 4.9 t 4.9 1 5.0 

w 4.1 w 4.1 w 4.4 w 4.4 

<~A chi square with four dcgrces of frcedom. 
b A nonnal diMrihulion randomly contaminatcd wilh JO% uf data out ±3rr. The symbol p indicatcs 
the serial corrclation of adjacent observations. 

• This is of course thc rcason for arranging thc trials within blocks and for randomization. 
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Table 3A.2 shows the effects of violations of the assumption of nonnality and 
independence of cnors on the performance of the unpaired 1 test and the corre
sponding nonparametric lV test As expected. the t test was very little affected 
by severe nonnonnality but both tests v.'ere greatly affectcd by serial correlation 
of the errors. So the use of the "nonparametric" procedure in place of t would 
protect you from circumstances that were nota threat while leaving you equally 
vulnerab]e to ci.rcumstances that were. 

The results in Table 3A.2 were obtaíned by taking two samples of 10 observa
tions and making a t test (1) and a \Vilcoxon test (lV) for a difference in means. 
The sampling was repeated 20,000 times and the percentage of results significant 
at the 5% level was recorded. Thus for these tests madc where there was no 
difference ill the means the percentage should be close to 5%. 

To determine the effect of major violations of the assumption of normality, 
data were generatcd from four sets of independently distributed random vari
ables u; having respectively a rectangular distribution, a normal distribution, a 
highly skewed distribution (a x 2 distribution with four degrees of frecdom), and 
a "contaminated'1 nornuzl distribution with 1 O% of the observations randomly 
occurring at either +3a or -3a. 

From the first row of the table where the erTors are 'uncorrelated you will see 
that the 5% Ievel for the t test is affected very tittle by the gross violation of lhe 
nonnality assumption. In the first row of Table 3A.2, marked witlwur randnm
izatimz, lhe observations had independent errors e¡ =u;. In lhe second and third 
rows the data were not independent but were generated respectively so that suc
cessive etTors had autocorrelations equal to p1 = 0.4 and p1 = -0.4.• You can 
see that these departures from assumptions have dramatic consequences that are 
much the same for both the r test and the W test but neither are much affectcd 
after randomization. 

Comparisoll of variances 
Although tests for comparisons of means are not affected very much by the 
distributional nonnormality, this happy state of affairs does not extend to the 
comparison of variances. Thus, for the four distributions used above, the percent 
probabilities of exceeding the normal theory 5% for an F test based on t\vo 
samples of 1 O observatíons each are· 

Rectangular Normal Skew Contaminated Normal 

1.1 5.0 14.4 9.2 

Eac~1 rcsult is based. as before, on 20,000 repetitions. 

• The crrors e; wcrc gencrated by a •'first-order autoregrcssive process .. with e; = u; + pu1_ 1 wírh 
the p's appropriately chosen and the u's 1'-ilJD mndom varhib1es. For this proccss pis the first-order 
nutocorrelalion bctwccn adjaccnl observations. 
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APPENDIX 3B. CALCULATION OF REFERENCE DISTRIBUTION FROM PAST DATA 

Table 38.1. Production Records of 210 Consecutive Batch Yields 

1 

Average (}f Average of Average of Average of Average of 
10 Obser- JO Obser- 10 Obser- 10 Obser• 10 Obser-

Observed vations Observed vations Observed vations Observed vations Observed vations 

85.5 - 84.5 84.42 80.5 84.53 79.5 83.72 84.8 84.36 
81.7 - 82.4 84.70 86.1 84.09 86.7 83.89 86.6 84.54 
80.6 - 86.7 84.79 82.6 84.28 80.5 83.90 83.5 84.58 
84.7 - 83.0 85.30 85.4 84.51 91.7 84.50 78.1 84.33 
88.2 - 81.8 84.51 1 84.7 84.33 81.6 83.99 88.8 84.47 
84.9 - 89.3 84.90 82.8 83.61 83.9 83.71 81.9 83.98 
81.8 - 79.3 84.20 81.9 84.05 85.6 84.04 83.3 83.96 
84.9 - 82.7 84.40 83.6 83.94 84.8 83.88 80,0 83.34 
85.2 - 88.0 84.82 86.8 84.16 78.4 83.47 87.2 83.65 
81.9 83;94 79.6 83.73 84.0 83.84 89.9 84.26 833 83.75 
89.4 84.33 87.8 84.06 84.2 84.21 85.0 84.81 86.6 83.93 
79.0 84.06 83.6 84.18 82.8 83.88 86.2 84.76 79.5 83.22 
81.4 84.14 79.5 83.46 83.0 83.92 83.0 85.01 84.1 83.28 
84.8 84.15 83.3 83.49 82.0 83.58 85.4 84.38 82.2 83.69 
85.9 83.92 88.4 84.15 84.7 83.58 84.4 84.66 90.8 83.89 
88.0 84.23 86.6 83.88 84.4 83.74 84.5 84:72 86.5 84.35. 
80.3 84.08 84.6 84.41 88.9 84.44 86.2 84.78 79.7 83.99 
82.6 83.85 79.7' 84.11 82.4 84.32 85.6 84.86 81.0 84.09 
83.5 83.68 86.0 83.91 ·83.o 83.94 83.2 85.34 87.2 84.09 
80.2 83.51 84.2 84.37 85.0 84.04 85.7 84.92 81.6 83.92 
85.2 83.09 83.0 83.89 82.2 83.84 83.5 1 84.77 84.4 83.70 

Average of 
10 Obser-

Obscrved vations 

81.1 83.68 
85.6 83.91 
86.6 83.53 
80.0 83.43 
86.6 84.06 1 

83.3 84.41 
83.1 83.82 
82.3 83.68 
86.7 84.26 
80.2 83.55 



-N -

1 87.2 
83.5 
84.3 
82.9 
84.7 
82.9 
8].5 
83.4 
87.7 
81.8 
79.6 
85.8 
77.9 
89.7 
85.4 
86.3 
80.7 
83.8 
90.5 

1 83.91 
84.12 
84.07 
83.77 
83.44 
83.70 
83.59 
83.58 
84.33 
83.99 
83.23 
83.46 
82.82 1 

83.50 
83.57 
83.91 
83.83 
83.87 
84.15 

84.8 84.01 81.6 
83.6 84.42 86.2 
81.8 84.27 85.4 
85.9 84.02 82.1 
88.2 84.18 81.4 
83.5 84.07 85.0 
87.2 .84.82 85.8 
83.7 84.59 84.2 
87.3 84.90 83.5 
83.0 84.90 86.5 
90.5 85.47 85.0 
80.7 85.18 .80.4 
83.1 85.31 85.7 
86.5 85.37 86.7 
90.0 85.55 86.7 
77.5 84.95 82.3 
84.7 .84.70 86.4 
84.6 84.79 82.5 
87.2 84.78 82.0 

-

83.72 80.l 84.16 84.4 84.19 
84.04 82.2 84.08 82.2 84.00 
84.38 88.6 84.40 88.9 84.67 
84.12 82.0 84.16 80.9 83.68 
83.82 85.0 84.21 85.1 83.54 
83.43 85.2 84.11 87.1 84.28 
83.77 85.3 84.08 84.0 84.58 
83.89 84.3 84.19. 76.5 83.51 
83.74 82.3 83.85 82.7 .83.62 

84.17 89.7 84.47 85.1 83.69 
84.51 84.8 84.94 83.3 83.58 
83.93 83.1 85.03 90.4 84.40 
83.96 80.6 84.23 81.0 83.61 
84.42 87.4 84.77 80.3 83.55 
84.95 86.8 84.95 79.8 83.02 
84.68 83.5 84.78 89.0 83.21 
84.74 86.2 84.87 83.7 83.18 
84.57 84.1 84.85 80.9 

1 
83.62 

84.42 82.3 84.85 87.3 84.08 
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Tahle 3B.2. Rcference Set of Diffcrcnces between Averages of Two Adjacent Selli of 
1 O SucccssiYe Batches a 

-0.36 -0.32 1.09 -0.43 
- -0.52 -0.21 0.87 -1.32 

-1.33 -0.36 l.l 1 -1.30 
-1.81 -0.93 -0.12 -0.64 
-0.36 -0~75 0.67 -0.58 
-1.02 0.13 .1.01 0.37 

0.21 0.39 0.74 0.03. 
-0.29 0.38 0.98. 0.75 
-0.91 -0.22 1.87 0.44 

-0.43 0.64 0.20 0.66 0.17 
-1.24 -0.17 -0.37 -0.04 -0.23 
-0.15 -0.17 -0.16 -0.60 0.97 
-0.02 0.96 0~12 -0.9J 0.72 
-0.08 0.78 0.80 0.02 0.98 
-0.15 -0.13 0.54 -0.50 -0.21. 
-0.79 0.30 0.08 -0.51 -0.81. 
-0.38 -0.34 -1.01 -0.67 0.29 
-0.26 0.71 -0.55 -0.78 0.49 
-0.10 0.68 -0.05 -1.15 -0.58 

0.82 0.53 -0.30 -1.07 -0.30 
0.90 1.01 0.33 -0.30 -0.01 

-0.68 1.46 0.79 0.78 -0.61 
-0.66 0.76 -0.11 0.95 0.40 
-1.25 1.04 -0.42 ~0.17 -1.06 
-0.27 1.35 0.30 0.61 -0.13 

0.13 1.37 1.13 0.74 -0.52 
0.21 0.88 1.25 0.67 -1.07 
0.24 -0.12 0.97 0.79 -1.40 
0.29 0.20 0.68 0.66 0.11 

-0.18 -0.12 0.68 1.00 0.46 
OA3 -0.37 -0.45 -0.11 -0.01 
1.47 -1.38. -0.62 -0.40 0.33 
1.33 -0.90 -0.03 -0.45 -0.87 
2.48 -0.80 0.54 0.10 -0.18 
1.01 -1.04 -0.43 -0.30 051 
1.33 -1.94 -1.24 -0.97 1.39 
0.29 -0.90 -0.64 -0.82 0.61 
0.57 -0.76 -0.86 -1.53 0.50 
0.95 -0.63 -1.10 -1.20 0.64 

-0.42 -0.94 -0.16 -1.10 -0.53 

u Diffcrences thal exceed + 1.30 are in bold 1ype. 
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QUESTIONS FOR CHAPTER 3 

l. What is meant by a valid significance test? 

2. What is a reference distribution? What are the possibilities and advantages 
derived from (a) an externa} reference set or (b) a randomized reference set? 

3. What is randomization and what is its va1ue? 

4. What is meant by exchangeability? 

S. What is meant by a .. distribution free" test? Commcnt. 

6. How can experiments be randomized in practice'? Be spccific. 

7. \Vhy can probabilities calculated on NilO assumptions be seriously affected 
by autocorrelation of observations? 
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8. What is a randomization distribution'? 

9. What is the value of pairing and blocking? In practice, hów can a design 
be blocked? 

10. Can you find (or imagine) an example of an experiment in your own field 
in which both randomization and blocking were (or could be) used? 

11. Can you describe an actual situation from your own field in which trou~ie 
was encountered because the data were not obtalned from a randomized 
experiment? If not, can you imagine one? 

12. Will conducting (a) a nonparametric test or (b) a randomization test protect 
you from the effects of "bad values"? Comment. 

13. How might. you disco ver and what would you do about suspected "bad 
values"? Can you imagine a situation where wrong inferences could be made 
because of bad values? 

14. Given that you have perfonned a significance test for a particular eS, how 
would you construct a 95% confidence interval for 8? 

15. If rJA = 7]¡¡, is the 95% confidence interval for eS calculatcd using paired data 
always shorter than that using unpaired data? Explaln how you would decide 
which experimental strategy to cmploy; paired or unpaired. How would you 
verify each interval using a randomization test? 

16. Are tests on variances more or less sensitive to departures from assump
tions? Comment. 

PROBLEl\1S FOR CHAPTER 3 

1. A civil engineer tested two different types (A and B) of a special reinforced 
concrete beam. He made nine test beams (five A 's and 4 B's) and mea
sured the strength of each. From the following strength data (in coded units) 
he wants to decide whether there is any real difference between the two 
types. What assumptions does he need to draw conclusions? What might he 
conclude? Give reasons for your answers. 

Type A 67 80 
Type B 45 71 

106 83 89 
87 53 

2. Every 90 minute~ routine readings are made of the level of asbestos fiber 
prcsent in the air of an industrial plant. A salesperson claimed that spray
ing with chemical S-142 could be beneficial. Arrangements were made for 
a comparative trial in the plant itself. Four consecutive readings, the first 
without S-142 and the second with S-142 were as follows: 8, 6, 3, and 4. In 
light of past data collected without S-142, given below, do you think S-142 
works? Explain your answer. 
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Asbestos Data, 112 Consecutive Readings 

November 2 
November 3 
November 4 
November 5 
November 6 
November 7 
November 8 

9 10 9 8 9 8 8 8 7 6 9 10 11 9 10 11 
1111 11 101112131213 12141514121313 
12 13 13 13 13 13 10 8 9 8 6 7 7 6 5 6 
5 6 4 5 4 4 2 4 5 4 5 6 5 5 6 5 
6 7 8 8 8 7 910 910 9 8 9 8 7 7 
8 7 7 7 8 8 8 8 7 6 5 6 5 6 7 6 
6 5 6 6 5 4 3 4 5 5 6 5 6 7 6 5 

125 

Nine samplcs were taken from two streams, four. from one and five from the 
other, and the following data on the leve) of a pollutant (in ppm) obtained: 

Stream 1: 
Stream 2: 

16 12 
9 10 

14 11 
8 6 5 

3. lt is claimed that the data prove that stream 2 is cleaner than stream l. An 
experimcnter asked the following qucstions. When were the data tak.en? All 
in one day? On different days? Were the data.takcn during the same time 
period on both streams? Where the stream temperatures and flows the same? 
Where in the streams were the data taken? Why were these locations chosen? 
Are they representative'? Are they comparable? 
Why do you think she asked these questions? Are there other questions she 
should ha ve asked? Is there any set of answers to these questions (and others 
you invent) that would justify the use of a t te~t to draw conc1usions? What 
conclusions? 

4 .. Fifteen judges rated two randomly allocated brands of beer, A and B ,.accord
ing lo taste (scale: \ lo 1 0) as follows: 

Brand A: 
Brand B: 

2 4 2 1 
8 3 5 3 

9 9 2 
7 7 4 

2 

Stating assumptions. test the hypothesis that rJA = r¡ 8 against the altemative 
that 1JA # rJB· Can you think of a better design for this experiment? Write 
precise instructions for the conduct of your preferred experiment. 

S. These data were obtained in a comparison of two different methods for 
detcrmining disso1ved oxygen concentration (in milligrams per liter): 

Sample 
Merhod A (amperometric) 
Method B (visual) 

1 2 3 4 
2.62 2.65 2. 79 2.83 
2.73 2.80 2.87 2.95 

5 
2.91 
2.99 

6 
3.57 
3.67 

Estimate the differcnce between the methods. Give a confidence interval 
for the mean difference. What assumptions have you made? Do you think 
this experiment provides an adequate basis for choosing one method other 
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the other'? In not, what further experiments and data analysis would you 
recommend? Imagine different outcomes that could result from your analysis 
and say what each might show. 

6. The following are smoke readings taken on two different camshafts: 

Engine CamshaftA Camshaft B 

1 2.7 2.6 
2 2.9 2.6 
3 3.2 2.9 
4 3.5 3.3 

Supposc your supervisor brings you these data and says that one group 
cJaims lhcre is essentially no difference in the camshafts and the other says 
there is a difference. What qucstion would you ask about this expcriment'! 
\Vhat answers would make a further analysis useful? What further analysis'? 
Assuming any answers to your qucstions that you Iike, write a report on the 
experiment and the data. Somewhere in your report explain the difference 
betwcen "statistically significant" and ••technically important." 

7. Two different designs for a solar energy collector were tested with the folM 
lowing results. The measurcd response was power (in watts). 

designA 
dcsign B 

The data wcre coJlected at eight different comparable time periods. The 
random order of the tests is indkated by the superscripts in parentheses. ls 
there evidence that a statistically signHkant differencc exists between the 
mean values for the power áttainable from these two dcsigns'l Do you need 
to assume normality to make a test? 

8. In a cathode intcrference resistance experiment, with filament voltage con
stant, the plate current was measured on seven twin triodes. Analyze the data 
given bclow. ls there any evidence of a systematic diffcrence bctween the 
plate currcnt readings of compartments A and B? 

· Plate Current Readings 

Tu be A B 

1 1.176 1.279 
2 1.230 1.000 
J 1.146 1.146 
4 1.672 1.176 
5 0.954 0.699 
6 1.079 1.114 
7 1.204 1.114 

Explain your assumptions. 
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9. An agricultura} engineer obtained the following data on t\VO methods of 
drying com and asked for statistical analysis: 

Drying Rate 

\Vith Preheater \Vithout Preheater 

16 20 
12 10 
22 21 
14 10 
19 12 

What questions would you ask him? Undcr what circumstances would you 
be justified in analyzing the data using (a) a paired 1 test, (b) an unpaired 1 

test, or (e) something elsc? Analyze the data for options (a) and (b). 

10. An agricultural engineer is trying to develop a piece of equipment for pro
cessing a crop immediately after harvesting. Two configurations of this 
equipment are to be compared. Twcnty runs are to be perfonned over a 
period of 5 days. Each nm involves setting up the equipment in either con
figuration 1 or configuration 11, harvesting a given amount of crop. proccssing 
it on the equipment. obtaining a quantitative measure of perfonnance. and 
then cleaning the equipment. Since there is only one piece of equípment, the 
tests must be. done one al a time. The engineer has asked you to consult on 
this problem. · 

(a) What questions would you ask her? 
(b) What advice might you give about planning the experiment? 
(e) The engineer believes the most accurate experiment rcquires t~at an equal 

number of runs be conductcd with each configuration. What assumptions 
would make it possible to demonstrate in a quantitative way that lhis 
is true. 

11. Assuming a standard deviation a = 0.4, calculate a 90% confidence intenral 
for the mean reaction time using the following data (in seconds): 

1.4 1.2 1.2 1.3 1..5 1.0 2.1 1.4 1.1 

Carefully state and criticize any assumplions you make. Repeat this problem 
assuming cr is unknown. 

12. Five student groups in a surveying class obtain the following measttrements 
of distance (in meters) betwecn two points: 

420.6 421.0 421.0 420.7 420.8 

Stating precisely your assumptions, find an approximate 95% confidence 
interval of the mean measured distance. 

13. Given the following data on egg production from 12 hens randomly allocated 
to two different diets, estiinate the mean difference produced by the diets 
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and obtain a 95% confidence interval for this mean difference. Explain your 
answer ánd the assumptions you make. 

DietA 
Diet B 

166 174 150 
158 159 142 

166 165 
163 161 

178 
157 

14. Two species of trees were planted on 20 randomly selected plots. 10 for A 
and JO for B. The average height per plot was measured after 6 years. The 
results (in meters) were as follows: 

A 
B 

3.2 
2.8 

2.7 3.0 2.7 
2.7 2.0 3.0 

1.7 3.3 
2.1 4.0 

2.7 
1.5 

2.6 . 2.9 3.3 
2.2 2.7 2.5 

Obtain a 95% confidence inte..Val for the difference in mean height. 

15. A chemical reaction was studied by making 1 O runs with a new suppos
edly improved method (B) and 10 runs with the standard method (A). The 
following yield results were obtained: 

MethodA 

54.6°6> 
45.8(IO) 
57.4° 1

> 

40.1(2) 
56.3(20) 

51.5°8) 

50.7'9} 

64.505> 

52.6°> 
48.6<5) 

1\lethod B 

74.9(12) 

78.3°9) 

80.4°
4

' 
58.7(6) 

68.1 (S) 

64.7(3) 

66.5(7) 

73.5<4> 

81.0°1> 

73.7°3> 

The superscripts in parentheses denote the time order in which the runs were 
made. Comment on the data and analyze them~ 

16. (These data are taken from U.S. Patent 3,505,079 for a prócess preparing a 
dry free-ftowing baking mix.) Five reéipes were used for making a number of 
cakes, starting from two different types of premix, A and B. The difference 
between the two premixes was that A was aerated and 8 was not. The 
volumes of the cakes were measured with the following results: 

Recipc A Recipe B 

1 43 65 
2 90 82 
3 96 90 
4 83 65 
5 90 82 
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The recipes differed somcwhat in the amount of water added, beating time, 
baking temperature, and baking time. The patent claims that significantly 
greater volume was obtained with A. Do these data support this claim? 
Make ~my relevant comments you think are appropriate. Include in your 
answer a calculated 95% confidence interval for the true difference between 
the volumes obtained with A and B. S tate any assumptions yo u make~ 

17. The following are results from a larger study on the phannacological cffects 
of nalbuphine. The measured response obtained from 1 1 subjects was the 
change in pupil di ame ter (in millimeters) after 28 doscs of nalbuphine ( B) 
or morphine (A): 

A 
B 

+2.4 
+0.4 

+0.08 
+0.2 

+0.8 
-0.3 

+2.0 
+0.8 

+1.9 
0.0 

+1.0 

Assume that the subjects were randomly allocated to the drugs. What is the 
95% confidence interval for 17B -17,,'? What is the 90% confidence interval? 
State your assumptions. [These data are from H. W. Elliott, G. Navarro, and 
N. Nomof (1970), J. fvled., 1, 77.] 

18. In a set of six very expensive dice the pips on each face are diamonds. lt 
is suggested that the weights of the stones will cause "five" and "six.'' faces 
to fall downward and hence the .. one" and ''two'' faces to fall upward more 
frequently than they would with technically fai.r dice. To test the conjecture 
a trial is conducted as follows: The observance of a one or two on a die is 
called a success. The whole set of six. dice is then thrown 64 times and the 
frequencies of throws with O, J, 2, •.. , 6 successes are as follows: 

Number of dice showing a ''success" 
Observed frequency 

o 1 2 
o 4 19 

3 4 
15 17 

5 
7 

6 
2 

(a) What would be the theoretical probability of success and the mean and 
variance of the frequency distribution if all the dice were fair? 

(b) What is the empirical probability of success calculated from the data, 
and what ls the sample average and vruiance'l 

(e) Test the hypotheses that the mean and variance have their theoreti
cal values. 

(d) Calculate the expected frequencies in the seven cells of the table on the 
assumption that the probability of success is exactly !· 

(e) Make a chi-square test of agreement of the observed with the expectcd 
frequencies (combining the frequencies for zero and one successes and 
also for five and six successcs so that the expectcd frequency within 
each cell is greater than 5). The numbe.r of degrees of freedom for the 
test is the number of frequencies compared /ess 1, since thc total of the 
expected frequencies has been chosen lo nmtch the actual total number 
of trials. 
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(0 Calculate Lhe expccted frequencies based on the empirical estimate of 
probability, and make a chi-square test of agrcement with the obscr\'ed 
frequencies. The number of degrees of freedom is now the number of frc
quencies compared less 2, since expected frequencies have bcen chosen 
so that the total frequency and the mean both match the data. 

(g) Can you think of a better design for this trial? 

19. The level of radiation in the control room of a nuclear reactor is to be 
aütomatically monitored by a Geiger counter. The monitoring device works 
as follows: Every tenlh minute thc number (frequency) of ~·clicks" occurring 
io t seconds is counted automatically. A schemc is rcquired such that, if this 
frequency exceeds some number e, an alarm will sound. The scheme should 
have the following properties: If the number of clicks per second is less than 
4~ there should be only about 1 chance in 500 that the alam1 will sound, 
but if the number of clicks reaches 16, thcre should be only about l chance 
in 500 that the alarm will not sound. \Vhat values should be chosen for t 
ande? 
Hint: Recall that the square root of a Poisson frequency is roughly normally 
distributed with a standard deviation 0.5. (Answer: t ~ 2.25, e~ 20, closest 
integer to 20.25.) 

20. Check the approximate answer gi\'en for the above problem by actually 
evaluating the Poisson frequencies. 

21. Consider the following data on recidivism a~ measured by the rearrest of 
persons who have committed at least one previous offense. Therc are a 
number of points on which you wouJd wish to be reassured before drawing 
conclusions from such data. '\Vhat are they? Assuming that your qucstions 
received satisfactory answers, what conclusions could you dmw from thc 
following data? 

Back in prison within 1 year 
Back in prison in 1- 1 O years 
Ne\'er back in prison 
Total 

Trcatment Rct.·ci\'ed 

No Therapy Group Therapy lndil'idual Therapy 

24 
25 
12 
61 

JO 
13 
20 
43 

41 
32 

9 
82 

22. Why is a sct of confldence intervals more useful than a significance test? 

23. \Vhat is the fommla for the confidcnce interval for the difference between 
two means for a paimd design? For an unpaircd (fully randomized) design? 
How are thcse formulas similar? How are thcy different? How would you 
verify each interval using a randornization distribution? 
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24. Suppose you are given data from a simple comparativc expcriment in which 
nA observations have been made with treatment A and n8 observations with 
treatment B. lt is necessary that nA = n B? Suppose that nA = n 8 and the 
data are paired. Will the equation for the paired data always give a shorter 
interval? Why not? 

25. Think of a specific problem of comparing two treatments preferably from 
your own field. How would you organize an experiment to find out which 
one was better? What are sorne of the problems that might arise? How would 
you analyze the results? How could past data be used to assist in choosing 
the design and the number of runs to be made? 

26. Let y be the number of sixes recorded on the throw of three dice. Find 
Pr(y = 0), Pr(y = 1). Pr(y = 2). Pr(y = 3), Pr(y > 1). Pr(y < 3). Suppose 
that in 16 throws of a single die a six appears on 8 occasions. Does this 
discredit the hypothesis that the die is fair? Use these data to obtain a 95% 
confidence interval for p. 

27. Possibly meaningful signals have been obtained from ~uter space. The data 
take the fom1 of the number of pulses y received in each sequence of 127 
minutes. A skeptic suggests that the variation in the frequencics observed, 
Yt, )'2, ... , Y121, might be ascribed lo e han ce causes alone. Describe any test 
you might make to test the skeptic's hypothesis. 

28. You are assigned to a research program to assess the effectiveness of anti
cancer drugs in animals and human beings~ Write a report for the physician 
in charge of the program (who has no statistical knowledge) describing how 
methods using (a) the binomial distribution~ (b) the Poisson distribution, and 
(e) contingency tables might be of value is assessi.ng the results of the pro
gram. Illustrate your discussion with hypothetical experiments and data and 
give appropriate analyses. 

29. Illustrate how the binomial and Poisson distributions may be used to design 
sampling inspection schemes. 





CHAPTER4 

Comparing a Number of Entities, 
Randomized Blocks, and Latin 
Squares 

4.1. COl\fiPARING k TREATIVIENTS IN A FULLY 
RANDOI\IIZED DESIGN 

Frequently you will want to. compare more than two entities-treatments, pro
cesses, operators, or machines. This chapter is about how to do it. The first 
example is one in which there are k = 4 treatments randomly applied to n = 
24 subjects. 

Blood Coagulation Time Example 

Table 4.1 gives coagulation times for samples of blood drawn from 24 animals 
receiving four different diets A, B, C, áhd D. (To help the reader concentrate on 
essentia1s, in this book we have adjusted the data so that the averages come out 
to be whole numbers.) These data are plotted in Figure 4.1. The animals were 
randomly allocated to the diets. and the blood samples were taken and tested in 
the random order indicated by the bracketed superscripts in the Table. 

Consider the question, "ls there evidence to indicate real difference between 
the mean coagulation times for the four diffcrent dicts?., The necessary calcula
tions. are frequently set out in an analysis ofvariance table, a valuable device due 
to Fisher. The idea is to determine whether the discrepancies between the treat
ment averages are greater than could be reasonably expected from the variation 
that occurs witlzin the treatment classifications. For example your computer will 
produce an analysis of variance (ANOVA) table that looks likc that in TabJe 4.2. 
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Table 4.1. Coagulation Time for Blood Drawn from 
24 Animals Randomly Allocated to f,our Diets 

Diets (Treatments) 

A B e D 

621':!0) 63(1 2) 6811 ()}" 56(2:ll 

60121 67(9) 66(7) 62(3) 
631111 71 115) 71 (l) 60(6)' 

59t10) 64{14) 67°
7

' 
61 (!S) 

63 15) 65(41 68(ll) 63(2.:!) 

59'
24

' 66181 68(21) 64(19) 

Treatmcnt uverage 61 66 68 61 
Grand averugc 64 64 64 64 
Differcnce -3 +2 +4 -3 

Table 4.2 .. The Analysis of Variance (ANOVA) Table: Blood Coagulation Example 

Dcgrees of 
Source of Variation Sum of Sc¡uares Freedor11 Mean Square 

Betwecn treatmcnts Sr= 228 vr = 3 mr = 76.0 
F.J.20 = \3.63 WiUlin treatments SR= 112 VR = 20 mR= 5.6 

Total about the 
S¡>= 340 V[)= 23 gnmd average 

To better understand this analysís look at Table 4.3. On the Jeft you will sec 
·a table of the original observations Y and a table D of deviations from the 
grand average of .64. Thus, in the first row of D are the entries -2 =· 62-64, 
-1 = 63 - 64, and so on. This table of deviations is now further dccomposed 
into tablcs T and R. Table T represents the part due to the treatment deviations 
( -3, +2, +4, -3) from the grand average. Tab1e R represcnts the residual part 
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Tahle 4.3. Arithmetic Breakup of Deviations from the Grand Average Y= 64 

Deviations Residuals within-
from Grand Treatment Treatrnent 

Observations Average of 64 Deviations Deviations 

Y ti v--v .. rr. • y,-y Yri - Yr 

62 63 68 56 -2 -1 4 -8 -3 2 4 -3 1 -3 o -5 
60 67 66 62 -4 3 2 -2 -3. 2 4 -3 -1 1 -2 1 

63 71 71 60 -1 7 7 -4 -3 2 4 -3 2 5 3 -l 

59 64 67 61 -5 o 3 -3 -3 2 4 -3 -2 -2 -1 o 
63 65 68 63 -1 1 4 -1 -3 2 4 -3 2 -1 o 2 
59 66 68 64 5 2 4 o -3 2• 4' -3 -2 o o 3 

y D=Y-64 - T + R 

Sum of squares 340 - 228 + 112 
degrees of freedom 23 - 3 + 20 

that is left dueto experimental error and model inadequacy. The individual items 
in this table are called residuals. 

Entries in the ANOVA Table: Sums of Squares 

The sums of squares S0 , Sr~ and SR in the analysis of variance (ANOVA). in 
Table 4.2 are the sums of the24 entries in each table D, T, and R. Thus 

So= (-2)2 + (-1)2 + (4)2 + · · · + (0)2 = 340 

Sr= (-3)2 + (2)2 + (4)2 + · · · + (-3)2 = 228 

sR = 0)2 + <-3)2 +coi+ ... + (3)2 = 112 

You will find that So =Sr+ SR (for this example 340 = 228 + 112). The addi
tivity property· of these sums of squarcs is true for any similar table of numbers 
split up in this way. 

Entries in the ANOVA Table: Degrees of Freedom 

The number of degrees of freedom is the number of elemcnts in each of the 
decomposition tables that can be arbitrarily assigned. For example, D has 23 
dcgrces of freedom because if you fill this table with 23 arbitrarily chosen num
bers the 24th will be determined since the deviations of any set of numbers from 
their average must always sum to zero. On the same basis the elements of T 
have threc degrces of freedom. The elements of R are constrained in two differ
ent ways-the elements in each column must add to zero and the sum of all of 
the elements must also sum to zero. and thus the number of residual degrees of 
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freedom is 24 - 1 - 3 = 20. Note that for any rabie of rhis kind, not only are the 
sums of squares additive, but also are the degrees of freedom. 

Entries in the ANOVA Table: 1\'lean Squares 

The mean squares mT and mR are obtained by dividing ST and SR by their 
degrees of freedom VT and VR. On assumptions we discuss Jater, if there were no 
differences dueto treatments(diets), the mean squares mT and mR would provide 
indepemlent estimates of the error variance u2 and their ratio would have an F 
distribution with VT and VR degrees of freedom. 

Computer calculations, or reference to the tables at the back of this book, show 
that the probability of a value of F3.2o > 13.6 is less than 0.001. You sce that 
the result is highly supportive of the ínference that the null hypothesis should be 
ri·iccted and hcnce that the diets really do produce different coagulation times. 

Graphical ANOVA 

Walter Shewhart (1939, p. 88) once said. "Original data should be presented in 
a way that will preserve the evidence in the original data." The ANOVA table 
alone does not do this. But as you saw in Chapter 3 you can supplement more 
formal analyses with graphical methods and, as Yogi Berra says, "You can see a 
lot by just Jooking." 

A graphical ANOVA is shown in Figure 4.2, which compares a suitably scaled 
dot diagram of the treatment deviations directly with a reference dot diagram 
of the residuals themselves. Notice that this is a supplement to the standard 
ANOVA table. It would be deceptive if used aJone beca use it takes no account of 
the individual degrees of freedom that detennine the significance probabilities. 
But as commented by F. J. Anscómbe (1973, p. 17), "A computer should make 
both calculations and graphs. Both kinds of output should be studied; each will 
contribute to understanding.'' 

The scale factor for treatments is such that if there were no difference between 
the treatment means the natural variance of the dots in the dot diagram for treat
ments would be directly comparable to that for residuals. By natural variance is 

D 

• 
_'!~E..._---,------,-----_;~~8-----,~:!L- Treatments 

' ' 
Residuals 

-5 o 5 

Figure 4.2. Dot diagram rcsiduals and scalcd treatmcnl dcviations. 

p < 0.01 
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meant the sum of squares of the deviations of the dot deviations divided by the 
number of dots (not the degrees of freedom). This measure of spread is appro
priate because it shows the spread of the dots that the eye actually sees~ The 
analysis asks the question, "Might the scaled treatment deviations just as weJJ be 
part of the noise?" In Appendix 4A it is shown that the appropriate scale fac
tor is JvR/vr = J20j3 = 2.6. The scaled treatment deviations -7.8; 5.2, 10.4, 
and -7.8 are obtained therefore by multiplying the treatment deviations -3, +2, 
+4, -3 by 2.6 .. This graphic analysis thus obtained is shown in Figure 4.2. It 
visually supports the finding that the differences between treatments are unlikely 
to be due to chance. The ratio of the natural variances of the dot plots pro
duces the usual F value. (See Appendix 4A.) lt ensures that you appreciate the 
nature of the differences and similarities produced by the treatments, something 
the ANOVA table does not do. It also directs your attention to the individual 
residua]s• that produce m R and makes you aware of any large deviations that 
might ca11 for further study. For instance, Figure 4.2 immediately makes clear 
that there is nothing suspicious about the distribution of the residuals. Also that 
treatments A and D are alike in their effects but C is markedly different and 
B produces an intermediate effect. Experimenters sometimes believe that a high 
Ievel of significance necessarily implies that the treatment effects are accurately 
detennined and separated. The graphical analysis discourages overreaction to 
high significance levels and avoids underreaction to "very nearly" significant 
differences .. 

In the first edition of this book the treatment deviations were referred to a 
reference t distribution. On NIID assumptions the t distribution may be regarded 
as a reference distribution that could be fitted to the residuals. Rather than take 
this additional theoretical step it seems preferable to use the residuals themselves 
as the reference distribution in the graphical analysis. 

Geometry and the ANOVA Table 

Look again at Table 4.3 and now think of the 24 numbers in each of the tables 
D, T, and Ras constituting the elements of vectors D, T, and R. From geometry 
(whatever the number of dimensions), if the su m of products of the 24 elements in 
each of two vectors (sometimes called the inncr product) is zero, the vectors are 
at right angles, that is, orthogonal. You can confirm, for example, that the vectors 
T and R, whose elements are set out in Table 4.3, are orthogonal by noticing 
that the inner product of their twenty four elements, ( -3)(1) + (2)( -3) + (4)(0) 
+ · · • + ( -3)(3), equals zero. lndeed, for any series of numbers set out in atable 
of this kind, because of the constraints placed upon their elements, the vectors 
T and R will always be orthogonal. Also, since the vector D is the hypotenuse 
of a right triangle with sides T and R with Sr and SR, the squared lengths of 
the vectors, the additive property of the sums of squares So= Sr+ SR follows 
by extension of Pythagoras' theorem to n dimensions. Also, geometrically the 

•lf desired. a normal plot of the residuals may be appended. 
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degrees of freedom are the number of dimensions in wbich the vectors are free to 
move given the constraints. These resulls are shown geometrically in Figure 4.3 
for just three observations. 

Exercise 4.1. Each of 21 student athletes, grouped into three teams A, B, and. 
C. attempts to successfully toss a basketball through a hoop within a fixed time 
period. The number of successes is given in the following table. Are there real 
differences between the three teams? Construct an ANOVA for these data and 
comment. 

A B e 
21 (14) 13(9) 15°7) 

19(6) 16°> 1618) 
17(1) 15° 1) 14111> 
21(13) 12(2) 1515) 

22(2 1) 19°6) 16(12) 

23°8>· 19°9> 12(1S) 
17(2) 18(20) 17°01 

Assumptions 

For the production of the ANOVA table, no assumptions are needed. You could 
have wriuen any 24 numbers for the "observations" in Table 4.1 and cornpleted 
an ~'analysis of variance" table Iike Table 4.2 and aH the properties discussed so 
far would apply. However, the relevance of such an ANOVA table for solvíng the 
problem of comparing treatment means would depend on certain assumptions. 

/ 
/ 

/ 
/ 

/ 
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o / 
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/ 
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/ 
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/ 
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Figure 4.3. Right mangle of D. T, and R. 
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An Additive lVIodcl? 

The analysis of thc data in Tablc 4.1 implies tentativc acceptance of the under
lying additive model 

)'1¡ = 1] + T.t + Eri 

where y1¡ is the ith observation in the tth coJumn of the table, r¡ is the overall 
mean, r, is the deviation produced by treatment t, and ea is the associated en·or. 

Errors lndependently and Identically Distributed? 

On the IID assumption that each error E1; varies ir,'dt•pendentl y of thc others and 
has an identical distribution (and in particular the same variance), the expected 
(mean) values of m r and m R would be 

Thus, if there were no differences In the four treatments so that t 1 = r2 = t) = 
r4 =O and L r 2 =O. then both mr and m R. the r.nean squares in the ANOVA 
rabie, would be estimates of a 2• 

Normally Distributed? 

If it could be further assumed that the e1¡ were nom1a1ly distributed (that they 
were NIID). thcn mr and mR would be distributed independently, and on the 
null hypothesis that ¿ r 2 =O the ratio F = mr!mR would be the ratio of two 
indcpcndent estimules of a 2 and so would be dislributed in an F3.2o distribution 
with 3 and 20 degrees of freedom. For the blood coagulation examplc Figure 4.4 

5% pOint 1 Ofc:, point 0.1% point 

o 2 4 6 8 10 

F --1,.._ Observad ratio = 13.6 

Figure 4.4. Observed vatue of thc ratio mrf m R = 13.6 in rclntion to an F distribution with 3 and 
20 dcgrccs of frccdom: blood coagulation cxample. 
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shows the appropriate F3.2o distribution in relation to the observed vaJue of 13.6. 
\Vhen the treatment effects are not all equal, the mean value of F is equal to 
<E -c 2 + a 2 )/a2

• The numerator in the F ratio is a measure of signa! plus noise 
and the denominator a mcasure of noise alone. Thus. like many other classical 
statistical criteria (such as the t statistic), the F statistic measures the signal-to
noise ratio familiar to engineers, and the significance test tells you if the apparent 
signa] could or could not easily be explained by the noise. 

The above additive model would not always provide a good approximation 
for thc original data, but as you will see in Chapter 7, a transformation of the 
data can sometimes remedy this and also produce a more efficient analysis. 

Graphical Checks 

The assumptions (additivity, liD errors, normality, constant variance) sound 
formidable, but they are not so limiting as might be thought. The ANOVA is 
quite robust (insensitive) to moderate nonnormality and to moderate inequality 
of group variances. Unfortunately. as you saw in Chapter 2. much more serious 
ís the assumption of indepe1ulence between en·ors for an unrandomized dcsign. 
You must expect that data co1lected in sequence wiJI not be independent but be 
scrially correlated. lt is well known that seria] correlation can lead to very serious 
errors if it is ignored (Box and Newbold. 1971 ). A further concern mentioned 
earlier is the possibility that there are "bad values" or uoutliers" among the data 
due to copying errors or mismanagement of particular experimental runs. The fact 
that the 1 and F distributions may not be greatly affected by outliers is, in this 
context, almost a disadvantage since frequently• the alisociatcd nonparametric 
randomization tests can produce reference distributions very dosely approximat
ing their paramelric counterparts even when, as in Darwin's data in Chapter 3. 
there are pronotmced outliers. Graphical inspection of the data is therefore of 
considerable importance. 

Exercise 4.2. Perform a graphical ANOVA on the data of Exercise 4.1. 

Outliers? 

By plotting residuals, as was done at the bottom of Figure 4.2, it may be possible 
to detcct the presence of serious outliers. lf thcir cause can be dctcnnined, they 
may provide important and unanticipated infonnation. 

Serial Correlation 

Randomization can nullify the potentially serious effect of autocorrelation. 

Are the Variances the Same for Different Treatments? 

Figure 4.5a shows plots of the residuals for all four diets separately. A plot of 
this kind is uscful not only as a check on the assumption of variance homogencity 

• Sce lhe analysis of Darwin's data in Table 3.6. 
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but to enable you to see whether sorne diets might be associated with greater 
variability than others. For this example there seems to be little evidence for such 
di fferences. 

Does the Spread of Residuals lncrease as the Mean Increases? 

In Figure 4.5b the residuals y,¡ - y1 are plotted against treatment averages y,. A 
tendency for the spread of errors to increase as the averages increase points to a 

D • • • • • • 

e • • i • 
B • • • • • • 
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-2 • • • 

• 
-4 

• 
-S 

(b) 

• order 

(e) 

Figure 4.5. Dot diagrams~ (a) residuals for each diet: (b) resi.duals versus estlmatcd ,·alues: 
(e) residuals in time sequence. 



142 4 COMPARING A NUMBER OF E!\'llTIES. RANDOMIZED BLOCKS, ANO LATIN SQUARES 

possible need for data transforrnation. No such tendency appears hcre, but Iater 
you will see an example where this phenomenon does occur and data transfor
mation has a profound inAuence on the conc1usions. 

Are Sizcs of the Residuals Rclatcd to Their Time Ordcr'! 

A plot of lhe residuals in time sequence like that in Figure 4.5c can detecta sys
tematic drifl occurring during the experiments. Because of randomization, such a 
drift will not invalidate your experiment. However, it might suggest your exper
imental proccdure is sensitive to previously unsuspected environmental changes. 
for example, in the analytical laboratory. Con·ecting such a dcliciency could 
produce a smaller variance in future cxperiments. 

Exercise 4.3. The players in Exercise 4.1 were randomly assigned to the 21 
time trials. The randomization sequence is given as a superscript attending each 
number of successes. (Thus, Lhe first player to try out was the third member of 
team A who scored 17.) Comment. 

A Conclusion Instead of an Argument-J>itfalls in Comparative 
Experiments 

To bctter understand lhe rationale for randomization and other matters. it will 
help to dramatize .things a bit. Suppose that the data in Table 4.1 and Figure 4.2 
had come. not from a randomized animal experiment. but from an industrial trial 
on a pilot piant where the treatments A, B,- e, and D were different process 
operating condilions with A the standard process. Suppose also that the data 
were .measures of some criterion of efficiency that it is desired Lo increase. Further 
suppose that the arrangement of the experimcnt has been inadequate1y considcred 
and in particular there had .been no attempt to randomize. 

The scene opens with seven people sitting around a table at a meeting to 
discuss the resu1ts. They are the plant manager, the process superintendent respon
sible for making the runs on the pilot plant, a design ~ngineer who proposed 
modifications B and e, a chemical engineer who suggcsted modification D •. a 
plant operator who took the. samples of product for anaJysis. an ana1ytical chemist 
who was responsibJe for the tests madc on the samples, and a par1-time data ana
lyst who madc the stati~tical calculations. After some preJiminaries the dialogue 
might go something Iike this: 

Plcmt manager (who would be happy if no changes were shown to be neces
sary)-1 am not convinced that the modifications B and C are any better 
than the present plant process A. 1 accept that the differences are highly 
statisticalÍy significant and that. almost certainly. gerlUinc differcnces did 
occur-but 1 believe the differences were nol due to the process changes 
that we institutcd. Have you considercd •viren the runs wcre made'? l find 
that all the nms with process A were made on a weekend and that the 
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people responsible for operating the pilot plant at that time were new to 
the job. During the week, when modifications B, C, and D wcre made, I 
see that different operators were involved in making the runs. 

Design engineer-There may have been sorne effects of that kind but 1 am 
almost certain they could not have produced differences as large as we 
see here. 

Pilot plant superintendent-Also you should know that 1 went to sorne con
siderable trouble to supervise every one of these treatment runs. Although 
there were different operators, I'm fairly sure that correct operating proce
dures were used for all the runs. 1 am, however, someu:lzat doubtful a~ to 
the reliability of the method of the chémical testing which 1 understand has 
recently been changed. Furthermore 1 believe that not all thé testing was 
done by the same person. 

Analytical chemist-It is true that we recently switched to a new method 
of testing, but only after very careful calibration trials. Yes, the treatment 
samples carne in at different times and conscquently different people were 
responsible for the testing, but they are all excellent technicians and I am 
fully confident there could be no problen1 thcre. However, 1 rhink there 
is a question about the validity of the samples. As we know, getting a 
representative sample of this product is not easy. 

Plant operaror (sampler)-lt used to be difficult to get a representative. sample 
of the product, but yo u will remember that beca use of such difficulties a new 
set of stringent rules for taking samples was adopted sorne time ago. 1 rlzink 
we can accept that during these trials these rules were exactly followed by 
the various operators who took the samples. 

Che mica/ engineer (proposer of metlzod D J-Before we go any further, are we 
sure that the statistical analysis is right? Does anyone here really understand 

. the Analysis of Variance? Shoúldn't the experiment have been randomized 
in some way? 

Data analyst-I attended a special two-day short course on statistics and can 
assure the group that the correct software program was uscd for analyzing 
the data. 

There were clearly many things to argue about and many uncertainties.* The 
plant manager commented "1 believe,n the design engineer was "almost certain." 
the plant superintendent was .. somewhat doubtful;• the analytical chemist .. fully 
confident," and so on. Have you ever been so unlucky as to have to sit through 
a postmortem discussion like the above? The questions raised were about:. 

What was done?-operating procedures, sampling testing. 
When was it done?-samples taken, samples tested. 

Who and how many did it?-operators. samp1ers, testers, data analysts. 

• Thcre would be other questions thal could have been raised but that no one had thouoht of at the • o 
time. Sorne of thcse mighl rctum to haunt the participants long after fue invcstigation was over. 
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The points raised at the meeting all concemed matters that could cast doubt on 
any concJusions drawn. The way these questions were to be answered should 
have been settled before the experiment was performed. R. A. Fisher once said 
you cannot make an analysis of a poorly designed experiment-you can only 
carry out a postmottem to find out what it died of. 

Preparation 

The preparation for an investigation calls for much more than the choice of asta
tistical design. You must first consider the problems raised by such questions as: 

Is the system of measurement and testing of sufficient accuracy and in proper 
control? 

Is the system for sampling adequate? 

Is it reasonably likely that all the factor combinations required by the proposed 
design can actua11y be run? 

Do the operators and those responsible for sampling and testing really feel part 
of the team? Have they been involved in planning how the experimental 
runs can actually be made? Do we have their input? 

Now that the plan has been finally agreed on, does everyone understand what 
they are supposed to do? 

Have you tried to arrange, where possible, that the effects of known sources 
of inevitable variability are reduced by "block.i.ng''? (See the boys' shoes 
example in the previous chapter and later examples.) 

After you have done your best to deal with sucb problems, how can you 
protect the experiment from the many "lurking variables" of which you are 
currently unaware? 

Fisher once said that designing an experiment was like playing a game of 
chance with the devil (aka Murphy). You cannot predict what ingenious schemes 
for invalidating your efforts he might produce. Think of a game of roulette in 
which you are the croupier. Gamblers can invent all sorts of systems that they 
imagine can beat the bank, but if the bank adopted any systematic strategy, as 
soon as this was suspected, the gambler could adopt a betting method to beat 
the bank. 

Only a random strategy can defeat every betting system. Similarly, if experi
mental runs have been properly randomized, the known hazards. and biases (and 
those not mentioned or even thought of) can be forced to occur randomly and so 
wiiJ not prejudice the conclusions. 

Practical Considerations 

In experimentation randomization of the environment in which each run is made 
is the objective. The features of the treatments themselves are not randomized 
away. For example, it m ay be that treatment B gives a much more variable result 
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than some other process modification. However, this would be a characteristic of 
the treatment and not its environment so that this information would be preserved 
in a randomized experiment. ln particular, graphical checks are not obscured by 
randomization. 

Concems were expressed at the meeting about such issues as the way in which 
sampling and testing of the product were carried out. These were important con~ 
siderations. The fact that biases due to such factors can be made to act randomly 
does not mean that such issues can be ignored. Unless you can gel these procé
dures under proper control, you wi11 unnecessarily increase variation and make 
it more difficult to find the real treatment differences. You could produce a valid 
but very insensitive experiment. The study and improvement of sampJing and 
testing methods are discussed in a speciai section ,of Chapter 9. 

In animal experiments such as that set out in Table 4.1 it is éasy to allocate 
animals randomly to different experimental conditions and run the experiments in 
random order. But in an industrial environment full-scale randomization. would in 
most cases be difficult and in sorne impossible. Consequently a fully randomized 
arrangement is seldom used in industry because this is almost never the most sen
sitive arrangement or the easiest to carry out. Instead ~'randomized block" designs 
and "split-plot" designs, discussed later, would most often be used. Usually these 
designs are much easier to carry out and can prov~de more accurate results. 

Extrapolation of Conclusions and Scaleup 

In this pilot plant experiment one matter that was not mentioned at the meeting 
of the committee but in practice would almost certainly come up is the question 
of scaleup. Someone would have said. "Even if we accept that processes B and 
C are better on the pilot plant, it doesn't follow that they will be better on 
the full-scale plant." Scaleup necessarily calls on the subject matter experÚse 
of engineers, chemists. and other technologists. Robustness studies discussed in 
Chapter 12 can help, but as Deming (1975) has pointed out~ extrapolation of 
results from one environment to another rnust ultimately rest on a "leap of faith" 
based on subject matter knowledge. Good experiments can however make that 
leap less hazardous. (It is easier to leap over a canyon 2 feet across than one that 
is 20 feet across.) Usually the most relevant question is"Do we have enough 
evidence fromthese pilot runs to make it worthwhile to tty the modified process 
on the full scale?, Frequently, small-scale experimentation can bring you fairly 
close to the best operating conditions. Evolutionary process operation run on the 
fuJI scale during routine production can bring you even closer. That technique is 
discussed in Chapter 15. 

4.2. RANDOl\UZED BLOCK DESIGNS 

The experimental arrangement just discussed is sometimes called a randomized 
one-lWlY classification. By general randomization the effect of noise is homoge
nized between treatment and error comparisons and thus validates the experiment 
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However, Lhis one-way design is often not the most sensitive. When you know, 
or suspect you know, specific sourccs of undesirable change, you may be able to 
reduce or elimínate their effects by the use of what is called "blocking." This is 
a natural extcnsion of the idea of the paired comparisons used in the boys' shoes 
example in the previous chapter. Randomized block designs use a more limited 
but equaJly effective randomization than that needed for the fully randomizcd 
design. lt is also easier to do and can produce a more sensitive experiment. 

Penicillin Yicld Example 

Table 4.4 shows data from a randomized block experiment in which a process of 
the manufacture of penicillin was investigated. Yield was the response of primary 
interest and the experimenters wanted to try four variants of the process. callcd 
treatments A, B, C, and D. Unfortunately, the properties of an important raw 
material (com steep liquor) varied considerably, and it was believed that this 
alone might cause considerable differences in yield. It was found, however, that 
for experimental purposes a blend of the material could be obtaincd sufficient to 
make four runs. This supplied the opportunity of running the k= 4 treatments 
within each of n = 5 blends (blocks) of the liquor. In a fully. randomized one
way treatment classification blend differences could have been randomized away 
but only at the expense of increasing the experimental noise and making the 
experiment more difficult to carry out By randomly assigning the order in which 
the four treatments were run -..vithin each b/end (block),* validity and simplicity 
were maintained while blend differences were largely eliminated. 

A number of quantities useful for subsequent analysis are recorded in Table 4.4. 
These are the block (blend) averages, the treatment averages, the grand average. 
and the deviations of thc block and treatment averages from the gra.nd average. The 
superscripts in parentheses associated with the observations indicate the random 
order in which the experiments were run witlrin each block (blcnd). To clarify 

Table 4.4. Results from Randomized Block Design on Penicillin Manufacture 

Treatment 
. Block Block 

Block A B e D Averages Deviations 

Blend 1 89(1} ggé3) 97(2) 94(4) 92 +6 
Blcnd 2 84(4) 77(1.) 9201 79(11 83 -3 
Blend 3 81(2) 87()) 87(4.) ssP> 85 -1 
Blend 4 87(1) 92(31 89(2) 84(4) 88 +2 
Blend 5 79(3) 81 (.$) SQII) ss<=n 82 -4 

Treatment avcrages 84 85 89 86 Grand average: 
Treatment deviations -2 -1 +3 o 86 

• It is importarn to undcrsJand thm in a rnndomized block cxperimcnt thc trcauncnts are randomizcd 
within the blocks. 
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Table 4.5. ANOVA Table: Pcnicillin Example 

source of Sum of 
Variation Squares Degrees of Freedom Mean Square F ratio 

Between blocks S8 = 264 VB = (n -1) = 4 ms = 66.0 F.u~ = 3.51 
(blends). 

Between Sr =70 vr =(k- 1) = 3 mr = 23.3 F3.12 = 1.24 
treatments 

Residuals SR= 226 VR = (n - ) )(k - 1) = 12 lllR = 18.8 

Deviations So= 560 nk- 1 = 19 
from grand 
average 

5.0 

Observed ratio = 1.24 Ratio s~ls~ 
(a) 

1.0 2.0 3.0 t 4.0 5.0 

Observed ratio= 3.51 Ratio s~/s~ 
(b} 

Figure 4.6. Plots of (a) F3,tl and (b) F4,l2 distributions with obscrved F ratios. 

issues, we ha ve again simplified the data. Using these data, your computer software 
program should produce an ANOVA table that looks like Table 4.5. 

If we suppose for the moment that the NIID assumptions are approximately 
valid, then the ratio of treatment to residual mean squares F3. 12 = 1.24 yields a 
significance probability of only about 33%. There is thus no evidence for differ
ences between treatments. However, for blocks, F4. 12 = 3.51 yields a significance 
probability of about4%. suggesting that blend diffcrences do occur. To see what 
these F ratios mean, look at Figures 4.6a,b. 
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Table 4.6. Decomposition of Observations for Randomized Block Experiment 

Observations 
)'bt 

89 88 97 94 
84 77 92 79 

Analysis of 
obscrvations 

81 87 87 85 

Vectors sum of squarcs 
Degrees of freedom 

87 92 89 84 
79 81 80 88 

----

y 

Deviations from 
Grand Average 

)'ht- y 

3 2 11 8 
-2 -9 6 -7 
-5 1 1 

1 6 3 
-7 -5 -6 

D 
So= 560 
VD= 19 

-1 
-2 

2 

Block Deviations 

Yb-Y 

6 6 6 61 

-3 -3 -3 -3 1 

-1 -1 -1 -1 1 

2 2 2 2 
-4 -4 -4 '-41 

B 
Sn = 264 
~'B = 4. 

+ 

+ 
+ 
+ 

Treatment 
Deviations 
v--y • 1 

-2 -1 3 o 
-2 -1 3 o 
-2 -1 3 o 
-2 -1 3 o 
-2 -1 3 o 

T 
Sr =70 
Vr =3 

+ 

+ 
+ 
+ 

Residuals 
Ybt - Yb -y, +y 

-.1 
3 

-2 
1 

-1 

-3 2 2 
-5 6 -4 

3 -1 o 
5 -2 -4 
o -5 

R 
SR= 226 
VR = J2 

6 
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To better understand this ANO VA table, consider the decomposition of the data 
in Table 4.6, which shows the original data Y, the deviations D from the grand 
average of 86, the deviations B of the block averages from 86, the deviations. 
T of the treatment averages from 86, and finally the residuals R that remain 
after subtracting the contribution B and T from D, that is, R = D - B - T. 
The vectors B, T, and R are mutually orthogonal, and again by an extension 
of the Pythagorean theorem. their sums of squares are additive, that is, So = 
S8 +Sr+ SR. Their degrees of freedom are also additive; V o =va+ vr + vR. 
See Figures 4.7a,b. 

Increase in Efficiency by Elimination of Block Differences 

The ANOVA table shows the advantage of using the randomized b1ock arrange
ment. Of the total sum of squares not associated with treatments or with the 

B 
(b} 

n-1 
(a) 

<n-1)(k-1) 

R 

Figure 4.7. Vector decomposition for a randomi.zed block design with D = B + T +R. 
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mean, almost half is accounted for by block-to-block variation. lf the experiment 
had been arranged on a completely randomized basis with no blocks, the error 
variance would have been much larger. A random armngemcnt would have been 
equally va lid, where validity implies that data can provide an estima te of the same 
error that áffected the treatment differences. However, with the randomized block. 
design these errors were considerabJy less. Notice that of the total of SD = 560 
a sum of squares SB = 264 (which would otherwise have been ascribed to the 
error su m of squares) has been removed by blocks. The randomizcd block design 
greatly increased the sensitivity of this experiment and made it possible to detect 
smaller treatment differences had they been present than would olherwise have 
been possible. 

Graphical ANOVA: Randomized Block Experiment 

A graphical analysis of variance is shown in Figure 4.8 in which the scale 
factor for the block deviations is JvRfvB = JI2/4 = ../3 and that for the treat
ment deviations is JvR/vr = JT2f3 = 2. The conclusions from this graphical 
ANOVA are much the same as those from the ANOVA table-that there is no 
evidence of treatment differences and that blocking has removed a substantial 
source of variation. 

Once again, the graphical ANOVA brings to the attention of the experimenter 
how big in relation to noise the differences really are. Simple statements of 
significance levels can be very misleading. In particular, a highly significant 
result can of course arise from treatment differences that in the given context are 
too small to have any practica) interest. 

Exercise 4.4. 

1 
2 

Blends 3 
4 
5 
6 

Treatments 
A B C D 

34°> ")')(4) --. 25(21 27(3) 

1 22(3) 14(1) 24m 24(4) 

')3(2) -- 19(3) 14cn 16(4) 

27(2 ) 3Q(4J 25(1) 22(31 

28(3} ¡g<4) 22(2) 2Q(I) 

34(l) 23(:!) -n<3) _ ... 17(4) 

A scéond series of experiment~ on penicillin manufacturing empJoyed aran
domized block design with four new penicillin treatments and six blends of com 
steep liquor. Construct an ANOVA table by data decomposit.ion and using a 
computer program. Comment. 
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5 2 3 4 1 • • • • • Blocks p:::0.04 

A 8 D e 
• • • • Treatments I p=0.3S 

• • 1 1 1. : • . : • • • • Aesiduals 

-10 o 10 

Figure 4.8. Graphical ANOVA for the randomized bJock experiment. 

Implications of the Additive f\.'lodel 

Tbe decomposition of the observations shown in Table 4.6, which leads to the 
ANOVA table and its graphical counterpart, is a purely algebraic process moti
vated by a model of the fonn 

Y ti = 1J + /J;. + r, + e ti 

Thus the underlying expected response model 

1],; = 11 + fJ; + r, 

is callcd additive because, for example, if increment TJ provided an increase of 
six units in the response and if the influence of,b)ock fJ4 increased the response 
by four units, the increase of both together would be assumed to be 6 + 4 = 1 O 
units in the response. Although this simple additive model would sometimes 
provide an adequate approximation. there are circumstances where it would not. 

If the block and treatment effects were not additive, an interactüm would be 
said to occur between blocks and treatments. Consider, for instance. the_ compari
son of four catalysts A, B, C, and D with five blends of raw material represented 
by blocks. lt could happen that a particular impurity occurring in blend 3 poi~ 
soned catalyst B and made it ineffective, even though ú1e impurity did not affect 
the other catalysts. This would lead to a low response for the observation Y2.J 

where these two influences came together and would constitute an lnteraction 
between blends and catalyst. 

Another way in which interactions can occur is when an additive model does 
apply, but not in the metric (scale. transformation) in which the data are origi
nally measured. Suppose that in the original metric the response relationship was 
multiplicative, so that 

lJri = 1]/J;r, 

Then. if the response covered a wide range, nonadditivity (interaction) between 
block effects {3; and treatment effects r, would seriously invalidate any linear 
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model you attempted to fit. However, by taking Iogs and denoting the terms in 
the transformed modcl by primes, the model for the observations becomes 

' ' R.' 1 1 Yti = 1J + f'i + 'i + e,; 

and assuming the e;¡ were approximately liD, the response y' = log y could be 
analyzed using a linear model in which the interactions would disappear. 

Interactions may thus be thought of as belonging to two categories: trans
formable interactions, whích may be eliminated by analyzing, sorne transfor
mation such as the 1og, square root, or reciproca} of the original data, and 
nontransfonnable interactions such as a blend-catalyst interaction discussed 
above, which cannot be eliminated in this way. 

Diagnostic Checks 

AII of the residuals and the residuals for each individual block and treatment are 
shown in Figures 4.9a,b. They do not suggest any abnormalities (e.g., differences 
in treatment variances or the occurrence of outliers or bad values). 

Now consider Table 4.7, which displays the best estimates Yti for the val
ues in the individual cells of the original randomized block sometimes calJed 

...:S. -4 -2 o 2 4 6 

1 1 1 1 1 1 1 

• 
1 1 • 1 1 1 • 1 1 • : (a) 

Block 1 1 • • 1 1 
Block 2 • • 1 1 1 1 • • 
Block 3 1 1 1 • • • • 1 

1 • • ' 1 • 1 Block 4 • 
Block 5 • • • • 

1 • 1 1 ' • 1 Treatment 1 • 
Treatment 2 • • 1 • 1 • • 1 

• 1 
1 • 1 • • Treatment 3 • 

Treatment 4 1 1 1 • • • (b) 

Figure 4.9. (a) Dot plots of rcsiduals. (b) Residuals idcntificd by block and trcatment. 
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the predicted values. These can be obtained by subtracting the residuals from 
the original raw data; thus Ya = Yri - r1;, where the r,¡ are the elements in R 
in Table 4.4. Figure 4.10 shows the residuals r1; plotted against their predicted 

values Yri· 
It will be remembered that one discrepancy to look for in such a plot is a 

funnel shape, suggesting an increase in the variance as the mean increases. This 
ímplies the need for data transformation to stabilize the variance. For a two-way 
analysis, such as that between blocks and treatment effects, a tendency of this plot 
to show curvature would also have suggested that the data did not support the use 
of the additive model (and that this might be corrected by data transfonnation). 
When the funnel effect and the curvature effect occur together, this produces a: 
plot looking something like a hunting horn. Such a·plot would increase suspicion 
that a data transfonnation was needed. No tendency of either kind is shown for 
thcse data. 

Exercise 4.5. Do a graphical ANOVA for the data of Exercise 4.4 . 

6 • • • 
4 

• • 
2 • • 

<~ • 
1 o 
~ 80 85 90 95 "' • • • Y u 

-2 • • • -4 • • • • 
-6 

Figure 4.10. Residuals plotted agalnst the predicted values: penicillin experimenL 

Table 4.7. Table of Estimated Values Yti Randomized 
Block Example (Penicillin Treatments) 

1 
2 

Block 3 
4 
5 

A 

90 
81 
83 
86 
80 

Treatment 
B e D 

91 95 92 
82 86 83 
84 88 85 
87 91 88 
81 85 82 
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Exercise 4.6. Do a complete analysis of thc predicted values and the residuals 
for the data given in Exercise 4.4. 

Negative Findings 

In this penicillin example the four treatments produced no detectable diffcrences 
in yield. It should not be assumed a finding of this kind tells us nothing. Such 
a result gives rise to thc question ••Jf the treatments are not detectably different, 
which one is Jeast costly or easiest to run?', lf you can find answers to the 
questions "How much is an increase. of one unit of yield worth?'t and "How 
much (more/less) does each modification cost to run?" you can carry out an 
analysis on cost rather than yield to answer directly the question "Are the costs 
associated with the treatments A, B, C, D detectably different'?" 

The differences between the blocks (blends of corn steep Hquor) could also be 
infonnative. In particular. you might speculate about the tantalizingly high ·aver
age performance of blend l. Why should that blend be so different in its influence 
on yield? Perhaps now the experimenters should study the characteristics of the 
different hlends of corn steep liquor. 

''As If" with Randomized Blocks 

You have perhaps heard it said that experiments should never be run on a process 
or system that is not in a state of control wbere .. a state of control" would mean 
that data from the process varied randomly about a fixed mean.* In his earliest 
thinking about the design of experiments in the l920s, Fisher had to discover 

1200 
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"O 
Q). 800 
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400 ~--~--~--~--~--~--~--~--~--~--,---,---,---
0 10 20 .30 40 50 60 70 80 90 100 110 120 

Figure 4.11. Yicld of wheat from n scqucnce of identically treated pioLo;. 

• For this to be exactly truc would abrogare the second law of them1odynamics and, as the distin· 
guishrd scicntist Sir Arthur Eddington (1935) sa.id, "lf your thcory js found to be against rhe sccond 
law of thcnno-dynamics I can oiTer you no hopc." From an applicd point of vicw, a study by Ryan 
( 1989) found, in a survey of operating quality conLrol systems, that nonc were in a state of conLrol. 
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1 
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A 8 e D 
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• • 
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(e) 

• 
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• 
• 
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Figure 4.12. Randomized block analysis wich nonstationary noise. 
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how to run experiments on processes and systems that were never in a state of 
statistical control. For example. loo k at Figúre 4.11, which is a graph_ of yields 
of wheat identically treated (from a more extensive series of data due to Wiebe, 
1935). You will agree that these data do not look much like the output from a 
process in a state of control. Fisher,s solution to the quandary of how to run 
such experiments was the invention of randomized blocks.t He showed that it 
was possible to obtain results that to an adequate approximation could be ana
lyzed "as if' the usual assumptions about IID errors were in fact true. To see 
how this works. Jook at Figure 4.12. For illustration suppose you want to com
pare experimentally four treatments (methods. processes, etc.) A, B, C, D in five 
replicates. Suppose also that unknown to you the effects, measured as deviations 
from thcir mean, are those shown in Figure 4.12a. Together they are designated 
as the signal. Unfortunately, the system from which this signal is to be retrieved 
is not in a state of control. That is, the noise (the random variation) might look 
like that in Figure 4.12b. Ordinarily, the signal would be lost :in this noise and 

t He later introduced additional block designs such as Latin squat·cs and incomplete blocks cmploying 
the same randomized block principie. 
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not recoverable. But suppose the four treatments are applied randomly in five 
blocks. as shown in Figure 4. l 2c. Adding the noise to this randomized signa) 
you get Figure 4.12d, in which the filled dots are the data you would actually 
see. In the analysis of such data the variation in the five block averages, indicated 
by the horizontal lines in Figure 4.12d, would be eliminated. The best estimate 
of the A effect would then be obtained by averaging the deviations identified 
with A, thus averaging the third deviation in block 1. with the first in block 2, 
the third in block 3, and so on. Repeating these calculations for treatments B, C, 
and D gives the deviations shown in Figure 4.12e, an excellent estímate of the 
signal. You will see that the process of analysis represented graphically here is 
precisely equivalent to that employed in the usual ANOYA. 

Taking out block differences-a metlwd for removing loa-' frequency noise: One 
interesting way to think about the problem is to look at it as a communications 
engineer might. The engineer would most likely have considered the spectrum 
of the noise. In such a spectrum the time series is regarded as made up of an 
aggregate of sine and cosine waves of different amplitudes and frequencies. The 
variance in each small range of frequencies is called the "power." For the out-of
control series of Figure 4.12b most of the power would be at 1ow frequencics. A 
familiar device applied in this area of expertise is what is called a .. bandpass fil
ler." A suitable filter can modify thc spectrum by suppressing certain frequencícs. 
In particular, a high-pass filter would allow the passage of high frequencies but 
reject or attcnuate low frequencies. Fisher's blocking proccdure. is an example 
of a high-pass filter in which the elimination of the between-blocks component 
in the ANOVA corresponds to the removal of low-frequency power. The higher 
frequency randomized signal measuring the differences between the treatments 
A, B, C, and D can now be separated from the low-frequency noise. 

4.3. A PRELIMINARY NOTE ON SPLIT-PLOT EXPERLMENTS AND 
THEIR RELATIONSHIP TO RANDOI\UZED BLOCKS 

Later {Chapter 9), after the discussion of factorial designs, a class of designs 
called split-plot designs will be introduced which are of great practica] interest 
in industry. We here bríctly look at their relation to randomized blocks. 

The randomized block experiment supplies a way of eliminating a known 
source .of varialion-differences between blends of corn steep liquor were elim
inated in the penicillin example as were differences between boys in the com
parison of different types of matenals for boys' shoes. The variation between 
blocks (blends or boys) will be different from and. almost certainly 1arger than 
the variation within a block. 

Now it is easy to imagine situations where additional process factors were 
deliberately introduced benveen the blocks themselves. For example, if you 
wanted to compare two types A and B of corn steep liquor, then sorne of the 
blends could be of type A and sorne of type B. Similarly. with boys' shoes you 
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might want to compare the wear for five boys who walked to school with five 
boys who rode the bus. The blocks (blends, boys) cou1d thus be split to accom
modate additional treatments. In such a split-plot experíment you would need to 
estímate two diffcrent error variances, u~ say, applied to comparisons between 
blocks, and o} (usually considerably smaller) for comparisons within blocks. In 
this book we will stay with the nomenclature used in agricultural experimenta
tion where these designs were first introduced in which the blocks were called 
whole plots and the entities within blocks were called subplots. In agricultural 
field trials you could, for example, compare different depths of plowing on the 
whole plots (i.e., between blocks) and different varieties of com on the subplots 
(i.e., within blocks). The thing to remember is that split-plot designs are like the 
randomized block design but with factors introdu_ced between the blocks. 

4.4. 1\'IORE THAN ONE BLOCKING COMPONENT: LATIN SQUARES 

Sometimes there is more than one source of disturbance that can be eliminated 
by blocking. The following experiment was to test the feasibility of reducing air 
pollution by modifying a gasoline mixture with very small amounts of certain 
chemicals A, B, C, and D. These four treatments were tested with four differ
ent drivers and four different cars. There were thus two. block factors-cars and 
drivers-and the Latin square design, shown in Table 4.8, was used to help elim
inate from the treatment comparisons possible differences between the drivers, 
labeled I, Il, III, and IV, and between the cars, labeled 1, 2, 3, and 4. 

You will see that each treatment A, B, C, or D appears once in every row 
(driver) and once in every column (car). Adequate randomization can be achieved 
by randomly allocating the treatments to the symbols A, B, C, and D; the drivers 
to the symbols 1, 11, 111, and IV; and the cars to the symbols 1. 2. 3, and 4. 

You may ask why not standardize the conditions and make the 16 experimen
tal runs with a single car and a single driver for the four different treaunents. 

Table 4.8. The 4 x 4 Latin Square: Automobile Emissions Data 

Cars Averages 
l 2 3 4 Cars Drivers Additives 

I A B D e 1: 19 1: 23 A: 18 
19 24 23 26 

Drivers 11 D e A B 2: 20 II: 24 8:22 
23 24 19 30 

TII B D e A 3: 19 111: 15 C: 21 
15 14 15 16 

IV e A B D 4: 22 IV: 18 D: 19 
19 18 19 16 

Grand average: 20 
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00 

Table 4.9. Decomposition of the Latin Square: Automobile Emissions Example 

A 

19 

11 o 
Drivers 23 

IJl B 
15 

N e 
19 

Observations 
Cars 
2 3 4 

B e D 
24 23 26 
e A B 
24 19 30 

D e A 
14 15 16 

A B D 
18 19 16 

--

Vcctors Y 
Sum of Squarcs 
negrees freedom 

Deviations from 
gr-.md average 

(y= 20) 

-~ 
3 4 -1 10 

-5-6 -5 -41 

-1 -2 -1 -4 1 

V 
312 
15 

Columns Rows 
(cars) (drivers) 

1 -1 o -1 2 3 3 3 3 

-1 o -1 2 4 4 4 4 

+ + 
-1 o -1 2 -5 -5 -5 -5 

1 -1 o -1 2/ -2 -2 -2 -21 

+ e + D 

+ 24 + 216 
+ 3 + J 

Treatmems 
(additives) Residuals 

1 --2 2 1 -1 1 1 -1 -1 2 o 

-1 ] -2 2 1 1 -1 -2 2 

+ + 
2 -1 1 ., 

-~ 1 -1 o o 

1 1 -2 2 -1 1 1 1 2 o -3 

+ T + R 
+ 40 + 32 
+ 3" + 6 
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such a design could also be statistically valid but the Latin square design has the 
advantage that, it provides a wider inductive basis for the conclusions drawn
any findings would not just apply to one car and one driver. 

Table 4.9 shows the 16 elements of the vector V which are the deviations of 
the observations from the grand average y = 20. The vector V is then partitioned 
into component vectors C, D, and T, which are respectively the deviations from 
the grand average of the averages for ca:rs, drivers, and treatments and the vector 
of residuaJs R =V- C- D- T. The additive ANOVA shown in Table 4.10 
once again reflects the fact that the squared length of the vector V is equal to 
Lhe sum of the squared lengths of the component vectors C, D. T. and R. By 
reasoning similar to that used for randomized blocks, the associated degrees of 
freedom are also additive. On NTID assumptions "and the null hypothesis that 
there are no differences between treatments, the ratio of the mean squares for 
treatments, and resíduals is distributed in an F3,(1 distribution. lnspection of the 
ANOVA table shows there is no convincing evidence for differences between the 
treatments but that the Latin square design has been effective in eliminating 'l 

Iarge component ot variation due to drivers. 
The graphical analysis of variance shown in Figure 4.13 further illustrates 

these findings. Notice that it is assumed in all the above that the effects of . 
Table 4.10. Analysis of Variance: Latin Square Example 

Degrees Ratio of Significancc 
Source of Sum of of Mean Mean Probability 
Variation Squares Frecdom Square Squarcs p 

Cars (columns) Se= 24 3 me =8.00 F3.6 = mc/mR = 1.5 0.31 
Drivers (rows) So= 216 _3 m o= 72.00 F3.6 = m0 fmR = 13.5 <0.01 
Treatments Sr =40 3 mr = 13.33 F3,6 = mrfmR = 2.5 0.16 

(additives) 
Residuals SR=32 6 nlR = 5 . .33 

Total Sv = 312 15 

2 4 
Cars p= 0.31 

111 IV 11 

• • • • Drivers p< 0.01 1 1 1 1 
3 

A 8 
Addítives • • 

• • sp=0.16 • • • • • • • • • • • • Aesiduats 
-6 -4 -2 o 2 4 6 

Figure 4.13. Graphical ANOVA for the Latin square example. 
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treatments, cars, and drivers are all additive so that there are no appreciable inter· 
action effects. The only purpose of cars and drivers-the blocking factors-is 
to remove idcntifiable aspects of the noise. 

For a small Latin square such as this it might be desirable to replicate the design 
for the purpose of confinnation and to increase the degrees of freedom for the 
residuals. 

Exercise 4.7. Suppose the data in Table 4.8 are averages of two observations each 
and that the 32 observations displayed below were obtained in random order. Ha ve 
your computer perform an appropriate ANO VA and make a graphical analysis. 

Cars 
1 2 3 4 

6 A B D e 
I 20.6 25.0 18.8 26.3 

21.4 27.0 19.2 25.7 

D e A B 
Drivers II 20.6 25.5 22.9 25.8 

21.4 26.5 23.1 26.2 

B D e A 
111 17.6 14.3 14.8 13.5 

16.4 13.7 15.2 14.5 

e A B D 
IV 17.3 13.8 18.2 22.3 

16.7 14.2 19.8 21.7 

The 1\lisuse of Latín Square Designs 

The Latin square desjgn has frequently been used inappropriately to study pro
cess factors that can interact. In such applications effects of one factor can be 
incxtricably mixed up with interactions of thc othcrs. Apparent outliers frequently 
occur as a result of these interactions. Suppose, for example, that the observation 
in the second column and third row in the above example was an outlier. This 
cell is identitied with driver 111, car 2, and treatment D. Such an interaction effect 
could occur, for example, if" driver 111 was unfamiliar with car 2. But notice that 
this same effect could just as well be due to an interaction between driver 111 and 
treatment D or between car 2 and additive D. Such ambiguities could sometimes 
be resolved by adding a few additiomil runs, for example, by testing driver 111 
with a different car using additive D. But when the interactions between factors 
are a likely possibility, yo u will need to use the factorial or fractional designs 
discussed later. 

Exercise 4.8. Analyze the following duplicated 3 x 3 Latín Square design and 
comment. Can interactions account for these data? 
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Columns 
1 2 3 

A B e 
1 66 72 68 

62 67 66 
B e 

1 A 
Rows Il 78 80 

1 66 
81 81 69 
e B A 

IJI 90 75 60 
94 78 ·ss 

Gracco- and 1-lyper-Graeco-Latin Squares 

Other interesting arrangements briefly introduced below that further exp1oit the 
idea of blocking are the Graeco-Latin square, balanced incomplete block, and 
Youden square designs. 

A Graeco-Latin square is a k x k pattern that permits the study of k treat
ments simultaneously with three different blocking variables each at k levels. For 
example, the 4 x 4 Graeco-Latin square shown in Table 4.11 is an extension of 
the Latín square design used earlier but with one extra blocking variable added. 
This is labeled a, {3, y, ~ and it could be used to eliminate possible differences 
between, say~ four days on which the trials were run. It is constructed from the 
first two 4 x 4 Latin squares in Appendix 4B. 

Exercise 4.9 .. Write a 3 x 3 anda 5 x 5 Graeco-Latin square . 
. Answer: See Appendix 4A. 

This multiple blocking idea may be further extended using what are called 
hyper-Graeco-Latín squares. 

A Hyper-Graeco-Latin Square Used in a l\1artindale Wcar Tester 

The Martindale wear tester is a machine used for testing the wearing quality of 
types of cloth or other such materials. Four pieces of cloth may be compared 

Table 4.11. A 4 x 4 Graeco-Latin Square 

Car 
l ., 3 4 M 

I Act B/3 Cy DD 
Driver li BD Ay D/3 Ca Additives: A, B. C. D 

III C{J Da A eS By Days: a, f3, y, 8 
IV Dy CeS Ba A/3 
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simultaneously in one machine cycle. The response is the weight Joss in tenths 
of a milligram suffered by the test piece when it is rubbed against a standard 
grade of emery papcr for 1000 revolutions of the machine. Specimens of the four 
different types of cloth (treatments) A, 8, C, D whose wearing qualities are to be 
compared are mounted in four specirnen holder.\' 1, 2, 3, 4. Each holder can be 
in any one of four positions Pt. Pz, P3, P4 on the machine. Each emery paper 
sheet a. {3, y, 8 was cut into four quarters and each quarter used to ·complete a 
single cycle c)t c2, c3, c4 of 1000 revolutions. The object of the experiment 
wa~ twofold: (1) to make a more accurate comparison of the treatments and (2) 
to discover how much of the total variability was contributed by the various 
factors-holders, positions, emery papers, and cydes. 

Tbe replicated hyper-Graeco-Latin square design emp1oyed is shown in 
Table 4.12. In the first square each of the treatments A. 8, C, D occurs once 
in every cycle C¡, C2~ C3, C4 together with each of the four sheets of emery 
papera, {J, y. 8 and each of the four holders 1, 2, 3, 4 tó produce a total of 16 
observations. Since there are four versions of each of the five factors-cycles, 
treatments. holders, positions, and sheets of emery paper-in a single replicat.ion, 
5 x 3 = 15 degrees of freedom are employed in their comparisons, leaving no 
residual degrecs of freedom to provide an estímate of experimental error. For this 
reason the square was repeatect• with four additional sheets of emery paper e,.~, 
9, k in four further runs. The. ANOVA is given in Table 4.13 and the graphical 
analysis in Figure 4.14. 

The design was effective both in removing sources of extraneous variation 
and in indicating their relative importance. Because of the elimination of these 
disturbances, the residual variance was reduced by a factor of about 8, and you 
could detect much smaller differences in treatments than would otherwise have 
been possible. Also notice that the graphical analysis points to posítion P2 as 
giving much less wear than the others. a clue toward improvement that might 
merit further study. 

The ratio of mean squares is F = s} J s~ = 5.39 with three and nine degrees 
of freedom. This is significant at about the 2% Jevel. Thus, by using a design 
which makes it possibJe to remove the- effects of many larger disturbing factors, 
differences between treatments were made detectable. Also the ana1ysis identified 
the large contributions to the total variation due to cycles and to emery papers. This 
suggested improvements which later led to changes in the design of the machine. 

4.5. BALANCEO INCOI\1PLETE BLOCK DESIGNS 

Suppose that the Martindale wear tester were of a different design which aUowed 
only three. instead of four, samples to be included on each 1000 revolution cycle 
but that you had four treatments A, B, C, and D you wished to compare. You 
would then have t = 4 treatmcnts but a block size of only k= 3-too small to 

• A better plan might have bcen to re.arnmge randomly the design (while retaining its spedal prop-
erties) in the second square, but this was not done. 
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Table 4.12. Hyper-Graeco-Latin Square Replicated 1\'Vice: First \Vear Te.sting 
Example 

Positions 
p, p., 
~ . Replicate 1 

a Al f382 yC3 óD4 Cycles: Ct. Cz, C3, C4 
320 297 299 313 

Cycles Cz f3C4 aD3 óA2 yBJ Treatments: A. B. C, D 
266 227 260 240 

yD2 ~Cl aB4 f3A3 Holders: l, 2, 3 4 
221 240 267 252 

óB3 yA4 fiDl aC2 1 
Emory paper shects: a, {3. y. 8 

1 301 238 243 290 
1 

Positíons 
p2 p3 Replícate II 

Cs eAI ~82 OC3 KD4 Cycles: Cs. C6, e,, Cs 
285 280 331 311 

Cydes C6 .~C4 eD.3 KA2 OB1 Treatmems: A. B. C, D 
268 233 291 1 280 

(JD2 KCl eB4 ~A3 Holders: l. 2. 3 4 
265 273 234 243 1 

Cs KBJ OA4 ~DI 
1 

eC2 
1 

Emory paper sheets: e,~,(}. K 

306 271 270 272 1 

Averagcs 

Treatments Holders Positions Emery Papers Cycles Replicates 

A: 270.0 1: 268.9 P¡: 279.0 a: 276.0 c.: 307.3 . 1: 276.1 

B: 275.6 2: 272.0 P2: 257.4 IJ: 264.5 C2; 248.3 11: 275.8 

C: 279.9 3: 274.0 P3: 274.4 y: 249.5 C3: 245.0 

D: 260.4 4: 271.0 P4: 275.1 (): 278.5 C4: 268.0 

e: 256.0 Cs: 301.8 1 

S': 265.3 C6: 268.0 

8: 286.8 e,: 253.8 

Grand average = 271.5 K: 295.2 Cs: 279.8 1 

acconunodate all the treatments simultaneously. Table 4.14A shows a balanced 
incomplete block design that you could use. The same design can alternatively be 
set out as in Table 4.14B. In general. such designs have the property that every 
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Table 4.13. ANOVA Table for Replicated 4 x 4 Hyper-Graeco-Latin Square: 
Martindale \Vear Testing Example 

So urce 

}:(y- Y)2 
Replications 
Cycles 
Positions 
Emery papers 
Holders 
Treatments 
Residuals 

Replica tes 

Cycles 

Emery papers 

Positions 

Holders 

Treatments 

Aesiduals 

Degrees of 
Freedom 

1 
-30 

31 
1 
6 
3 
6 
3 
3 
9 

1 
-20 

Sum of 
Squares Mean Squares 

26,463.97 
603.78 ffl{) = 603.78 

14,770.44 me = 2,461.74 
2,217.34 nJp = 739.11 
6,108.94 me = 1,018.16 

109.09 tnJ{ = 36.36 
1,705.34 mr = 568.45 

949.04 TnR = 105.45 

1 42 3 

1 l 1 1 
20 -10 o 10 

Ratio of 
Mean Squares 

mvlmR =5.73 
mc:fmR = 23.35 
mrJmR = 7.01 
mefmR =9.66 
m11/mR = 0.34 
mr/mn = 5.39 

1 
30 

1 
40 

Figure 4.14. Graphical ANOVA for the Martindale wear example. 

Table 4.14. A Balanced Incomplete Block Design, t = 4 Treatments in b = 4 Blocks 
of Size k= 3 

A B e D 

A 1 A B e B l X X X 

Block (cycle) 2 A B D or Block (cycle) 2 X X X 

of 1000 3 A e D oflOOO 3 X X X 

revolutions 4 B e D rcvolutions 4 X X X 
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Tablc 4.15. Youden Square, t = 7 Treatments, b = 7 Blocks, Block Size k = 4 

A 

1 

2 a344 

Blocks 3 

(cyc1es) 4 f3 337 

5 

6 y 369 

7 <S 396 

Treatments 
B C D E F 

a 627 p 248 y 563 

fi 233 8 442 

a 251 y 211 8 160 

8 537 y 195 

y 520 eS 278 1 f3 199 a 595 

8 196 a 185 {3 606 

fJ .602 y 240 a 273 

Treatments t = 7 Blocks b = 7 Block size k = 4 

Within blocks, every pair of treatments appcars twicc. 

G 

t5 252 

y 226 

{3 297 

a 300 

pair of treatments occurs together in a block the same number of times. Thus, 
in the above design you will see that A occurs with B twice, with C twice~ and 
with D twice and the same balance also occurs for B. C, and D. Comparisons 
bctween pairs of treatments are made against variability occurring within blocks. 
A very large number of these designs is available. See, for example, the classic 
text Experimental Designs (Cochran and Cox, 1957). 

Youdcn Squares: A Second \Vear Testing Example 

A less trivial example of a balanced incomplete block design is shown in Table 4.15. 
The design is for comparing seven treatments in seven blocks of size 4 (ignore for 
the moment the Greek letters). The data shown within each of the seven blocks 
(cycles of 1000 revolutions) represent the weight loss in tenths of a miJligram on 
the Martindale tester. It was necessary to test seven types of cloth A. B, C, D. E, 
F, and G, but only four test pieces could be compared simu1taneously in a single 
machine cycle. Thus there is a fixed block size of k = 4. 

In this particular balanced incomplete block design the number of blocks 
happens to equal the number of treatments. Because this is so, you have the 
opportunity to eliminate a second source of block variation. In lhe experiment set 
out in Table 4.15 the second source was used to eliminate possible differences in 
machine positions a, {J, y, 8. Each treatmcnt was run in each ofthe four positions, 
~nd each of the four positions was represented in each cycle. A doubly balanced 
Incomplete block design of this kind is called a Youden square after its inventor, 
W. J. Youden. 

Principies for Conducting Yalid and Eftlcient Experiments 

Once more it is emphasized that in running complicated experimental designs of 
lhis type you should take special care to: 
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l. Make use of the spccialist' s knowledge and experience. Statistical techniques 
are an adjunct, not a rcplacemcnt. for special subject matter expertise. 

2. Involve the people responsible for operation, testing, and sampling. 
3. Be sure that everyonc knows what it is they are supposed to do and try to 

make certain that the experiments are run precisely as requircd. 

4. Use blocking to remove known but uncontrolled sourccs of variation. 

5. Use appropriate randomization so that the effect of noíse on the treatment 
responses and on the residual errors is homogenized. 

6. Provide suitable statistical analysis. both computatíonal and graphical, which 
wi11 make clear what has and has not been established by the experiment 
and thus belp to decide how to proceed. 

AJ>PENDIX 4A. THE RATIONALE FOR THE GRAPHICAL ANOVA 

In a standard ANOVA table sums of squares of deviations having specitic num
bers of degrees of freedom are compared. Consider, for example, a one-way 
classification of N observations made up of n data values for each of k treat
ments so that nk =N. Let S.4 be tbe sum of squarcs of the k deviations of 
the treatment averages from their grand average. In the ANOVA table the sum 
of squares for treatments Sr (betwecn treatments) is n x S A. Where n = N 1 k 
and has vr =k- 1 degrees of freedom. The within-treatments (residual) sum of 
squares SR is the sum of squares of the N deviations of the observations from 
their treatment averages with VR = k(n - 1) degrees of freedom. A comparison 
of the variation between treatments and that wilhin treatments is made by compar
ing the mean squarc mr =Sr lvr with the mean square m R = SR/VR. On NHD 
assumptions, if there are no differences between treatments, E (m r) = E (m R) 

and the ratio (Sr Jvr )/(SR/l'R) = mr /m R is distributed in a F,~r.''R distribution. 
Sim.ilarly. for other classifications like the randomized block and Latin square 

designs the mean square mr of, say. k deviations of averages from the grand 
average having vr degrees of freedom is compared with the mean square m R of 
thc residual deviations having l·'R degrees of freedom. 

Now what is required to make an analysis of the dots 'in the dot plots is to 
supply visual comparison of the k treatment deviations and the n residuals. This 
is done by comparing the "natural" variances of the dots: M A =SAl k =Sr 1 N 
for treatments and M R = SR 1 N for residuals. In thcse cxpressions the divisors 
are not the number of degrees of freedom but the number of squarcd deviations 
and if the null hypothesis is true the natural variance of thc treatment dots- will 
be the same as that for the residual dots. Thus the ratio 

M"t S.-ti k Sr vrmr 
-= ·=-= 
Jlvf R SR! N SR VRm R 

and hence 
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Thus a dot plot made by scaJing the treatment deviations by the factor JvR/vr 
permits visual ~omparisons with a dot plot. of. thc. residuals. And t~e ratio of 
the natura) vanances of these scaled dot distnbutJOns reproduces v¡sually the 
standard F comparison in the ANOVA. It answers the qucstion uoo the treatment 
deviations when appropriately scaled, look like part of the noise?'' 

Unequal Groups 

For a one-way classification with unequal numbers ofobservadons 11 1• 112 • ••• , n~; 
in the k treatment groups the above argument leads Lo the conclusion that the 
ith plotted treatment deviation from the grand average should have a scale fac
tor J(vRn¡/vrn), where ñ i"s the average number of observations per treatment. 
This correclly implies that to assess possible differences in treatments it is the 
weighted deviations that should be considered, where the weight applied to the 
ith squared deviation is n¡fñ. lf, for example, a particular treatment deviation was 
Jarge but was based on only one observation, it should recei ve much less attention 
than the same treatment deviation based on a Iarge number of observations. 

APPENDIX 4B. SOl\lE USEFUL LATIN SQUARE, GRAECO-LATIN 
SQUARE, AND HYPER-GRAECO-LATIN SQUARE DESIGNS 

Befare running a Latin square or similar design. be sure to randomize the design. 
Por example, randomly permute first the rows and columns, and final1y randomly 
assign the treatments to the Jetters: 
3 X 3: 

A 
B 
e 

B 
e 
A 

e 
A 
B 

A 
e 
B 

B 
A 
e 

e 
B 
A 

To form the 3 x 3 Graeco-Latin square, superimpose the two designs using 
Greek letter equivaJents for the second 3 x 3 Latin square; thus · 

A a 8{3 Cy 
By Ca AfJ 
Cf3 ¡\y 8a 

4 X 4: 

A B e D A 8 e D A 8 e D 
B A D e D e B A e D A B 
e D A B B A D e D e 8 A 
D e B A e D .4 B B A D e 

These three 4 x 4 Latin squares may be superimposed to fom1 a hyper
Graeco-Latin square. Superimposing any pair gives a Graeco-Latin square: 

5 X 5: 
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A B e D E 
B e D E A 
e D E A B 
D E A B C 
E A B C D 

A B C D E 
e D E A B 
E -A B C D 
B e D E A 
D E A 8 e 

A B e D E 
DE ABe 
8 e D E A 
E A B C D 
C D E A B 

A B e D E 
E A B e D 
D E A B C 
e D E A B 
B C D E A 

These four 5 x 5 Latin squares may be superimposed to form a hyper
Graeco-Latin square. Also~ superimposing any three gives a hyper-Graeco-Latin 
square pesign. Similarly, superimposing any pair givcs a Gracco-Latin square. 

For number of factors k > 5 and for a variety of balanced íncomplcte block 
designs and the details of their analysis, see Cochran and Cox ( 1957). Many 
design of experiments software programs providc large collections of Latin 
square; Youden square and balanced incomplete block designs. 
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QUESTIONS FOR CHAPTER 4 

1. What is a randomized block design? 
. 

2. When is it appropriate to use a randomized block design? 

3. Can you imagine a situation in which you might want to use a randomized 
block design but would be unable to do so? 

4. What is the usual model for a two-way ANO VA of a randomized block design? 
What are its possible shortcomings? How can diagnostic checks be made to 
detect possible inadequacies in the model? 

S. With data from a randomized block design, describe the analysis for question 
4 using graphical ANOVA? 

6. Treating the boys' shoe example as a randomized block design, what would 
be the ANO VA? Show its essential equivalence to the paired t test. lS every 
aspect of possible interest obtained from the ANOVA approach? 

7. What precautions need to be considered when using a Latín square or 
Graeco-Latin square design? 

8. Yates once said that a randomized block design may be analyzed '•as if' 
standard assumptions were true. Explain. 

PROBLEI\IS FOR CHAPTER 4 

l. Paint used for marking lanes on highways must be very durable. In one trial 
paint from four different suppliers, labelcd GS9 FD, L, and ZK, were tested 
on six different highway sites, denoted 1, 2, 3, 4, 59 .6. After a considerable 
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length of time, which included different levels of traffic and weather, the 
average wear for the sarnples at the six sites was as follows: 

l 
2 

Sites 3 
4 
5 
6 

Paint suppliers 
GS FD L ZK 

69 59 55 70 
83 65 65 75 
74 64 59 74 
61 52 59 62 
78 71 67 74 
69 64 58 74 

The objective was to compare the wear of the paints from the different suppliers. 

(a) What kind of an experimental design is this'? 

(b) ~1ake a graphical analysis and an ANOVA. 

(e) Obtain confidence limits for the supplier averages. 

(d) Make check." that might indicate departures from assumptions. 

(e) Do you think these data contain bad values? 

(f) What can you say about the relative resistance to wear of the four paints? 

(g) Do you think this experimental arrangement was hélpful? 

2. Six bum treatments A, B. C, D, E, F were tested on six subjects (volunteers). 
Each subject has· six si tes on which a burn could be applied for testing (each 
ann with two below the elbow and one above). A standard bum was adminis
tered at each site and the six treatments were arranged so that each treatment 
occurred once with every subject once in every position. After treatment each 
bum was covered by a clean gauze; treatment e was a control with clean 
gauze but without other treatment. The data are the number of hours for a 
clearly defined degree of partial healing to occur. 

Subjects 
1 2 3 4 5 6 

l A B e D E PI 
32 40 72 43 35 50 
B A F E D e 
29 37 59 53 32 53 

II 

e D A B F E 
40 56 53 48 37 43 

Positions on arm 111 

D F E A e 8 
29 59 67 56 38 42 IV 

E e B F .A D 
28 50 100 46 29 56 

V 

F E D e B A 
37 42 67 50 33 48 VI 
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(a) What is this design called? What characteristics does it have? 
(b) How can su eh a design be randomized? Why? 
(e) Make an ANOVA and a graphical ANOVA. 
(d) State any assumptions you make. 
(e} Make an appropriate plot and analysis of the residuals. 

171 

3. Three altemative regimes a, {3, and y involving combinations of certain 
exercises and drugs are being compared for their efficacy in the reduction 
of overweight in men. Fifteen volunteers were available for the trial. The 
trials were carried out by first dividing the subject.;; into ··matched" groups; 
that is, men in any group were chosen to be as alike as possible. The loss of 
weight after 3 months for the three regimes was as foJlows:· 

l 
2 

Groups 3 
4 
5 

Regimes 
a f3 >' 
15 10 8 
24 15 17 
31 28 34 
37 36 34 

1 

33 37. 39 

1 

(a) Make any analysis you feel is appropriate, including a graphicaJ analysis. 
(b) Suppose you are told that the average weight in pounds at the beginning 

of the trial for members in each group is as follows: 

Group 
\Veight 

1 2 
250 309 

3 
327 

4 
356 

How might this affect your analysis and conclusions? 

5 
379 

4. Analyze the data shówn below obtained at the start of a process. Jt was 
known at the time that the process was very unstable. Nevenheless, it was 
important to compare four variations A, B, C, D of process conditions. The 
variants A, B, C, D were emp1oyed in 32 consecutive nms with results as 
follows: 

Runs 1 2 3 4 5 6 7 8 9 10 "11 12 13 14 15 16 
Variant e B D A B D A e D A B e A D e 8 
Result 56 60 69 61 62 70 65 65 66 63 52 57 58 60 61 66 

Runs· 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 
Variant A D B e D e A B B D e A e D A B 
Result 56 61 53 52 62 57 59 58 60 68 61 65 63 68 61 55 



172 4 COMPARINO A NUMBER OF ENTmES. RANDOMIZED BLOCKS, ANO LATIN SQUARES 

(a) Plot the data. What kind of an experimental design is this? 
(b) Make an ANOVA anda graphical ANOVA. 
(e) Estímate the mean, with confidence interval, for the four possible process 

conditions. 

(d) Plot the residuals in time order. 

(e) Plot the eight averages ofthe sets of fours nms in time arder and comment. 

5. It has been said that you should not run experiments unless the system is in 
a state of statistical control. Do you believe the system described in problem 
4 is in a state of control? Do yo u believe that yo u are able to make va lid 
comparisons between treatments even though lhe process is rwt in a state of 
control? Give an estímate of the reduction in the length of the confidente 
íntervals that were achieved by the design in problem 4 compared with a 
completely randomized arrangement. 



CHAPTER5 

Factorial Designs at Two Levels 

5.1. INTRODUCTION 

To perform a factorial design, you select a fixed number of .. levels~ (or "ver
sions") of each of a number of factors (variables) and then run experiments in a11 
possible combinations. 'This chapter discusses such designs when there are just 
two levels for each factor. • 

The factors can be quantitative or qualitatíve. Thus the two levels ofa quantita
tive variable could be two different temperatures or two different concentrations. 
For qualitative factors they núght be two types of catalysts or the presence and 
absence of sorne entity. 

Two-level factorial designs are of special importance because: 

l. They require relatively few runs per factor studied. 

2. The interpretation of the observations produced by the designs can pro
ceed largely by using common sense, elementary arithmetic, and com
puter graphics. 

3. When the factors are quantitative, although unable to fulJy explore a wide 
reglan in the factor space, they often determine a promising direction for 
further experimentation. 

4. Designs can be suitably augmented when a more thorough local exploration 
is needed-a process we call sequential assembly. 

5. They form the basis for two-level fractimzal factorial designs discussed 
in Chapter 6 in which only a carefully chosen part of the full factorial 
design is performed. As you will see, such fractional designs are particularly 
valuable for factor-scrcening purposes-that is, for deciding which of a 
large.r number of factors are the important ones. They are also. valuable 
building blocks in the sequential asscmbly of experimental designs. 

Statisrics for E..tperime11ters, Second Edirion. By G. E. P. Box, J. S. Huntet, and W. G .. Hunter 
Copyright© 2005 John Wiley & Sons, Inc. 
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6. Factorial designs and the corresponding fracüonal designs fit naturally into 
a sequential strategy •. an essential feature of scientific method discussed 
throughout thc book. 

5.2. EXAL\:IPLE 1: THE EFFECTS OF THREE FACTORS (VARIABLES) 
ON CLARITY OF FILI\'1 

As a first example consider an experiment to determine how the cloudiness of a 
floor wax was affected whcn certain changes were introduced into the formula 
for its preparation. The three factors studied were the amount of emulsifier A, 
the amount of emu]sifier B, and the catalyst concentration C. Each of the three 
factors was studied at two levels so the arrangement is a 2 x 2' x 2, or 23, factorial 
design ... The eight fonnulations are shown in the table on the Ieft of Figure 5.1, 
with the factor levels coded by plus and minus signs. For example a run using 
the higlzer amount of emulsifier A, the lmver amount of emulsifier B, and the 
higher catalyst concentration would be coded as + ..... + (run6). The design is 
must easily written down as follows. In the first column single minus and plus 
signs are altemated. In the second~ pairs of minus signs and plus signs. and so on. 
This produces a two-level factorial design in what is called standard order.t As 
is also shown in the figure, these eight-factor combinations can be convenicntly 
represented geometrically by the vertices of a cube. If you imagine the center 
of the cube to be the origin of a three-dímensional coordinate system, then the 

Formulatlon 

1 

2 

3 

Coded 
design 

A B 

+ 

+ 

4 + + 
5 

6 + 

7 -f 

8 + + 

(a) 

e 
+ 

B 

+ 

+ 

.f 

+ A + 

(b) 

8 
11 

,' 
/C 

// 
·------------~ 

A 

·o croudy 

D clear 

(e) 

Figure 5.1. A 2 3 faCtorial design: (a) codcd in standard order; (b) used ro study the effects of three 
factors on thc clarity uf film; (e) active and inert factors. 

• The same rwó-level designs are sometimcs called orrl1ogonal arrays and the levels indicatcd by O 
and 1 or by 1 and 2 instead of by minus and plus signs. For our purposcs thc minus-plus notation 
is more useful. 
t This sequence is also called "Yates ordcr .. in honor of Dr. Frank Yates. 
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eight-factor combinations can be identified by eight poims whose coordinates are 
(-1,-l,-1),(+1.-1,-l) ..... ,(+l,+l,+l) or, suppressing the l's, by the 
coordinates (-. -, -), (+. -. -) .... ~ (+. +. +) shown in Figure 5.1a. 

To assess the results from this experiment, a portion of each formulation was 
spread thinly on a glass microscope. slide and the clarity of thc film observed. 
You will see that a striking visual display of the data can be obtained by placing 
the slides from the numbered fonnulations at the eight vertices of the cube. as 
in Figure 5.1 b. As was at once evident, it was the presence of emulsifier B that 
produced cloudiness. This conclusion, though simply obtained, represcnted an 
irnportant finding and i11ustrated the value of geometric displays. 

One way to describe the results of this experim_ent would be to say that~ in the 
three-dimensional (30) design with factors A, B. and C, acth·ity in the response 
"cloudiness" occurred in only a one-dimensional ( 1 D) factor space-that of emul
sifier B. The factors emulsifier A and concentration C were without detectable 
influence. Factors that behave in this way will be called inett.* The status of the 
three factors may be conveniently displayed using the diagram shown on the right 
of Figure 5.1, in which the one dimension ofthe active factor 8 is indicated as a 
sol id arrow and the two dimensions of the inert factors A and C are indicated by 
dotted arrows. 

5.3. EXAI\'IPLE 2: THE EFFECTS OF THREE FACTORS ON THREE 
PHYSICAL PROPERTIES OF A POLYMER SOLUTION 

In the previous e;{ample only one response-clarity of film-was of interest, but 
in the next there were three sucb responses. Eight liquid polymer fonnulations 
were prepared according to a 23 factorial design. The three factors studied were 
1, the amount of a reactive monomer; 2, the type of chain length regulator; 
and 3, the amount ofchain length regulator, each tested at two levels. As before. 
eight runs were conveniently coded by plus and minus signs. Tite lhree responses 
observed were whcther or not the resulting solution was mil k y (y1 }~ whcther it 
was viscous (y2). and whether it had a yellow color (y3}. The 23 factorial design 
and observed responses are displayed in Table 5.1. 

One striking result was the regular altemation between mill)' and clear solu
tions. Thus, over the ranges explored the response y 1. was only dependent on 
factor l. Similar visual analysis showed the response y2 was only dependent on 
factor 3, but a change in the response y3 occurred only if both factors 1 and 
2 were at their plus levels~ that is, a high level of reactive monomer 1 and a 
high leve! of chain length regulator 2 were needed. Thus, for this response there 
was an interacrion between factors 1 and 2. Notice that if the factors had been 
studied in customary 640ne-factor-at-a-time" fashion this Iast effect would have 
escaped detection. The dimcnsionality of the active factors is diagrammed in as 
before at the bottom of Figure 5.2. 

For this 3D experiment, then, with only eight runs, the identity and dimension 
of the active subspaces for factors 1, 2, and 3 were 10 for milkiness. lD for 
•u the effects of factors could be detennined with great accuracy fcw would be without any effecl. 
lo lhis book thc word "incrt" is npplicd to factors that are relatively inactive. 
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Table 5.1. A 23 Factorial Design with Th~ Responses: Polymer Solution Example 

Factor Levels 

1 amount of reactive rnonomer (%) 
2 type of chaín length regulator 
3 amount of chain length regulator (%) 

Yl· 
Formulation 1 2 3 Milky? 

l 
2 
3 
4 
5 
6 
7 
8 

~ 
1 

21 
1 

+ 

+ 

+ 

+ 

:· 3 ;'1 
1 ,' 
1 ,' 
1 , 
1 ,"' 
1 .. ,," 

1 

Y1, Milky? 

Y es 
No 

+ Y es 

+ No 
+ Y es 

·- + No 
-+ + Y es 

+ + No 

~ 
1 

2' 1 

> ~ i- ----------l> 
1 

V. ? Y2· ISCOUS. 

2 

; 

+ 

10 30 
A B 
1 3 

Y2. 
Viscous? 

, ., , , 

Y es 
Y es 
Y es 
Y es 
No 
No 
No 
No 

3 /#f 
·,' , , 

1 
y3, Yellow? 

YJ, 
Yellow? 

No 
No 
No 

Slightly 
No 
No 
No 

Slíghtly 

Figure 5.2. Dimensional activity of three factors affecting the three re.sponses milkiness, viscosity. 
and yellowness. 

viscosity, and 2D for yellowness. Now a product was required that was not milky. 
was of low viscosity, and had no ycllowness. The experiment showed that it 
should be possible to obtain thls using the higher level of reactive monomer, a 
chajn length regulator of type A and the higher percentage of the chain length 
regulator as in formulation 6. La ter experimentation confirmed this discovery. 

In order to solve problems and make discoveries in science and engineering. 
it is very important for experimenters to determine lVhich factors do what to 
lt.-·hich responses. 

Which Factors Do \Vhat to \Vhich Responses 

Factorial experiments like the one above, and fractional designs to be discusscd 
later, provide an economical way of doing this. Notice too that, while such studies 
can be of great empirical importance, dimensional information of this kind can 
a1so suggest physical explanations for the effects, often providing valuable and 
unexpected directions for further inquiry. 
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As these two examples illustrate, it is not unusual for a well-designed exper
ünent to almost analyze itself. ·In both the foregoing studies the responses were 
qualitative (e.g., cloudy-not cloudy), the effects of the factors could be simply 
described and experimental error could be largely ignored. Su eh simplicity is not 
atways to be found. Tbe next exampJe concems a pilot plant study where the 
response was quantitative and the effects of the factors not so obvious. 

5.4. A 23 FACTORIAL DESIGN: PILOT PLANT INVESTIGATION 

This experiment employed a 23 factorial experimental design with two quan
titative factors-temperature T and concentration C-and a single qualitative 
factor-type of catalyst K. Each data value recorded is for the response yield 
y averaged over two duplicate runs.* Table 5.2 shows these data with the coded 

Table 5.2. A 23 Factorial Design: Pilot Plant lnvcstigation 

Run 
Number· 

1 
2 
3 
4 
5 
6 
7 
8 

Temperature, 

160 

T (°C) 

T 

+ 

+ 

+ 

+ 

+ 
180 

Temperature. 
T('C) 

16.0 
180 
160 
)80 
160 
180 
160 
180 

Concentration. 
e(%) 

20 
+ 
40 

Coded Units of Factors 

e 

+ 
+ 

+ 
+ 

Concentration. 
e C%) 

A 

Catalyst, 
K 

K 

+ 
+ 
+ 
+ 

+ 
B 

Catalyst. 
K (A or B) 

Operational Levels ofF actors 

20 A 
20 A 
40 A 
40 A 
20 B 
20 B 
40 B 
40 B 

Average Yield y 
from Duplicate Runs 

60 
72 
54 
68 
52 
83 
45 
80 

Yield, 
y(%) 

60 
72 
54 
68 
52 
83 
45. 
80 

·ne data were from a real example that has, however, been considerably simplified to allow us to 
concentratc on importanr issues and avoid discracting fractions and decimnls. 
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e 

T-

T 
(a) 

+ 

+ 

-7 i 
-6 e 

(e) 
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45------80 

54/ 1 68/ 

-4 

Temperatura ("C) 
T 

(b) 

-3 

~-8 

+ 

1 
K 

---, 

A1 
1 

Figure 5.3. Display of the results from a pilot plant investigation employing a 23 factorial design to 
l>tudy the effects of T (tcmpemture), C (concentration), and K (catalyst) on yicld: (a) the 2~ factorial 
with runs identificd in standard order; (b) observed pcrc.eru yields; {e) 12 trealment comparisons. 

factor levels and the resulting operational design. (lt does not matter which of 
the two catalysts is associated with the plus and which with the minus sign, so 
long as the labeling is consistent). 

Figure 5.3a shows the numbered runs for the various combinations of factors 
T. C, and K at the corners. of a cubc. Figure 5.3b shows the yields obtained. 
Such a display is called a cubeplot. Figure 5.3c shows how this eight-run design 
produces 12 comparisons-along the 12 edges ofthe cube: four measures of the 
effect of temperature change, four of the effect of concentration change, and four 
of the effects of catalyst change. Notice that in this factorial experiment on each 
edge of the cube only one factor is changed with the other two held constant. 
(The experimenter who beHeves that only one factor at a time should be varicd 
is thus amply provided for.) 

,Most frequently, in factorial experiments factor activily is described in tem1s 
of a "main effect-interaction·• model. Although this model is extremely valuable,. 
you will see later that factor activity is not always best expressed this way. 

5.5. CALCULATION OF l\IAIN EFFECTS 

Al'eraging Individuall\'leasures of Effects 

Consider the results of the first two runs Jisted in Table 5.2. Aside from exper
imental error the yields (72 and 60) differ only because of temperature; the 
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concentration (20%) and the type of catalyst (A) were identical in this com
parison. Thus the difference 72- 60 = 12 supplies one measure of the tempcra
ture effect with the remairung factors held fixed, as is illustrated in Figure 5.3c. 
y0u will see that there are four such measures of the temperature effect one for 
each of the four combinations of concentration and catalyst as listed 

below: 

Constant Conditions of C and K 
within Which Temperature Comparisons 

Are Made 

Concentration, 
e 

20 
40 
20 
40 

Catalyst, 
K 

A 
A 
B 
B 

Etfect of Changing Te.mperature 
from 160 to 180°C 

Y2- Yt = 72- 60 = 12 
Y4 ....... )'3 = 68 - 54 = 14 
)'6 - )'5 = 83 - 52 = 31 
Ys - Y1 = 80 - 45 = 35 

Main (average) effcct of 
temperature, T = 23 

The average of these four measures (+23 for this example) is caJJed the main 
effect of temperature and is denoted by T = 23. 

The general symmetry of the design (see Fig. 5.3c) ensures that there is a 
similar set of four measures for the effect of concentration C. In each of these 
the levels of the factors T and K are kept constant: 

Constant Conditions of T and K within 
Whlch Concentration Comparisons 

Are Made 

Temperature, 
T 

160 
180 
160 
180 

Catalyst, 
K 

A 
A 
B 
B 

Effect of Changing 

Concentration from 
20 to 40% 

Y3 - Yl = 54 - 60 ·. -6 
Y4 - Y2 = 68 - 72 = -4 
YT- Ys = 45 - 52 = -7 
Ys - Y6 = 80 - 83 = -3 
Main (average) effect of 

. concentration. e = ..-.. 5 
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Similarly, there are four measures of the effect of catalyst: 

Constant Conditions óf T and C within 
Which Catalyst Comparisons Are Made 

Temperature, 
T 

Concentration, 
e 

Effect of Changing from Catalyst 
Ato B 

160 
180 
160 
180 

20 
40 
20 
40 

Ys - Yi =52- 60 = -8 
Y6 - Y2 = 83 - 72 = 11 
)'7 - )'3 = 45 - 54 = -9 
Ys- )'4= 80-68 = 12 
Main (average) effect of 

catalyst, K = 1.5 

Differences Betwecn Two Averages 

The main effects are the difference between two averages: 

Main effect =Y+~ Y-

Thus, in Figure 5.4a, y+ is the average response on one face of the cube cor
responding to the plus level of the factor and y_ is the average response on 
the opposite face for its minus level. Thus the main cffects of temperature T. 
concentration C, and catalyst K can equally well be calculated as 

T 
72 + 68 + 83 + 80 60 + 54 + 52 + 45 2 3 = . - = 75.75- 5 .75 = 2_ 4 4 . . 

e 54 + 68 + 45 + 80 60 + 72 + 52 + 83 5 
= 4 - 4 = 61.75-66.75 =-

K = 52 + 83 : 45 + 80 _ 60 + 72 : 54 + 68 = 6S.O _ 63.5 = l. S 

Notice that all the eight observations are being used to estímate each of the 
main effects and that each effect is determined with the precision of a Jourfold 
replicated d{fference. To obtain equal precision, a one-factor-at-a-time series of 
experiments would have required eight runs for each factor. 

Ad\'antages of Factorial Experimcnts O\'er the One-Factor-at-a-Time 
1\lethod 

The one-factor-at-a-time method of experimentation, in which factors are varied 
one at a time with the remaining factors held constant, was at one time regarded 
as the correct way to conduct experiments. But this method onJy provides an 
estímate of the effect of a single factor at selected and fixed conditions of the 
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T 

TxC 

e 
(a) 

TxK 
(b) 

TxCxK 
(e) 

181 

K 

CxK 

Figure 5.4. Geometric rcprescntation of contrasts corrcsponding to main effccto¡ and interactions: 
(a) main effects; (b)two-factor interacúons; (e) three-factor ímeraction. 

other factors. For such an estimate to have more general relewmce it would 
be necessary to assume that the effect was the same at aH the other settings 
of the remaining factors-that is, the factors would affect the response addi
tively. But (1) if the faetors do act additively, the factorial does the job with 
much more precision, and (2) as is illustrated below. if the factors do not act 
additively, the factorial, unlike the one-factor-at-a-time design. can detect and 
estímate interactions that measure this nonadditivity. 

5.6. INTERACTION EFFECTS 

Two-Factor Interactions 

We have seen that the main effect of temperature T = 23 is an average of four 
individual comparisons. But th.is is obviously an incomplete description of the 
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influence of temperature on yield. We can see, for example, in Figure 5.3c that the 
temperature effect is much greater on the back face of the cube than on the front 
face. That is. it is greater with catalyst B than with catalyst A. Thus the factors 
temperature and catalyst do not behave additively and are said to "interact"-to 
ha ve a coupled intluence u pon the response beyond their main effects. A me asure 
of this interaction is supptied by the difference between the temperature effects 
at the plus and minus Jevcls of the catalyst factor. One-half of this difference 
is caBed the temperature by catalyst imeraction. denoted by TK. Thus TK ::::: 
(33- 13)/2 = 10. The TK intemction may equally wcll be thought of as one
haJf the difference in !he average Clltalyst effects at the two levels of temperarure 
to give. once aga.in, TK = [ 11.5 - ( -8.5) ]/2 = 1 O. Using Figure 5.4b to check 
how the interactíon estímate TK uses the eight observations, you will find that 

TK = Y1 + Y:t + Y6 + Ys _ Y2 + Y4 + Ys + )'7 

4 4 
60 + 54 + 83 + 80 72 + 68 + 52 + 45 

4 4 
= 69.25-59.25 = 10 

Thus, like a main effect, · an interaction effect is a differcnce between two 
averages, half of the eight results being included in one average and half in 
the other. Justas mah1 effects may be viewed graphically as a contras/ between 
observations on parallel fac·es of the cube, the TK interaction is a contrast betweert 
averages on two diagonal planes, as shown in Figure 5.4b. The TC and the CK 
interactions may be viewed in a similar way. 

Three-Factor lnteraction 

Consider the tcmperature-by-concentration interaction. Two measures of this TC 
int.eraction are available from the experiment, one for each catalyst. When K is 
at its plus le\'el (catalyst B), 

. (yg- Y7)- ()'6- Ys) (80- 45)- (83- 52) 
Interact1on TC = 

2 
= 

2 

Whcn K is at its minus leve] (catalyst A), 

= 35-31 = 2 
2 

. (y4- .V3)- (Y2- y¡) (68- 54)- (72- 60) 
Interacuon TC = 

2 
= 

2 

= 14- 12 = 1 
2 

The difference bctween these two mcasures the consistency of the temperawre
by-cóncellfration interaction for the two catalysts. Half this difference is defined 
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as the three-factor inreracrion of temperaturé, concentration, and catalyst, denoted 
by TCK. Thus TCK = (2 - 1 )/2 = 0.5. 

As before, this interaction is symmetrié in all the factors. For example. it could 
equally well ha ve been dcfined as half the difference between the temperature-by
catalyst interactions at each of the two concentrations. The estímate of this three
factor interaction is again a difference between two averages. If the experimental 
points contributing to the two averages are isolated, they define the vertices of 
the two tetrahedra in Figure 5.4c~ which together comprise the cube. 

Again, each of the estimated factorial effects is seen to be a contrast belween 
two averages of the form Y+- y_. It is helpful to remember that for any main 
effect or interaction the average Y+ always contains the observation from the run 
in which a11 the factors are at their plus levels, for example, for a 23 factorial, 
the + + + run~ 

It would be extrcmely tedious if effects had to be calculated from first princi
pies in this way. Fortunately, statistical software programs today quickly provide 
estimates of the effects for any 2k factorial design and can also compute the 
standard error of effects. 

5.7. GENUINE REPLICATE RUNS 

Although there are usually much better ways to employ 16 experimental runs. 
each of the eight responses displayed in Table 5.2 was the average of the two gcn
uinely replicated runs shown in Table 5.3. By genuine run replicates we mean that 
variation between runs made at the same experimental conditions is a reflection 
of the total run-to-run variability. This point requires careful consideration. 

Tablc 5.3. Estimating the Variance: Pilot Plant Example 

Average 
Response Value Results from 
(Previously Used lndi vi dual Di fference of 
in Analysis) T e K Runs a Duplicate 

60 -- - - 59( ti) 6l(J:II 2 
72 74(:!) 70(41 

1 

+ - - 4 
54 so<l> ss(lbl 

1 - + - 8 
68 + + - 69(S) 67(10) 2 
52 - - + so<8> 541121 4 
83 + - + 81 (9) 850 4) 4 
45 - + + 4613) 44{11) 2 
80 + + + 79(7) 81 (ISJ 2 

s2 = pooled estimate of a 2 =average of estimated varianccs 
= ~ = S with v = 8 degrces of frecdom 

"Superscripts give the ordcr in which the runs were made. 

Estímated Variance 
al Each Set of 

Conditions, 
s? = (0ifferencc)212 

2 
8 

32 
2 
8 
8 
2 
2 -

Total 64 
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Randomization of run order for .the all 16 runs, as indicated in Table 5.3, 
ensures that the repl.ication is genuine. But replication is not always easy. For 
this pilot plant experiment a run involved (1) cleaning the reactor, (2) inserting 
the appropriate catalyst charge, .{3) running the apparatus ata given temperature 
ata given feed concentration for3 hours to a1low the process to settle down at the 
chosen experimental conditions, and (4) sampling the output every 15 minutes 
during the final hours· of running. A genuine run replicate involved taking all 
these steps al/ over again. In particular, replication of only the chemical analysis 
of a sample from a single run would provide only an estimate of ana/yticalvari
ance. This is usually only a small part of the experimental run-to-rwz variance. 
Similarly, the replication of samples from the same run could provide only an 
estímate of sampling plus analytical variance. To obtain an estímate of error that 
can be used to estímate the standard error of a particular effect, each experimental 
run must be genuinely replicated. The problem of wrongly assessing experimental 
error variance can be troublesome and is discussed more fully in Chapter 12. 

Economy in Experimentation 

Usually there are better ways to employ 16 independent runs than by fully repli
cating a 23 factorial design as was done here. You will sce Iater how four or five 
factors (and in sorne cases more than five) can be studied with a 16-run two-level 
.design. Also, assessing the significance of effects that do not require rep1icate 
runs will later be discussed. For the moment, however, consider the analysis of 
the replicated data. 

Estimate of the Error Variance and Standard Errors of the Effects from 
Replicated Runs 

Look at the pairs of observations recorded at the eight different factor combina
tions in Table 5.3. From any individual difference d between duplicated runs an 
estímate of variance with one degree of freedom is s2 = d212. The average of 
these single-degree-of-freedom estimates yields a pooled estímate s 2 = 8.0 wiú1 
eight degrees of freedom, as shown in Table 5.3. Because each estimated effect 
T. C, K, TC • ... is a difference between two averages of eight observations, the 
variance of an effect is given as 

V(cffcct) = - +- s2 =- = 2 . ( 1 1) 8.0 
8 8 4 

Its square root is the standard error of an effec4 SE(effect) = 1.4. 

In general, if each factor combination was replicated, a pooled estimate of the 
experimental ru.n variance from g factor combinations would be 

2 2 + 2 
2 V¡S 1 + V2S2 + · · • l.1gSg S = _...::,..._ _ __::...,__ ___ ---"-

Vt + V2 + • · • + Vg 
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where v. = v1 + V2 + .. _. + v8 is the number of degrees of freedom of the estí
mate. In the special case of g dupJicate combinations this fom1ula reduces to s2 = 
¿:: d 2 f2g with g degrees of freedom. Thus in this example s2 = 128/2(8) = 8.0 
with u = 8 degrees of freedom. 

5.8. INTERPRETATION OF RESULTS 

AH estimated effects for the pilot plant data along with their standard errors are 
shown in Table 5.4. lt is important to have sorne method for detennining which 
effects are almost certainly real and which might readily be explained by chance 
variation. A rough rule is that effects greater than 2 or 3 times their standard error 
are not easi1y explained by chance alone. More precisely, on NIID assumptions~ 
each ratio, effect/SE(effect), will be distributed in a t distribution with .u = 8 
degrees of freedom. A •'significant'• value of t at the 5% leve! is 2.3. that is. 
Pr(ltsl > 2.3) = 0.05; thus the 95% confidence interval for an effect in Table 5.4 
would be given by the estimated effect ±2.3 x 1.4 (i.e., ±3.2). We prefer to 
provide the estimated effect and its standard error as is done for example in 
Table 5.4 and leave the choice of the percentage level of any confidence interval 
to the judgment of the reader. In Table 5.4 effects almost certainly not due to 
noise are shown in bold type. 

Interpretation of the Table of Estimated Effects 

The main effect of a factor should be individually interpreted only if there is no 
evidence that the factor interacts with otl1er factors. When tl1ere is evidence of one 
or more such interactions, the interacting variables must be considered jointly. 
In Tabl~ 5.4 you see that there is a large temperature main effect. 23.0 ± 1.4, 
but no statement about the effect of temperature alone should be made because 
temperature interacts witb catalyst type (the TK interaction is 10.0 ± 1.4). In the 
case of concentration, however, the main eflcct is -5.0 ± J .4. and there is no 

Table 5.4. Calculated Effects and Standard Errors 
for 23 Factorial: Pilot Plant Example 

Average 

Main effects 
Temperature, T 
Concentration, C 
Catalyst. K 

Two-factor interactions 
TxC 
T;<K 
CxK 

Three-factor interaction 
T xCx K 

Effect with Standard Error 

23.0 ± 1.4 
-5.0 ± 1.4 

1.5 ± 1.4 

1.5 ± 1.4 
10.0 ± 1.4 

0.0 ± 1.4 

0.5 ± 1.4 
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Figure S.S. Temperature-catalyst (TK) interaction dispJayed by (a) a two-wny diagram and Cb) 
comparing the change in yicld produced by temperature for each of rhe catalysts A and B. 

evidence of any interactiohs involving concentration. Thus the following tentative 
conclusions may be drawn: 

l. The effect of changing the concentration (C) over the ranges studied is to 
reduce the yield by about five units, and this is approximately so irrespective 
of the tested levels of the other variables. · 

2. The effects of temperature (T) and catalyst (K) cannot be interpreted sepa
rately because of the large TK interaction. Wiút catalyst A the temperature 
effect is 13 units,. but with catalyst B it is 33 units. This interaction may 
be understood by studying the two-way table in Figure 5.5a. Equivalently, 
Figure 5.5b shows how the interaction arises from a difference in se1isitivity 
to temperature for the two catalysts. 

A result of great praetical interest in this experiment was the very dlfferent 
behaviors of the two .. catalyst types .. in response to temperature. The effect was 
unexpected, for although obtained from two different suppliers, U1e catalysts were 
supposedly identical. Al so. the yield from catalyst B at 1 80°C was the highest 
that had been seen up to that time. This finding led to a careful study of catalysts 
and catalyst suppliers in a later investigation. 

5.9. THE TABLE OF CONTRASTS 

To better understand the 23 design, Jook .at the table of signs in Table 5.5. The 
table begins with a column of plus signs followed by three columns labeled T, C. 
and K that define the design matrix of the 23 factorial design. This is followed by 
four additional coJumns identified as TC, TK. CK, and TCK. The yield averagcs, 
which are treated as single observations, are shown in the last column of the table. 

The first column of plus signs is used to obtain lhe overaJI average; we add 
the observations and divide by 8. The remaining seven columns define a set of 
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Table 5.5. Table of Contrast Coefficients for 23 Factorial Design: Pilot Plant 
Example 

Yield 
Mean T e K TC TK CK TCK Aveni(Ye e 

+ + + + 60 
+ + - + + 72 
+ + + + 54 

+ + + + 68 
+ + + + 52 
+ + + + 83 
+ + + + 45 

+ + + + + + + + so 
Divisor 8 4 4 4 4 4 4 4 

seven contrasts indicating which observations go into Y+ and which ínto y_ for 
each effect Thus, for exampJe, the T main effect can be calculated from .the 
co1umn of signs (- + - + - + -+) tó give T = ( -60 + 72 -54 + 68 - 52 + 
83- 45 + 80)/4 = 23.0 as before. The divisor, 4, transfom1s lhe contrast ·into 
the diffcrence between the two averages (y+ - y_). The C and K m a in effects 
can be calcuJated in the same way from the next two columns. 

lt is a remarkable fact that the columns of signs for the interaction contrasts 
can be obtained directly by multiplying lhe signs of their respective factors. Thus. 
the column of signs for the TK interaction is obtained by muJtiplying together. 
row by row, the signs for T with those for K. The estímate of the TK interaction 
effect is therefore TK = (+60 -72 +54- 68-52 + 83-45 + 80)/4 = 10.0. 
In a similar way, the array of signs for the TCK interaction effect rcquires 
multiplying together the signs in the columns for T, C, and K. Thus the estímate 
of the three-factor interaction TC K = ( -60 + 72 +54- 68 +52- 83- 45 + 
80)/4 = 0.5. The table of signs for all main-effects and interaction- effects may 
be obtained similarly for any 2k factorial design. (See Table 5.J0b later for the 
table of contrasts for a 24 factorial.) Each contrast column is perfectly balanced 
with respect to all the others. To see this. choose any one of the contrast columns 
in Table 5.5 and Jook at the group of plus signs in that column. Opposite the 
four plus signs there are two plus signs and two minus signs in every one of the 
othcr six contrast columns: the same is true for the corrcsponding group of four 
minus signs. This remarkable property of perfect balance is called orthogonality. 
Orthogonality• ensures that each estimated effcct is unafiected by the magnitudes 
and signs of the others. 

Exercise 5.1. Add any constant to the observations associated with the + 1evels 
in any contrast column of Table 5 .. 5 and verify that only that single contrast 

• lf the eight entrics in any column of thc tahle are regardcd as dcfining the signs of thc elcmcms 
:!: 1 of a vector. it will be scen that the inner product of any pair of suda vectOr.i is 7.ero. 
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effect will be changed. Similarly, conforrn that if a constant is added to all the 
observations only the average will be influenced. 

5.10 •. 1\IISUSE OF THE ANOVA I<"'OR 2k FACTORIAL EXPERTh,IENTS 

Many computer programs employ the ANOVA for the analysis of the i• designs 
(and for their fractions, discussed in Chapter 6). However, for the analysis of 
these particular designs the use of the ANOVA is confusing and makes little 
sense. Consider the analysis of a two-level design with k factors in n replications 
and hence N= n x 2k observations. In the ANOVA approach the 2"- 1 degrees 
of freedom for treatments are partitioned into individual "sums of squares ·• for 
effects, equal to N(effect)214. each of which is divided by its single degree of 
freedom to provide a mean square. Thus, instead of seeing the effect (y+
y_) .itself, the expcrimenter is presented with N(Effect)2/4, which must then be 
referred to an F table with one degree of freedom. There is nothing to justify this 
complexity other than a misplaced belief in the universal value of an ANOVA 
table. What the experimenter wants to know is the magnitude of the effect (Y+ -. 
y_), its standard error, and the ratio t = Effect/SE( effect). Al so, sin ce J"FC;,. = 111 , 

referring F1.~· = [N(effect)2 /4]/s2 toan F table is exactly equivalent to referring 
(Y+.- y_)j2sj./N (the effect divided by its standard error) toa t table. 

Most computer programs compute p valuesassociated with the null hypothesis 
at the 5 and 1% leve) of probability. These p val u es should not be used mechanically 
for deciding on a yes-or-no basis what effects are real and to be acted upon and 
what effects should be ignored. In the proper use of statistica1 methods infonnation 
about tlze size of an effect and its possible error must be allowed to intcract with the 
experimenter's subject matter knowledge. (If there were a probability of p = 0.50 
offinding a crock of gold behind the next tree, wouldn't you go and look?) Graphical 
methods, soon to be .discussed, provide a valuable means of allowing infonnation 
in the data and in the mind of the experimenter to interact appropriately. 

Exercise 5.2. CaJculate the main effects and interactions for the yield and taste 
of popcom recorded below: 

Test 
Numbcr 

2 

3 
4 

5 
6 

7 

8 

Br.md of 
Popcom, 

1 

-(ordinary) 

+(gounnet) 

-(ordínary) 

+(gourmet) 

-(ordinary) 

+(gourmet) 

-(ordinary) 

·+(gourmet) 

Ratio of Batch Size 
Popcom/Oil, Cup. 

2 3 

-(low) -(~) 
-(low) -(!) 

·3 

+(high) -(j) 

+(hig.h) -(~) 
-(low) 

., 
+(j) 

-(low) +(~) .J 

+(high) +<3> 
+(high) +<3> 

Yidd of Taste 
Pope o m, Scale 1- 1 O. 

Y1 Y1 

6! 
4 

6 

8 7 

6 10 
9! 

2 9 

8 6 

15 6 

9 9 
17 2 
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Partial Annver: Yield: 1 = 5.1, 2 = 1.1, 3 = 4.8, 1 x 2 = 0.7, 1 x 3 = 2.4. 
2 X 3 = 0.4, 1 X 2 X 3 = -0.2. 

What are the important factors for yield and for taste? 
What are the dimensions of the active factor subspaces for yield and taste? 

Exercise 5.3. For the following data calculate the main eifects and interactions 
and their standard errors. The 24 trials were run in random order. 

Depth of Watering Type of Yield 
Test Planting (Times Lima 

Condition (in.), Daily). Bean, Replication Replication Replication 
Number 1 2 3 1 2 3 

1 -<!> -(once) -(baby) 6 7 6 

2 +(~) -(once) -(baby) 4 5 5 

3 -<1) + (twice) -(baby) JO 9 8 

4 +{~) + (twice) -.(baby) 7 7 6 

5 -<!> -(once) + (large) 4 5 4 

6 +(~) -(once) + (large) 3 3 l 

7 -(!) + (twice) + (large) 8 7 7 

8 +(~) + (twice) + (large) 5 5 4 

Answer: 1 = -2.2, 2 = 2.5, 3 = -2.0, 1 x 2 = -0.3, 1 x 3 = -0.2. 2 x 3 = 
0.2, 1 x 2 x 3 = 0.0, standard error of effect = 0 .. 30. 

Exercise S.4. Repeat Exercise 5.3, assuming that data for replication 3 are un
available. 

Annver: 1 = -2.1, 2 = 2.6, 3 = -1.9, 1 x 2 = -0.4. 1 x 3 = 0.1, 2 x ,3 = 
-0.1, 1 x 2 x 3 = -0.1, standard error of effect = 0.23. -

Exercise S.S. Repeat · Exercise 5.3 given the observations were randoinly run 
within each replicate. The design now becomes a randomized block with three 
blocks and eight treatments. 

An.nver: Estimated effects are identical to those of Example 5.3. Standard error 
of effect = 0.25. 

Exercise S.6. Suppose that in addition to the eight runs in Exercise 5.2 the 
following popcom yields were obtained from genuine replicate runs made at the 
center conditions: 1 =a mixture of 50% ordinary and 50% gourmet popcorn. 
2 = medium. 3 = 1/2 cup: 9. 8. 9112, and 10 cups. Use these extra runs to 
calculate standard errors for main effects and interactions. Plot the effects in 
re1ation to an appropriate reference distribution and draw conclusions. 
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Answer: Main effccts and interactions rcmain unchanged. They are given in 
Exercise 5.2. Estímate of a 2 is from center point s2 = 0.73 with three 
degrces of freedom. Standard error of an effcct = 0.60. Rcference t 

distribution has three degrees of freedom; scale factor= 0.60. 

Exercise 5.7. Show that the sum of l)quares in the ANOVA table associated with 
any effect from any two-level factorial design containing (includ.ing possible 
replication) a total of N n.ms is N x (estimated effect)2 j4. 

· Exerdse 5.8. Given the data in Table 5.3, an altemative way to estímate the 
variance is to set up a one-way classification ANO VA table. For the 16 obser
vations and 8 treatments of this example, complete the ANOVA table and show 
that s1 = 8 with v = 8 degrces of freedom. 

5.11. EYEING THE DATA 

Tcsting \Vorsted Yarn 

Table 5.6 shows part of the data from an investigation (by Barella and Sust in Box 
and Cóx 1964). later discussed in greater detail, on the strength of a particular 
type of yam under cycles of repeated loading. This is a 23 factorial design run 
with three factors: lengrh ofspecimen (A). amplirude of load cyc/e (B). and load 
( C). In an experin1ental run a piece of yam of given length (A) was continually 
stretched a certain amount (B) under a given load (C) until it broke. The response 
was y = log Y, where Y is the number of cycles to failure. It is convenient to 
refer to the quantity y as the dL.trance of the fiber. 

If you now look at the estimated effects shown in Table 5.7, you will see that 
all the interactions are negligibly small in relation to the main effects, Ieading 
lo the conclusion lhat over the ranges of factors studicd changing the Iength of 
spccimen from 250 lo 350 mm increased the durance (by about 8 units). increas
ing the amplitude from 8 to 10 mm reduced durance (by about -6 units). and 
increasing the load from 40 to 50 units reduccd durance (by about -3.5 units). 

Contour Eyeballing 

When, as in this yarn example, the main effects are dominant and distinguishable 
from noise. a helpful device for geuing a closer ]ook at what is going on is 
"contour eyeballing." This uses some elementary ideas from response surface 
modeling, a subject discussed more fully in Chapter 12. Figure 5.6a shows the 
numbering of the runs (in standard order) and Figure 5.6b a cubé plot of the 
yarn data. From the analysis in Table 5.7 you will see that the factors appear 
to behave approximatcly indcpendently (with no interactions) in their effects on 
durance and a reasonable further assumption is that, between .the two levels of 
any given factor, the value of y changes approximatcly at a constant rate, that 
is, ulinearly." 
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Table 5.6. A 23 Factorial Design to Study Effect of A 
(Length of Specimen), B (Amplitude of Load Cyde), 
and C (Load) in Investigation of Strength of Yarn 

Levels 

Factors + 

A Length, mm 250 350 
B Amptitude, mm 8 10 
e Load, g 40 50 

Run 
Factors· 

Durance 

Number A 8 e y 

.1 28 
2 + 36 
3 + 22 
4 + + 31 
5 + 25 
6 + + 33 
7 + + 19 
8 + + + 26 

Table 5.7. Estimates of Main Effects and Interactions 
for Yarn Expcrimcnt 

Mean 

A 
B 
e 
AB 
AC 
BC 
ABC 

27.5 

8 
-6 
-3.5 
o 

-0.5 
-0.5 
-0.5 
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Now on these assumptions consider the problem of finding all the various 
conditions of the factors A, B. and C that give. say, a durance of 25. Look 
at Figure 5.6b. Referring to the edge of the cube joining runs 1 and 3 as thc 
O, 3) edge, you will see the number 28 at the bottom of this edge and 22 at 
the top, so you would expcct the value 25 to be about midway along this line. 
This point is marked with a dot in Figure 5.6b. Now Iook at the edge (3, 4). The 
difference between the values 22 and 31 is 9, so you would expect a vaJue of 
25 about one-third of the way aJong this edge. Again this point is marked with 
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Figure 5.6. (a) Cube plm of numhéred runs. (b) Cubc ploto; of durance results for yam experimenr. 
(e) Approximate contour planes, y= 25, JO, 35. 

a dot. Similarly, you would expect to find a value of about 25 six-sevenths of 
the way along the (7, 8) edge and near the bottom of the (5, 7) edge. If you join 
the dots together, they outline the plane marked 25 in Figure. 5.6c. The plane 
thus approximately represents all the various combinations of the factors length, 
amplitude, and load, where you would expect to get a dunmce of approximately 
25. It is called the 25 contour plane. In a similar way, you can obtain the 
approximate contour planes for y values of 30 and 35. (We discuss model-based 
methods for estimating contour planes later.) 

The contour plot provides a useful summary of what the experiment is telling 
you about how durance y depends on the three factors length, amplitude, and load. 
In particular, it illustrates with great clarity how the durance value is increased 
by increasing length, reducing amplitude, or reducing load. 

Exercise 5.9. Make an approximate contour plot using the data in Exercise 5.2. 

The Direction of Steepcst Ascent 

The direction at right angles to the contour planes indicated by an arrow in 
Figure 5.6 is caBed the direction of sreepesr ascenr. It is followed whcn, in the 
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experimental design units, changes of factors A, B, and C are made proportional 
to the effects they produce. In this case A= 8, B = -6, and C = -3.5, so, for 
example, for every 0.8 of a unit change in A you should simultaneous make a 
-0.6 unit change in B and -0.35 unit change in C. This gives the orientation 
of the arrow in Figure 5.6. 

5.12. DEALING \VITH ~10RE THAN ONE RESPONSE: A PET FOOD 
EXPERTh·IENT 

When a number of different responses yr, Y2· ... are measlircd in each experi
mental run, factorial experiments are of even greater value because they a11ow 
the investigator to consider simultaneousJy how ·a number of factors affect eacb 
of a number of responses. For illustration, we use sorne of the data from an 
interesting experiment due to Pratt and Tort ( 1999). 

The manufacturer of pet food had received complaints that packages of food 
pellets received by lhe customer contained an unsatisfactorily large amount of 
powder. 

Denote the amount of powder in the product received by the customer by y1• 

For a batch of routinely manufactured product the value of y 1 was not known 
but y2, the amount of powder produced in thé p!allf, could be measured rather 
easily. On the assumption that Y2 was a good substitute indicator for Yt, control 
of the plant had been attempted by keeping Y2 as low as possible. Unfortunately, 
control by this means proved ineffective. 

Table 5.8 shows data from part of an experiment to study the effect of chang
ing manufacturing conditions. A total of just eight plant runs were made in a 
23 factorial experiment with the factors temperature (A), jlow (B), and zone 
(C) each varied at two levels.• 

In each run, four responses were measured: powder in product y1, powder in 
plant Y2, a measure of yicld )!J, and energy consumed y4• Values for the powder 
in product y1 as it would have been received by the customer were obtained by 
taking representative samples from the eight experimental batches and subjecting 
them to the same kind of packaging, shaking, and handling that they would 
receive before reaching the customer~ The values obtained for y1 and powder in 
the plant )'2, yield of product produced y3, and elcctrical energy consumed y4 
are shown in Table 5.8. t 

The experimenters were surprised to find that the eight values of Yt, when 
plotted against the values of y2, as in Figure 5.1a, showed no positive corrclation. 
Thus the previous policy of attempting to control powder in the product y 1 by 
observing powder in the plant Y2 was useless. 

Therefore, the experimenters decided to concentrate on finding better operating 
conditions (A, B, C) that would reduce the amount of powder in the product y1 

• A fourth factor, not discussed here, was varied but the changes appeared to be without effect. 
1 

The data given by the authors for powder in product, powdcr in plan t. and yield ha ve all been 
multíplied by 100 to simplify calculations. 
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TabJe 5.8. A 23 Factorial Dcsign to Study Effect of Tcmperature, Flow, and 
Compression Zone on Four Responses 

* 
A Conditioning temperature 80% of max Max 
B Flow 80% ofmax Max 
e Compression zone 2 2.5 

Factor Levcls 
Responses 

(Process Conditions)' Powder in Powder in Yield . Energy 
Product x 100, Plant x 100. X 100, Consurned, 

A B e y, Y2 )''3 Y4 

132 166 83 235 
2 + 107 162 85 224 
3 + 117 193 99 255 
4 + + 122 185 102 250 
5 + 102 173 59 233 
6 + + 92 192 75 223 
7 + + 107 196 80 250 
8 + + + 104 164 73 249 

without losing too much yield }'3 or requiring too much electrical energy Y4· The 
data are plotted on the factorial cubes. shown in Figures 5.7b-e. 

A Rough Estimate of Error 

In the original experiment four duplicate runs were madeil' from which an ap
proximate estímate of the standard deviation of the various responses could be 
obtained. For example, for powder in the product y1, the repeated nms gave the 
results 

(132. 118) (122. 127) (92, 91) (107" 112) 

providing an estímate for the standard deviation 8-1 = 5.6 with four degrees of 
freedom. Using tl1is estímate, the Y1 effects have standard errors 5.6/ ../2 = 4.0. 
Similar calculations yield the standard errors for the effects associated with )'3 

and y4 • lt must be remembercd that the standard errors themselves are subject to 
large errors when based on so few degrees of freedom. For example, by looking 
at a t table. you will see that such estimates must be multiplied by almost 3 
(2.776) to obtain 95% confidence limits for an effect. 

•111e effects of rcplication on the estimated effects is ignored hcre. Late.r you will see how cbanges 
in cffect estimates due to partial replication can be ea!;ily takcn into account. They do not change 
thc conclusions in this example. 
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Exercise 5.10. What do thcse data suggest are the active subspaces for y,, y2, 
)'3• and y4? 

Estimatcd maín effects and interactions for each of the responses Yt. y2, y3, 

)'4 are given in Table 5.9. Effects least Jikely to be due to noise are shown in 
bold type. Notice that powder in thc plant y2 seems not convincingly related to 
any of the manufacturing variables. This further confim1ed its uselessness for 
controlling the process. 

ldeally the experimenter would have Iiked to decrease the powder in the 
product y 1, increase yield Y3· and decrease energy consumption y4 • Often it 
is possible to see how to satisfy a number of movements by overlaying contour 
plots for different responses one on the other. The orientations and overlays of · 
the contours of the active factor subspaces for y,, y3, and y4 did not point to 
any clear solution in this example. It was necessary, therefore, to loo k at the 
possibilities for compromise. 

The most striking effect on powder in the product y1 was produced by factor 
C (zone). The change in the level of this factor reduced Yl by about -18.2 units 
and had little effect on the energy consumption y4, but unfortunatcly it dccreased 
the product yield Y3 by about -20.5. Notice also that whi]e increasing factor B 
(fiow) improved the yield by about 13 units, it increased energy consumption by 
about 22.3 units. The clearcst way to perceive the possibilities of compromise 
was by comparing the approximate- contour planes. Consequently, even though 
thcre was evidence of nonlinearity (in particular because of a nonnegligible AB 
interactions for Yl and y4), results in. Figure 5.7 were used to obtain the approx
imate eyeball contour plots in Figure 5.8. To determine a suitable compromise, 
the costs of lower yield and higher energy consumption were calculated and alter
native possibilities suggested to management. who perhaps had a better-idea of 
the cost of displeasing the customer by having too much powder in the product. 

Problems of this kind are common. To ilJustrate with the present data, here is· 
a typical calculation. Suppose that, per unit package sold, an increase in yield of 

Table 5.9. Calculated Effects and Standard E"ors for Pet Food Expcrimcnt 

Powdcr in Pmvder in 
Product, . Plant, Yi!!ld, Energy, 

Y1 Y2 Y3 Yo& 

Average 110.4 178.9 82.0 239.8 
Temperature. A -8.2±4.0 -6.3 ±7.4 3.5 ±4.9 -6.8 ± 1.1 
Flow,B 4.3 ±4.0 11.3 ±7.4 13.0 ± 4.9 22.3 :±: 1.1 
Zone, e -18.2 ±4.0 4.8 ± 7.4 -20.5 ±4.9 -2.3 ± Lt 
AB 9.3 :±: 4.0 -13.7±7.4 -5.5 ± 4.9 3.8 :1: 1.1 
AC 1.7 ± 4.0 -0.3 ±7.4 1.0 ± 4.9 1.3 ± 1.1 
BC 4.3±4.0 -13.7 ± 7.4 -3.5 ± 4.9 -0.8 ± 1.1 
ABC -5.7 ± 4.0 -1 J.7 ± 7.4 -6.0±4.9 0.8 ± 1.1 
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Figure 5.8. "EyebaJJ contour plots .. for (a) powder in product. y1; (b) yield, .\'2; and (e) cnergy, y_.. 
(d) Savings ~alculated from (b) and (e)' and the estimated break-even contour. 

one unit produces a savings of 0.5 cents and an increase in energy consumption 
of one unit costs 0.2 cents. Since run number J represents standard conditions, 
this point has been scored zero in Figure 5.8d. Changing the conditions from 
those of run number 1 to those of run 3 gives an observed increase in yield 
of 99 - 83 = 16 units, which would produce an estimated savings of 8 cents 
per package. But such a change produces an increased energy consumption of 
255 - 235 = 20. costing 4 cents per package. The sum 8 - 4 = 4 is the number 



198 5 FACTORIAL DESIGNS AT TWO LEVELS 

shown as .. savi.ngs in cents per package'' for run 3. The other numbcrs are éalcu
lated i.n the same way. The approximate contours shown in Figure 5.8d are for 
zero savings (break even). By simultaneously studying Figures 5.8a and 5.8d, 
managemcnt was supplicd with infomuttion to make an educated choice among 
the available options. The choice will depend on a number of issues. such as 
the quality and prices of the competitors' products. In partkular, you will notice 
that at point P in Figure 5.8d you should be able to achieve about 30 units Iess 
powder in the product at no extra cost. Projected process improvements should, 
of course, be confinned by further experimentation. 

You should not necessarily limit consideration to the region covered by your 
initial experimental design. Current results frequently suggest where further ex
perimentation might be sufficiently fruitful. For example, it seems clear from 
the present data that substantial gain might have been possible by increasing 
temperature above what was previously regardéd as the maximum. If there was 
no objection to running at higher temperatures, then you might decide on a further 
experimental region like that represented by the bold lines in Figure 5.9. 

When several responses must be considered together, a planned design of this 
kind can be a great incentive to innovation. It will serve to confirm those of our 
beliefs that are true, discredit those that are mythica1 1 and often point the way on 
a trail of new discovery. 

The present experiment produced surprises and questions for the investigators: 

(a) Thc powder in the plant response Y2 previously uscd to control the proccss 
was not related to the powder in the product y1 or, indeed, to any of the 
three factors discussed above. Why was this? 

(b) lncreasing temperature with low flow rate wou1d have been expected to 
increase energy consumption but actually reduced it. Why? 
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Figure 5.9. Pnssible addítiunal ex.perimcnts to be appendcd to the 23 factorial. 
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5.13. A 24 FACTORIAL DESIGN: PROCESS DEVELOPl\IENT STUDY 

Qften there are more factors to be investigated than can conveniently be accom
Olodated within the time and budget availablc, but you will find that usually you 
can separate genuine effects from noise without rcplication. Therefore, in the 
pilot plant study. rather than use 16 runs to produce a replicated 23 factorial, 
it would usually have been preferable to introduce a fourth factor and run an 
unreplicated 24 design. (Or, as you wiii see in the next chapter, employ the 16 
runs in a half-replicated 25 design and study five factors.) 

For illustration, a process development experiment is shown in which four 
factors were studied in a 24 factorial design: amount of catalyst charge l. tem
perature 2, pressure 3, and concentration of one of the reactants 4. Table 5.1 Oa 
shows the design, the random order in which the runs were made, and the response 
y (percent conversion) at each of the 16 reaction conditions. Table 5.1 Ob displays 
the contrast coefficients that determine the estimates in Table 5.11 of the four 
main effects, six two-factor interactions. four three-factor interactions. and onc 
four-factor interaction. 

Exercise 5.11. Add nine units to observations 2, 3. 6, 7, 9, 12, 13, 16 in Table 5.1 Oa. 
Recalculate the effects. Explain what you observe. 

Answer: Thcse eight runs are those that correspond to plus signs in the 124 col
umn. Thus the 124 interaction effect is increased by 9 units, but because 
of orthogonality, none of the other es ti mates is affected. NoLice, how
ever, that interaction 124 is now pickcd out as deviating from the line. 

Tahlc S. lOa. Data Obtained in a Process De,·elopment Study Arrangcd in Standard 
(Yates) Order 

Yates Conversion Random 
Run Number 1 2 3 4 (%) Order Variable + 
1 70 8 1: Catalyst charge (lb)- 10 15 
2 + 60 2 2: Temperature (°C) 220 240 
3 + 89 10 3: Pressure (psi) 50 80 
4 + + 81 4 4: Concentration (%) lO 12 
5 + 69 15 
6 + + 62 9 
7 + + 88 1 
8 + + + 81 13 
9 + 60 16 

10 + + 49 5 
11 + + 88 11 
12 + + + 82 14 
13 + + 60 3 
14 + + + 52 12 
15 + + + 86 6 
16 + + + + 79 7 
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Table S.lOb. Tahle of Contrast Coefficients 

1 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

Divisor 16 

1 2 3 4 12 13 14 23 24 34 123 124 134 234 1234 

- - - - + + + + + + - - - -
+ - - - - - - + + + + + + -
- + - - - + + - - + + + - + 
+ + - - + - - - - + - - + + 
-·- + - + - + - + - + - + + 
+ - + - - + - - + - - + - + 
-· + + ~ - + + - ·- - + + -
++ + - + + - + - - + - - -¡ 
- - - + + + - + - - - + + + 
+ - - + - - + + - - + - - + 

1 

- + - + - + - - + - + - + -
+ + - + + - + - + - - + - -
- - ++ + - - - - + + + - -
+ - ++ - + + - - + - - + -
- + + + - - - + + + - - '- + 
+ + + + + + + + + + + + + + 1 

8 8 8 8 8 8 8 8 8 8 8 8 8 8 

Table 5.11. Estimated Effccts from a 24 Factorial 
Design: Process Development Example 

Effects 

Average 
1 
2 
3 
4 

12. 
13 
14 
23 
24 
34 

123 
124 
134 
234 

1234 

Estimatcd Effccts ± 
SE 

72.25 ±0.27 
-8.00±0.55 
24.00 ± 0.55 
-0.25±0.55 
-5.50 ± 0.55 

1.00±0.55 
0.75 ± 0.55 
0.00±0.55 

-1.25 ± 0.55 
4.50 ± 0.55 

-0.25 ± 0.55 
-0.75· 

0.50 
-0.25 
-0.75 
-0.25 

+ 
-
-
+ 
-
+ 
+ 
-
-
+ 
+ 
-
+ 
-
-
+ 

8 

. -convers10n 
(%) 

70 
60 
89 
81 
69 
62 
88 
81 
60 
49 
88 
82 
60 
52 
86 
79 
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Assessing the Effects of the Factors Using an Internal Rcference Set 

A dot plot of the 15 calculated effects is shown in Figure 5.10. No direct estimate 
of the experimental error variance is available from this 16-run experiment since 
there are no replicates, but a reasonable assumption might be that the ti ve highest 
order interactions are largely dueto noise and can therefore provide a reference 
set for the remaining effects. 

The estimated interaction effects 123, 124, 134, 234 and 1234 forming this 
rcference set are identified by the open circles in Figure 5.1 O. Employing thcse 
five estirnates, a pooled estimate of V (y+ - y_) is giveri by 

(SE effcct)2 = ! { ( -0. 75)2 + (0.50)2 + ( -0.25)2 + ( -0.75 )2 + ( -0.25)2} 

= 0.30 

provides the square of the standard error for the remaining main effects and two
factor interaction; thus SE(effect) = J([30 = 0.55. On this basis it is highly 
likely that the main-effect estimatcs l. 2, and 4 and the intcraction 24 represent 
real effects. Furthermore, on the usual normal theory a.ssumptions the estimated 
standard error s = 0.55 may be used to produce the reference tiJ distribution hav
ing five degrees of freedom shown in Figure 5.1b.• You wottld find that if these 
nonnal assumptions are exactly tme then eXélCtly 95% of the distribution would 
be contained within the interval ±rs.o.o2sSE (effect) = ±2.57(0.55) = ±1.41. But 
certainly in this example these assumptions do not need to be made, and you can 
arrive at approximate and more tran'sparent conclusions simply by regarding the 
dot plot of the estimates of the higher order interactions in Figure 5.10 as the 
basic reference distribution as was done wiJl the residual plot in the graphi
cal ANOVA of Chapter 4. lt is a direct plot of what you know without further 
assumptions. 

Interpretation of the Process DeYelopment Data 

Proceeding on thc basis that the main effects of factors 1, 2, and 4 and the 
two-factor interaction 24 are distinguishable from noise you find: 

il 
1 4 A~ 24 

• • • 
-10 -5 o 

Figure 5.10. Dot plot of the effects from the process developmcnt example. J-Ugh-order interaction 
cffccts used to providc a rcfcrcncc distribution for the rcmnining cffecls are shown by opcn circlcs. 
A rcfcrencc r~. = 5 distribution is also shown. 

• The t distribution is drawn with a scale factor equal to the standard error 0.55 of an effcct. The 
ordinales for 1 distributions are givcn in Tablc 82. 
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1.. An increase in catalyst charge (factor 1) .from 1 O to 15 pounds reduces 
conversion by about 8%, and .the effect is consistent over the levels of the 
other factors tested. 

2. Since there ís an appreciable interaction between temperature (factor 2) and 
concentration (factor 4), the effects of these factors must be considered 
jointly. The nature of the interaction is indicated by the two-way table 
in Figure 5.11a obtained by averaging over levels of the other factors or, 
equivalcntly, by the contrast diagram in Figure 5.11 b. These rcprcsentations 
make clear that the interaction occurs because an increase in concentration 
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reduces conversion at the lower temperature but at the highcr temperature 
produces no appreciable effect. 

3. Locally. at least for the factors tested, factor 3 (pressure) is essentially 
inert. Thls is because neither the main effect 3 nor any of the imeractions 
13, 23, 34 involving factor 3 show effects that cannot be readily explained 
by the noise. Thus you have a 40 experiment revealing a local 30 active 
subspace in factors 1, 2, and 4. This tells you that locally you should be 
able to manipulate factor 3 to improve some other response (e.g., cost) 
without very much affecting conversion. 

4. In Figure 5.12 cube plots in factors 1, 2, and 4 are made, one for the 
Jower and one for the upper 1evels of factor 3. If over this range factor 
3 is virtua1Iy inert, then the corresponding · pairs of data values found on 
the two cubes should act approximately as replicates. From inspection this 
appears to be the case. 

5.14. ANALYSIS USING NORI\IAL AND LENTH PLOTS 

Two problems arise in the assessment of effects from unreplicated factorials: 
(a) occasionally meaningful high-order interactions do occur and (b) it is neces
sary to allow for selection. (The largest member of any group is by definition 
large-but is it exceptionally 1arge?) ~ method due to Cuthbert Daniel* ( 1959) in 
which effects were plotted on normal probability paper (discussed in Chapter 2) 
can provide an effective way of overcoming both difficulties. Today such plots 
are commonly produced on the computer screen. 

Suppose that the data from the 24 process development experiment had occurred 
simply as the result of random variation about a mean and the changes in Ievels of 
the factors had no real effect on the response. Then these m = 15 effects represent
ing 15 contrasts between pairs of averages would ha ve roughly normal distributions 
centered at zero and would plot on a normal probability scale as a straight line. 
To see whether they do, you can order and plot the 15 effects obtained from the 
process development experimentas shown in Figure 5.13 (If you want todo this 
manually, the appropriate scaling for the P(%) axis is from TableE at the end of 
the book for m = 15.) As shown in Figure 5.13, 11 of the estimates fit reasonably 
well on a straight Iine caBed here the "error line" since these estimates are such as 
might be produced by noise alone. However~ the effects 1, 2. 4, and 24 · fall off the 
line and are not ea~ily explained as chance occurrences. Thus, for this example, 
the conclusions drawn from the nonnal plot are predsely tbose reached earlier. 

Sorne experimenters prefer to use a half-normal plot, that is. to plot on the 
appropriate sea le the czb ... ·o/ure values of the effects. This diagnostic tool, originally 
proposed by Daniel ( 1959), pro ved useful for detecting defective randomization, 

~The rcader is urged to study Daniel's book (1976), Applicarions of Srarisrics to /nduMrial E.xper
unemarion, which takes an appropriately skeptical attitude toward mechanical analysis of data and 
provid~s mcthods for dlagnostic checking, including the plotting of factorial cffects and n-sicluals 
on normal probability papcr. 
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bad values, and the dependence of variance on mean. Later Daniel ( 1976) noted 
that such plots, since they canceled irregularities in the data, lacked sensítivity 
to other signals. Many computer programs now produce both plots. A full and 
valuable discussion on how normal plots may be used to check assumptions is 
given by Daniel (1976). 

Lenth's Analysis asan Alternath·e to Normal Plots 

An altemative procedure to a normal or half-nom1al plot of the estimated effects 
is due to Lenth ( 1989). The median m of the absolute values of the k effects 
is first determined. (The absolute values of the effects also appear on the balf 
nonnal plot.) An estímate of the standard error of an effect. called a pseudo 
standard error, is then given by so = 1.5 m. Any estimated effect exceeding 2.5so 
is now excluded and~ if needed, m and so are recomputed. A .. margin of error" 
ME (an approximate 95% confidence interval for an effect) is then given by 
ME= to.975,d x so, where d = k/3. A1l estimates greater than the ME may be 
viewed as "significant." but, of course. with so many estimates being considered 
simultaneously, sorne wi11 be falsely identified. Lenth thus next defines a "simul
taneous margin of error" SME = ty.d x so, where y = (1 + 0.95 1/k)/2. Estimated 
effects that exceed the SME are declared active while those that are less than the 
ME are declared inert. 

Using the data from the process development example (see Table 5.11 ). yo u 
will find so = 1.5(0.50) = 0.75 with d = 5 to give ME= 2.57(0.75) = 1.93 and 
SME = 5.22(0.75) = 3.91. Thus (see Fig. 5.13c as before), the estimated effects 
1, 2, 4, and 24 are identified as active and all other estimates considercd as noise. 
Lenth's table for to.915.d and ly.d for different numbers of estimated effects is as 
follows: 

Number of Estimates to.975.J t J y. 

7 3.76 9.01 
15 2.57 5.22 
31 2.22 4.22 
63 2.08 3.91 

127 2.02• 3.84 

As with any other technique, it is important not to use this method merely as a 
?rainless machine for determining .. significance" or insignificance." The diagram 
IS the most important part of the method, and like a nom1al plot this diagram 
should be examined in the light of subject matter knowledge to determine how 
to proceed. 

A Diagnostic Check 

Normal plotting of residuals provides a diagnostic check for any tentatively 
entertained model. For example, in the process development exarnple. if it is 
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accepted that all estirnated effects with the exception of 1 = -8.0, 2 = 24.0, 
4 = -5.5, and 24 = 4.5 could be explained by noise. then the predicted response 
(pcrcent conversion) at the vertices of the 24 design would be given by the fitted 
model 

,., 1'1 (-8.0) (24.0) (-5.5) (4.5) )' = -.25 + - 2- x1 + ~ x2 + 2 X4 + T x2x4 

where Xtt x2, and X4 take the value -1 or + 1 according to lhe columns oí' signs 
in Table 5.10."' Notice that the coefficients that appear in this equation are half 
the calculated effects. This is so because the calculated effects yicld changes of 
rn·o units along the x axis from x = -1 to x = +l. 

Exercise 5.12. Confinn that the values of y, y, and y- y are as follows: 

y 70 60 89 81 69 62 88 81 
... 

69.25 61.25 88.75 80.75 69.25 61.25 88.75 80.75 y .. 
0.75 -1.25 0.25 0.25 -0.25 0.75 -0.75 0.25 y-y 

y 60 49 88 82 60 52 86 79 
,. 

59.25 51.25. 87.75 79.75 59.25 51.25 87.75 79.75 )' 
,. 

0.75 -2.25 0.25 2.25 0.75 0.75 -1.75 -0.75 y-y 

Make a plot of these residuals on nom1a1 probability paper for m = 16. What 
do you conclude? 

Answer: All the points from this residual plot now lie close to a straight line, 
con1irming Lhe conjecture that effects other tlum 1, 2, 4, and 24 are 
readily explained by the random noise. This residual check is valuable 
providcd that the number of effects eliminated (four in this example) is 
fairly small compared with n (here n = 16). 

A First Look at Sequential Assembly 

In Chapter 1 the process of investigation was described as iterative, involving 
deduction and induction. What is gained by running an experiment is not only the 
immediate possibility of process improvement; the results may also indicate tlle 
possibilities for even further advance and thus show where additional runs need 
to be made. When this is done, the experimental design is built up in pieces-a 
process we call sequentiul assembly. A simple example occurred in a study by 
Hill and Wiles (1975). 

• The cross-product tcnns suggest that quadratic terms (involving Xf nnd x]) mighr be nccded t~ 
adequately rcpresent the response at ittterpolated levcls of the factors. Such tcmns cannot be estl· 
matcd using twu-lcvcl dcsigns. Addítional runs can convert the existing design into, for example, a 
cc.-ntral composite design allowing the cstimation of quadratic effects. Thcsc methods are díscussed 
in Chapters 1 O nnd 11. 
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The objective was to increase disappointingly low yields of a chemical product. 
Three factorial designs were run in sequence in this investigation, but only lhe 
first of these will be described here. In phase 1 a 23 factorial design with factors 
concentration (C), rate of reaction (R), and temperature (T) was run. Table 5.12 
displays the 23 design, recorded observations, and estimated effects. Analysis of 
the effccts shows the dominating inftuence of lhe main effect of C. 

In phase Il, to check further on the inftuence of factor C, thrce extra exper
imental points were run along the concentration axis, as shown in Figure5.14a 
and Table 5.12. Thcse "axial'' expcriments were run at the intermediate Jevels of 
R and T but over a wider range of C. Figure 5.14 shows the rcsulting sequentially 
assembled design and a graph of yield versus concentration for all 11 runs. The 
conclusions, which were of great practical value,_ were ( 1 ) that o ver thc factor 
region tested temperature T and rate of reaction R were essentially inert, that 
is, without detectable effect, but that (2) reducing the level of factor C could 
produce a much higher yield. 

Table 5.12. A 23 Factorial with Sequentially Added Runs 

Factor Combinations 

Phase 1 
1 
2 
3 
4 
5 
6 
7 
8 

Phase 11 
9 

lO 
11 

76 

/l n 

e 

-1 
+1 
-1 
+1 
-1 
+1 
-1 
+1 

-2 
o 
2 

R 

-1 
-l 
+1 
+I 
-1 
-1 
+1 
+1 

o 
o 
o 

72 
1 

73 

79-' 1 74-
1 1 

Rl 75 711<T) 1 
75 74 

-+ 
(C) 

(a) 

T Yic Effects 

-1 75.4 Average 74.3 
-1· 73.9 e -3.4 
-1 76.8 R 0.6 
-1 72.8 T -0.8 
+1 75.3 CR -0 . .7 

1 

+1 71.4 CT -0.6 
+'1 76.5 RT 0.4 
+1 72.3 CRT 0.6 

o 79 
o 74 
o 69 

80 
• 

1 
'O • 69 ~ 75 
>- • 

70 

Concentratlon 
(b) 

Residuals 

-0.6 
+1.3 
+0.8 
+0.2 
-0.7 
-1.2 
+0.5 
-0.3 

• 
• • 
• 

Figure 5.14. (a) Sequentially compo~cd design. (b) Yicld versus lcvcls of conccntrution C. 

• 
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lmportance of NegatiYe Findings 

The finding. of the large effect of concentration was important, but al so of special 
significance was thc discovery that the two factors rate (R) and temperature 
(T) had very Iittle influence on yield over the ranges considered and did not 
appreciably interact with C. This 3D experimental space had a 1 D active factor 
space anda 2D locally inert factor space. Knowledge that the system was robust 
to changes in the specific factors R and T reduced the number of things the plant 
operators would need to worry about and raised thc possibility of using thcse 
factors to improve other responses. 

Serendipity: DiscoYering the Unexpected 

In a later experimental design in the same investigation four factors wcre varied. 
No main effects or interactions wcre detected but a very large residual noise. The 
reactant combinations had, of course, been run in random order and when the data 
were plotted in time order a marked upward shift of about 2% yield was detected 
part way through the experiment. It was later found that this shift occurred 
simultaneously with a change in the level of purity of a feed material. When the 
existence of this assignable cause was later confinned, the authors declared they 
believed thcy had finally found the "ghost .. which had for sorne time bcen the 
cause of trouble with routine production. Discovery of the unexpected proved 
more imponant than confinning the expected. 

5.15. OTHER 1\'IODELS FOR FACTORIAL DATA 

Always remember that it is the data that are real (they actually happened!). The 
model ("empiricar' or "theoretical") is only a hypothetical conjecture that might 
or might not summarize and explain important features of the data. But while it 
is tme that al/ models are wrong and some are useful, it is equally true that IZO 

model is universally useful. 

The Heredity .1.\tlodel 

The model discussed so far analyzes the factorial design data in tem1s of main 
effects and interactions. This model ha'i been widely used with great success since 
the inceplion of these designs in the 1920s. 1t has more recently been elabor"ted 
(McCullagh and Nelder, 1989; Chipman, 1996) to include the so-called 1aws 
of heredity. These represent beliefs, for example, that a two-factor interaction 
AB is unlikely without one or both of the corresponding .main effects A and B · 
Although such groupings oftcn do occur, there are important circumstances when 
they do not. 

Consider a two-level design used in an industrial investigation whose object is 
to increase a response y. The m a in effects A, B, · ... are es ti mates of the deriva
tives oy/8A, oy¡;JB, ...• Similarly two-factor intcractlons are estimates of the 
mixed second-order derivatives; for example, the interaction AB is an estímate 
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of 82y¡aA o B. Suppose we find that the main effects A and B are negligible 
but that the interaction AB is large: This implies that we have small first-order 
derivatives but a large second-order derivative. This is exaclly what wiH occur in 
the neighborhood of a rnaximum or ridge system. Indeed, the now widely uscd 
composite design was first introduced (Box and Wilson, 1951; Box, 1999) to illu
minate exactly this circumstance. The location of experiments near a maximum or 
stationary value would be expected to be rather common because. in much experi
mentation a maximum ís precisely what is being sought. In such experimentation, 
progress is made by exploiting and hence eliminating first-order (main) effects. 

The Critical Mix 1\fodel 

You need to remember that sometimes in the analysis of factorials the rnain 
effect-interact.ion model is not relevant at ail. When factors are tested together 
in a factorial design, it sometimes happens that a response occurs only when there 
is a '{crítica! mix" of the factors, qualitative and quantitative.• Tbus, for example, 
a binary mix is required for sexual reproduction, a tertiary critica! mix is required 
to make gun powder, a fourfold critica] mix is required for the operat.ion of an 
interna! combustion engine, and various critical mixes are required to produce
metallic alloys. While it remains true that mista~es of sorne kind-copying errors 
or errors in the conduct of an experiment-are the most likely reason for one or 
two discrepant runs, nevertheless the .possibility of a critica! mix must al so be 
considered, a~ the following example illustrates. 

An Experiment with Deep Groo\'e Bearings 

An experiment was run by Hellstrand ( 1989) with the object of reducing the wear 
rate of deep groove bearings. His 23 design employcd two levels of osculation O, t 
two levels of heat treatment H, and two different cage designs C. The response is 
the failure rate y (the reciproca! of the average time to failure x l 00.) The obser
vations and the calculated main effects and interactions are shown in Table 5.13. 

From the normal plot of the estimated effecrs in Figure 5.15a it might be 
concluded that the data showed nothing of interest. However, look at the normal 
plot of the original eight obsen•ations in Figure 5.15b. 

This indicates that the data from two of the runs are very different from all the 
others. An effect occurs only when heat treatment and osculation are both at their 
plus levels. As iUustrated in Figure 5.15c, high osculation and high temperature 
together produced a critica! rnix yielding bearings that had an average failure rate 
one-fifth of that for standard bearings! This effect was confirmed in subsequent 
expcrimentation, and as Hellstrand reported, this large and totally unexpectcd 
effect had profound consequences. 

• We encountered a binary critical mix earlier in this chapter in the experimcnts to determine the. 
effects of thrce factors on the properties of a polymer solution. (Sce Figure 5.2.) Yellowness occurred 
only When. factors 1 and 2 were botlr at their plus levels. · 
t Osculation is a mea.'>ure of the contact betwecn the balls nnd the casing. 
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Table 5.13. Bearing Example: 23 Design witb Data 
and Calculated Etrects 

Design 
Data 

o H e y Effects Estimates 

5.9 Mean 4.0 
+ 4.0 o -2.6 

+ 3.9 H -2.0 

+ + 1.2 e 0.5. 
+ 5.3 OH -1.5 

+ + 4.8 oc -0.4 
+ + 6.3 HC 0.5 

+ + + 0.8 OHC -1.1 

95 95 

90 90 

75 75 
e: 
a> 
~ 50 
Ql 
a. 

25 25 
• 

10 10 

• 
5~~~~--~~--~~--~ 5 
-3.0 -2.5 -2.0 -1.5 -1.0 -0.5 O.Q 0.5 o , 2 

Effects 

(a) 

6.~------0.8 ....... ! 

3.(1 1.~! 
+ 

Heat 

4.8 

1 
5.9--------------4.0 

Osculation + 
(e} 

+ 
Cage 

3 4 
Failure rate 

(b} 

5 6 7 

f'igure 5.15. (a) Norrnal plot of c:ffects. (b) Normal plot of data. (e) Cube plot of failure rate. 
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Remembering that bcarings like these had been mude for decades, it is surpris
ing that so impot1ant a phenomenon had previously escapcd· discovery. A likely 
explanation is that until very recently many experimenters had little knowledge 
of multifactor experimental design. The instruction they received may never ha ve 
questioned the dogma tbat factors must be varied one at a time while aii oth
ers are hcJd constant, a practice that has been discredited now for over 80 years. 
Clearly, one-factor-at-a-time experimentation could not uncover the phenomenon 
discovered here. The good news for engineers is that many important possibilities 
that depend on interaction or a critical mix must be waiting to be discovered. 

5.16. BLOCKING THE 2K FACTORIAL DESIGNS 

In a trial to be conductcd using a 23 factorial design it might be desirable to 
use the same batch of raw material to make all eight runs. Suppose. ho\vever. 
that batches of raw material were only Iarge enm,tgh to make four runs. Then the 
concept of blocking referred tó in Chapters 3 and 4 might be used. Figure 5.16 
shows a 23 factorial design run in two blocks of four runs so as to neutralize 
the effect of possible batch differences. This is done by arranging that the runs 
numbered 1, 4, 6, and 7 use the first batch of raw material and those numbcred 
2, 3, 5, and 8 use the sccond batch. 

A 23 design ís blocked in thls \vay by placing all runs in which the contrast 
123 is minus in one block and all the other runs, in which 123 is plus, in the 
other block. To better understand the idea, suppose all the results in the second 
block were increased by an amount h, say, then whatever the value of h, this 
block difference would affect only the 123 interaction; beca use of orthogonálity 
it would swn out in the calculation of effects 1, 2, 3, 12, 13, and 23. 

Notice how this happens. In Figure 5. J 6 all three main effects are contrasts 
between averages on opposite faces of the cúbe. But there are two filled .squares 
and two open squares on each face so that any systematic difference produced 
by batches is eliminated from the main-effects contrasts. Look again at ~he figure 
and consider the diagonal contrasts that correspond to the two-factor interactions. 
Again two black squares and two white squares appear on each side of the 
contrast. Thus. any systematic difference between the two blocks of four runs 
wiU be eliminated from all main effects and two-factor interactions. 

What you have gained is the elimination of any systematic difference between 
the bJocks. You have had to give a Jittle to get this substantial advantage. The 
three-factor interaction and any batch (block) difference are deliberatcly con
!ounded (i.e., confused). You cannot therefore estímate the three-factor interaction 
~eparately from the batch effect. However. often (but not always) this high-ordcr 
mteraction 123 can be assumed unimportant. 

Gcneration of Orthogonal blocks 

In the 23 factorial example. suppose that you give the block variable the iden
tifying number 4. Thcn you could think of your experiment as containing four 
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Block III ~ + -
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+ + + 

Aun 
1 
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6 
7 
2 
3 
5 
8 

Fi1,rurc 5.16. Arranging a 23 factorial de.sign in two blocks of síz.c 4. 

factors, the last of which is assumed to possess the rather special property that it 
docs not interact with the others. lf this new factor is introduced by making irs 
levels coincide exactly with the plus and minus signs attributed to the 123 inter
action, the blocking may be said to be "generatcd" by the relationship 4 = 123. 
We shall see in Appendices 5A and 5B how this idea may be used to derive more 
sóphisticated block.ing arrangements. Similar ideas are used in the next chapter 
for thc construction and blocking of the fractionaJ factorial designs. 

Blocks of Size 2 

How could the dcsign be arranged in four blocks of two runs so as to do as little 
damage as possible to the estimates of the main effects? 

1/ow Not To Do lt 
Consider two block factors, which we will call 4 and 5. At first glance it would 
seem reasonabJe to associate block factor 4 with the 123 interaction and to 
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Table 5.14. (a) An Undesirable Arrangement: A 23 Design in Blocks of Size 2 
(b) Allocation to Blocks (Variables 4 & 5) 

Experimental Block Experiment Arranged 
Variable Variable in Four Blocks 

Run 
Number 1 2 3 4 = 123 5=23 45 = 1 Block 1 2 3 Run 

(a) 

1 + 1 + + 4 

2 + + + + + + 6 

3 + + 
4 + + + 11 + 3 
5 + + + 5 
6. + + + 
7 + + + 111 J 

8 + + + + + + + + 7 

IV + 2 

+ + + 8 

(b) Runs 

+ 1,7 2,8 
Variable S 

4,6 3,5 

+ 
Variable 4 

associate block factor 5 with sorne expendable two-factor interaction, say the 
23 interaction. To achieve this, the runs would be placed in different blocks 
depending on the signs of the block variables in columns 4 and 5. Thus runs for 
which the signs are -- would go in one block, those that have -+ signs in a 
second block, the +- runs in a third block, and the ++ runs in a fourth. The 
resulting design is shown in Table 5. 14a. 

A serious weakness in this design can be seen by looking at Table 5.14b. 
We have confounded block variables 4 and S with interactions 123 and 23. But 
there are three degrees of freedom between the four blocks. With what contrast 
is lhe third degree of freedom associated? Inspection of Table 5.14b shows that 
the third degree of freedom accommodates thc 45 interaction. But this is the 
"diagonal" contrast bctween runs 1, 7, 3, 5 and runs 2, 8, 4, 6 and also measures 
the main effect of factor 1. Thus this arrangement results in confounding of the 
tnain effect for factor 1 wilh block diffcrences! 

A simple calculus is available to immediately show the consequcnces of any 
proposed blocking arrangement. Note that if all the elements of any column in 
a two-Ievel factorial design are squared (multiplied by themselves pairwise), a 
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column of plus signs is obtained. This is denotcd by the symbol l. Thus you can 
write 

1 = 11 = 22 = 33 = 44 = 55 (5.1) 

where, for example, 33 means the product of the elements in column 3 with 
themselves. Furthermore~ thc effect of multiplying the elements in any column 
by the elements in column 1 is to leave those elements· unchanged. Thus 13 = 3. 

Now in the blocking anangement just considered "factor" 4 was idcntified 
with the column of signs for interaction 123 and factor 5 with those of 23. Thus 
we set columns 

4 = 123, S= 23 (5.2) 

The 45 interaction column would then be 

45 = 123 • 23 = 12,233 = 111 = 1 (5.3) 

which shows as before that signs in column 45 are identical to those in column 
l. .Thus the estimated interaction 45 and estimated main effect 1 are confounded._ 

How ToDo JI 
A better arrangement ís obtaíned by confounding the two block variables 4 and 5 
with any two of the two-factor interactions. The third degree of freedom between 
blocks is then confounded with the third two-factor interaction. Thus, setting 

4 = 12, 5 = 13 (5.4) 

intcraction 45 is confounded with interaction 23 since 

45 = 1123 = 23 (5.5) 

Thus the estimated block effectli 4. 5~ and 45 are associated with the estimated 
two-factor intcractions effects 12, 13, and 23 and not any main effect. The orga
nization of the expcriment in four blocks using this arrangement is shown in 
Table 5.15, the blocks bcing typified as before by the pairs of observations for 
which 4 and 5 take the signatures --, -+. +-, and ++. 

Notice that the two runs comprising each block in the above example are 
mirror images, complementary in the sense that the plus and minus levels of one 
rún are exactly reversed in the second. Each block is said to consist of afoldover 
pair, for example, in block 1, the plus and núnus signs for the pair of runs + - -
and - + +. Any 2k factorial may always be broken into 2k-l blocks of size 2 by 
this method. Such b/ocking arrangemellls lem•e tite main effects c~f the k factors 
uncmifounded with block variables. All the two-factor i.nteractions, however, are 
confounded with blocks. 
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Table 5.1 5. A 23 Design in Block.Ci of Size 2, a Good Arrangement 

Experimental Block Experiment Arranged 
Variable Variable in Four Blocks 

Run 
Number 1 2 3 4= 12 5=13 Block 1 2 3 Run 

1 + + 1 + 1 .... 

2 + + + 7 
3 + + 
4 + + + TI + 3 
5 -- + + + + 6 
6 + + + 
7 + + IIJ. + + 4 
8 + + + + + + 5 

IV 1 

+ + + 8 

5.17. LEARNING BY DOING 

One must lcarn by doing the thing~ for though you think you know it, you have no 
certainty until you try. 

SOPHOCLES 

You may not be currently involved in a formal project to which you can apply 
experimental design. In that case we believe you will find it rewarding at this 
point to plan and perform a home-made factorial experiment and collect and 
analyze the data. We have regularly assigned such a project to our classes when 
teaching this material. The students ha ve enjoyed the experience and havé leamed 
a great deal from it. We have always left it to the individual to decide what he 
or she wants to study. 

What follows paraphrases a repon by a student; Norman Miller, of the Uni
versity of Wisconsin. 

Description of Dcsign 

.1 ride a bicycle a great deal and thought Lhat it might be interesting to see how 
sorne of the various parts of the bike affect its performance. In particular. 1 was 
interested in the effects of varying the seat hcight, varying thc tire pressure, and 
using or not using the generator. 

In deciding on a design. a 23 factorial design immediately carne to mind. I 
expected a large amount of variability, so I decided to replicate the eight data 
points in order to be able to estimate the variance. Since 1 wished to do the 
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experiment in a reasonable length of time, 1 decided to make four runs a day. 
Although a long run might be desirabJe in that various types of terrain could be 
covered, 1 felt that four long runs a day would be out of the question. 1 did not 
have time to make them, 1 feared that l would tire as the day progressed, making 
the runs late in lhc day incompatible with the earlier runs. and 1 also feared that 
with the .increased exercise my own strength and endurance would increase al) 

the experiment progressed. As a result of the above considcrations 1 decided to 
do a rather short one and a half block uphill run. My test hill was on Summit 
Avenue. in lvladison, starting at Breese Terrace. This hill is of such an inclination 
that it all must be taken in tirst gear, thus eliminating gear changes as a possible 
source of experimental error. 1 tried to follow a schedule of 9:00 A.M .• 11:30 
A.M., 2:00 P.M., and 4:30 P.M. As can be seen from the data sheet (Table 5.16), 1 
deviated from the schedule quite a bit; however, 1 did avoid making runs right 
after meals. Note that on day 1 1 was able to make only three runs because of 
bad weather. I made up the lost run on day 3. I assigned the variable leveJs as 
shown on the data sheet. The seat height of 30 inches is the maxlmum elevation 

Table 5.16. Data from Bicycle Expcriment 

Seat Tire 
Pulse 

Time 
Setup Height Generator Pressure Befo re Af1er (sec) Da y Hour Notes 

1 76 135 51 3 11:40 A.M. 36°F 
2 76 133 54 4 9:4Ó A.M. 37°F 
3 + 76 132 41 2 12:35 A.M. 23°F, snow 

on road 
4 + 79 137 43 2 4:05P.M. 25°F, snow 

mclting 
5 + 77 134 54 3 2:40P.M. 36°F 
6 + 77 @ @) 2 9:50A.M. fourth run, 

23°F, snow 
7 + ~ 76 130 44 3 9:10A.M. 26°F, road 

clear 
8 + + 79 

~ 
43 4 3:35P.M. 40"'F 

9 + 76 50 1 9:15A.M. first run 
10 + 80 144 48 4 6;05 P.M. 40°F 
11 + + 77 139 39 3 6:35 t:>.M. 32°F 
12 + + 78 139 39 4 11 ;40 A.M. 4I°F 
13 + + 78 137 53 3 4:50P.M. 35°F, rain 
14 + + 79 ~ 51 1 4:25P.M. third run 

15 + + + 80 41 l 11:40 A.M; second run ., 
16 + + + 77 133 44 2 6:35P.M. 21°F 

Scat hcight Tire pressure 
(inchcs from centcr of crankJ Gcncrator (psi) 

26 off 40 

+ 30 (maximum heighl) on 55 
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of the seat on my bike. J could ride with it higher. so my bike is in effect too 
small forme. 

I measured two responses. First, 1 measured the speed in seconds to climb the 
hill. 1 naturally was trying to ride as fast as possible. Second. 1 hoped to get sorne 
idea of the amount of energy 1 was expending during the run by measuring my 
pulse right before and right after the run. 1 always rode around two blocks at a 
slow pace before each run to get wanned up. 1 then stopped at the bottom of the 
hill and Jet my pulse settle to the range of 75 to 80 per minute. I would then make 
my run, timing it on a watch with a large sweep second hand. At the top of the 
hill. I took my pulse again. I randomized the experiment by writing the numbers 
1 through 16 on pieces oí cardboard. putting them in a small box. shak.ing up 
the box, and drawing out one number before each experiment to determine the 
setup of the variables. 

Two possible criticisms of the experiment carne to mind. First, since 1 knew 
the setup of the variables, 1 might bias the experiment to "come out right." 1 
could not think of a way around this. It would have been quite ari imposition 
to ask a friend to set up the bicycle 16 times! In addition, even if a friend had 
changed the variables each time, I could have heard the generator operating (or 
seen that the light was burning) and could have seen or felt the height of the 
seat. Another rider would probably be just as ~iased as 1 would be. In addition, 
who would ride up a hill 16 times for me? So 1 just decided to try to be as 
unbiased as possible. The second criticjsrrt involves .the rather large temperature 
range encountered during the experiment. Naturally oiltends to be more viscous 
at low temperatures. 1 considered that this problem was probably less acute than 
it might have been, however, since 1 used silicone oil to lubricate the bike. 

The original data sheet appears in Table 5.16. Notice that there is a problem 
with the data on pulse. Setup 9, the first run, shows my pulse at the top of the hill 
to be 105 per minute. Setup 15, the second run, has it at 122 per minute. Setup 
14, the third run, has it at 125 per núnute, and setup 6, the fourth run. at 133 
per minute. What was happening was the following. When I arrived at the top 
of the hill, m y heart was beating quite fast. but it started slowing dowñ quickly 
as soon as I stopped. With practice, 1 was simply starting to measure my pulse 
sooner. Since the pulse data are damaged by this obvious error. 1 have chosen to 
ignore them in the following analysis. The readings taken at the bottom of the 
hill did prove valuable since they served as a gauge of when my body was in a 
"normal" state. 

Analysis of Data 

First, I plotted the average times on a cube (Fig. 5.17) and Jooked at them. Then 
I calculated: 

l. Estimated variance of each of 16 observations = 4.19 square seconds with 
eight dcgrees of freedom 

2. Main effects and interactions 
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Average time (sec) 
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Figure 5.17. Results from bicycle expcriment. Response is average time to ride bicycle over set 
course. 

3. Estimated variance of effect = 4.19/4 == 1.05 

4. Individual 95% confidence intervals for true values of effects* 

1 (seat) 
2 (generator) 
3 (pressure) 

12 (seat x generator) 
13 (seat x pressure) 

Effects 

23 (generator x pressure) 
123 (seat x gencrator x pressure) 

-10.9 ± 2.4 
3.1 ± 2.4 

-3.1 ±2A 
---0.6 ± 2.4 

1.1±2.4 
0.1 ± 2.4 
0.9 ± 2.4 

T believe that the value of 57· circled on the cubc is probably too high. Noti<;e 
that it is the result of setup 6, which had a time of 60 seconds. lts comparison 
nm (setup 5) was only 54 seconds. This is the largest amount of variation in 
the whole table, by far. l suspect that the correct reading for setup 6 was 55 
seconds, that is. l glanced at my watch and thought that it said 60 instead of 55 
seconds. Since 1 am not sure, however, 1 have not changed it for the analysis. 
Thc conclusions would be the same in either case. 

Obviously a good stopwatch would have belped the experiment, but 1 believe 
that the results are rathcr good considering the advcrsc wcather and poor timer. 

• Notice thcse providc 95% confidence limits. Thcy are 1101 standard errors. 
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A sÜghtly better design might include a downhill and a level stretch to provide 
more representative terrain. Probably only two runs could be safely made each 
day in such a case. 

Conclusions 

Raising the seat to the high position cuts the time to climb lhe hiiJ by about 10 
seconds. Tuming on the generator in creases the time by about one-third of that. 
amount. Inflating the tires to 55 psi reduces the time by about the same amount 
that the · generator increases it. The variables appear to be substantially free of 
interactions. 

Since 1 could ride with the seat at an even higher position, 1 am planning to 
modify the bike to achieve this. I also planto inflate m y tires to 60 psi, which is 
the maximum for which they are designcd. 

Exercise 5.13. In the bicycle expcriment 

(a) Identify the two runs that were accidentalJy switched 

(b} Suppose the design had been carried out as intended. if the four days on 
which the data was obtained are regarded as blocks, would this have been 
an orthogonally blocked experiment? · 

(e) Make an analysis of variance ar,td show by how much the residual sum of 
squares would be reduced by blocking. 

5.18. SUMJ\IARY 

The examples show the value of even very simple factorial experiments. Con
clusions from such designs are often best comprehended when the results are 
displayed geometrically. These designs used in combination with geometric visu
alization are valuable building blocks in the natural sequential process of leaming 
by experiment. They allow the structure of our thinking to be appropriately mod
ified as investigation proceeds. 

APPENDIX SA. BLOCKING LARGER FACTORIAL DESIGNS 

The 23 factorial design was used to illustrate the principie of blocking desígns 
by means of confounding. These principies. however, are equaJly applicable to 
larger examples. Table 5A.l provides a list of useful arrangements. To understand 
how this table ís used, consider a 26 factorial design containing 64 runs. Suppose 
that the experimenter wishes to arrange the experiment in eight blocks of eight 
runs each. The eight blocks, for example, might be associated with eight periods 
of time or eight batches of raw material. 

Then the table suggests you use the arrangemcnt 

B1 = 135, B2 = 1256, lh = 1234 
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Remembering the rule 11 = 22 = 33 = 44 =55= 66 = 1, after multiplication 
of the block variables you obtain the following relationships: 

n1 = 135 

B2 = 1256 

B3 = 1234 

B1B2 = 236 

BtBJ = 245 

B2B3 = 3456 

B1B2B3 = 146 

Thus, only high-ordcr (three-factor and higher order) interactions are confounded 
with the seven degrees of freedom associated with the eight block comparisons. 

Since the generating arrangement is Bt = 135, B2 = 1256, B3 = 1234, to allo
cate the experimental runs to the eight blocks, you follow the same procedure as 
before. Firs4 write down a 26 factorial in standard order and number the runs. 
The eight block signatures will be the plus and minus signs corresponding to 
interactions 135, 1256, 1234. Each signature will idenúfy eight individual runs. 

Signs (Signatures) Associated with Block Generators: (135, 1256, 1234) 

(---) 
Block number 1 

(-++) 
7 

(+--) 
2 

(+++) 
8 

The first two bJocks are as follows: 

Block 1 
(135, 1256, 1234) = (- --) 

Factors Run 

(- + -) ( + + -) (- - +) (+ - +) 
3 4 5 6 

Block 2 
(135, 1256, 1234) = ( + - -) 

Factors Run 
1 2 3 4 5 6 Number 1 2 3 4 5 6 Number 

- + - - - - 3 + - - -· - 2 

+ - + + - - 14 - + + + - - 15 
- - + - + - 21 + + + - + - 24 
+ + - + + - 28 - - - + + - 25 

+ + + - - + 40 - - + - - + 37 
- - - + - + 41 + + - + - + 44 

+ - - - + + 50 .- + - - + + 51 
- + + + + + 63 + -· + + + + 62 

Exercise S.Al. Construct a 25 Factorial into Eight Orthogonal Blocks of Four 
Runs Each 
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Table SA.l. 8locking Arrangements for 2" Factorial Dcsigns 

Number of Block 
Variables, k Size 

3 4 
2 

4 8 
4 
2 

5 16 
8 
4 

2 

6 32 
16 
8 

4 

2 

Block Generalor 

Bt = 123 
Ba = 12, 82 = 13 
n. = 1234 
Bt = 124. B2 = 134 
Ba = 12. 82 = 23, 

83 =34 
8¡ = 12345 
B¡ = 123, 81 = 345 
8¡ = 125,82 = 

235,83 = 345 
8a = 12, B2 = 13. 

83 = 34, 84 = 45 

8¡ = 123456 
Bt = 1236,82 = 3456 
8a = 135, 82 = 1256, 

83 = 1234 
8¡ = 126, B2 = 136, 

B3 = ~6. 84 = 456 
8 1 = 12. 82 = 23, 83·= 

34, 84 = 45, 8 5 = 56 

• "fi'' is an abbreviation for factor intcractions. 

Interactions Confounded with Blocks 

123 
12, 13, 23 
1234 
124, 134, 23 
12, 23,34, 13,1234.24,14 

12345 
123. 345! 1245 
125, 235, 345, 13, 1234, 24, 145 

12. 13. 34, 45, 23, 1234, 1245. 14, 1345, 
35, 24, 2345, 1235, 15, 25, Le., All 2fi 
and 4fi • 

123456 
1 236, 3456, 1245 
135, 1256, 1234. 236. 245, 3456, 146 

126, 136, 346, 456. 23. 1234, 1245, 14, 
1345, 35, 246, 23456, 12356, 156. 25 

All2ti, 4·fi, and 6fi 

APPENDIX SB. PARTL\L CONFOUNDING 

When replication is necessary to achíeve sufficient accuracy, an opportunity 
is presented to confound diffcrent effects in differcnt replicates. Suppose. for 
example, that four replicates of a 23 factorial system were to be run il) 16 blocks 
of size 2. Then you might run the pattem shown in Table 5B.l and analyze by 
averaging unconfounded replicates of the effccts 

Table 58.1. Partial Confounding: 23 Design in J<"'our Replicates 

Replieate 1 2 3 12 13 23 123 

First u u u e e: e u 
Second e u u u u e e 
Third u e u u e u e 
Fourth u u e e u u e 
Number of unconfounded replicates 3 3 ~ 2 2 2 1 
Number of confoundcd replicatcs 1 1 1 2 2 2 3 

Note: Effects confounded wilh blocks are indicatcd by c. Effects not confounded with block.s are 
indicated by u. 
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This arrangement would estimate main effects with the greatest precision while 
providing sómewhat less precision in the estimates of two-factor interactions and 
stillless for three-factor interactions. You may find it entertaining to invent other 
schemes that place different degrees of emphasis on the various effects. 
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QUESTIONS FOR CHAPTER S 

1. What is a factorial design? 
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2. Why are factorial designs well suired to empirical studies? Suggest an appli
cation in your own field. 

J. What is a 42 x 33 x 2 factorial design'? How many runs are there in this 
design? How many variables doeS- ít acconm10date? 

4. What is a two-level factorial design? 

5. How many runs are contained in a two-level factorial design for four vari
ables? 

6. How many runs does a 26 design have? How many variables? How many 
levels for each variable? 

7. How could you write the design matrix fór a 28 factorial design? How 
many rows would it have? How many columns? How wouldyou randomize 
this design? 

8. lf it could be assumed that each run of a 24 design has been indcpendently 
duplicated, how can the standard error of an effect be calculated? Will the 
size of the standard error be the same for al1 the effects? \Vhat is meant by 
"independently duplicated .. ? 

9. If each run of a 24 factorial design has Qeen perfonned only once~ describe 
three methods that might be used to distinguish real effects from noise. 

10. How would you set out schemes' for nmning a 24 factorial dcsign in (a) two 
blocks of eight runs? and (b) four blocks of four runs? l\1ention any assump
tions you make. 

PROBLEMS FOR CHAPTER 5 

Whether or not specifically asked, the reader should always (l) plot the data 
in any potentially useful way, (2) state the assumptions made. (3) comment 
on the appropriateness of these assumptions, and (4) consider · altemative 
anal y ses. 

l. Find the main effects and interaction from the following data: 

Nickel (%) 1\fanganese (%) Breaking Strength (ft-lb) 

o 1 35 
3 l ~ 
o 2 42 
3 2 ~ 

The purpose of these four trials was to discovei' the effects of these two 
alloying elements (nickel and manganese) on the brealcing strength of a certain 
product. Comment on the possible implications of these resulrs. 
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2. Stating any assumptions you make, plot and analyze the following data: 

Tempera tu re Concentration Catalyst Yicld 

+ 
+ 

+ + 
+ 

+ + 
+ + 

+ + + 

The ranges for these variables are as follows: 

+ 

Tcmperature 
(of) 

160 
180 

Concentration 
(%) 

20 
40 

60 
77 
59 
68 
57 
83 
45 
85 

Catalyst 

1 
2 

3. A chemist used a 24 factorial dcsign to study the effects of temperature. pH, 
concentration, and agitation rate on yie1d (measured in grams). If the standard 
deYiation of an individual observation is 6 grams. what is the variance of the 
temperature effect? 

4. A metallurgical engineer is about to begin a comprehensive study to deter
mine the effects of six variables on the strength of a certain type of alloy~ 
(a) lf a 26 factorial design were used. how many runs would be made? 
(b) If a 2 is the experimental error variance of an individual observation, 

what is the variance of a maín effect? 
(e) What is the usual fommla for a 99% confidence interval for the main 

effect of a factor? 
(d) On the basis of sorne previous work it is believed that a= 8000 pounds. 

If the experimenter wants 99% confidence intervals for the main effects 
and interactions whose lengths are equal to 4000 pounds (i.e., the uppcr 
limit minus the lower limit is equal to 4000 pounds), how many repli
cations of the 26 factorial design will be required? 
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5. Write a design matrix for a 32 factorial design and one for a 23 facto
rial design. 

6. A study was conducted to determine the effects of individual bathcrs on 
the fecal and total coliform bacterial populations in water. The variables of 
interest were the time since the subject.'s Iast bath, the vigor of the sub
ject's activity in the water~ and the subject's sex. The experiments were 
perfom1ed in a 100-gallon polyethylene tub using dechlorinated tap water 
at 38°C. The bacteria} contribution of each bather was determined by sub
tracting the bacterial concentration measured al 15 and 30 minutes from that 
measured initially. 

A replicated 23 factorial design was used for this experiment. The data 
obtained are presented below. (Note: Because the measurement of bacte
rial populations in water involves a dilution. technique, the experimental 
errors do not have constant variance. Rather, the variation increases with the 
value of the mean.) Perform analysis using a Iogarithmic transfom1ation of 
the data. 
(a) Calculate main and interaction effects on fecal and total coliform popu

lations after 15 and 30 minutes. 
(b) Construct ANOVA tables. 
(e) Do yo u think the Iog transformation is appropriate? Can you discover a 

better transformation? 

EXPERIMENTAL VARIABLES 

Code Name Low Level High Level 

x1 Time since last bath 
x2 Vigor of bathing activity 

1 hour 
Lethargic 
Fe mal e 

24 hours 
Vigorous 

"-' 

X3 Sex of bather Mal e 

Code Name 

y1 Fecal colifom1 contribution after 
15 minutes (organisms/1 00 mL) 

Y2 Fecal colifom1 contribution after 
30 minutes (organisms/1 00 mL) 

Y3 Total coliform contribution after 
15 minutes (organisms/100 mL) 

Y4 Total co1ifoffil contribution after 
30 minutes (organisms/lOO mL) 
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Responses (organisms/100 mL) 

Run Number X¡ xz XJ Yt Yz Y3 Y .a 

1 1 1 3 7 
2 + 12 15 57 80 
3 + 16 10 323 360 
4 + + 4 6 183 193 
5 + 153 170 426 590 
6 + + 129 148 250 243 
7 + + 143 170 580 450 
8 + + + 113 217 650 735 
9 2 4 10 27 

10 + 37 39 280 250 
11 + 21 21 33 53 
12 + + 2 5 10 87 
13 + 96 67 147 193 
14 + + 390 360 1470 1560 
15 + + 300 377 665 810 
16 + + + 280 250 675 795 

Source: G. D. Drew; '"The Effects of Bathers on the Fecal Coliform, Total Col-
iform and Total Bacteria Densíty ofWater," Mao;ter's Thesis, Department of Civil 
Engineering, Tufts University, Mcdford, Mass., October 1971.). 

7. · Using a 23 factorial design, a chemical engineer studied three variables (tem-
perature. pH~ and agitation rate) on the yield of a chemical reaction and 
obtained the following data. Estimate the main effects and interactions. Plot 
the data. Say what the results might mean, stating the assumptions you make. 

X¡ X2 XJ y 

-1 -1 -1 60 
+1 -1 -) 61 
-1 +1 -1 54 
+1 +1 -1 75 
-1 -1 +1 58 
+I -1 +1 61 
-1 +1 +I 55 
+1 +1 +1 75 

where 

Xt = 
temperature - 150°C 

l0°C 

Xi = 
pH -8.0 

0.5 
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agitation rate - 30 rpm 
XJ = 5 . rpm 

y = yield(% lheoretical). 

8. A chemist performed the following expcriments, randomizing the order of 
the runs within each week. Analyze the results. 

Variable Yield 

Run Number Temperature Catalyst pH \Veek 1 \Yeek 2 

1 
2 
3 
4 
5 
6 
7 
8 

+ 

+ 

+ 

+ 

+ 
+ 

+ 
+ 

60.4 
75.4 
61.2 
67.3 

+ 66.0 

+ 82.9 

+ 68.1 

+ 75.3 

The minus and plus values of the three variables are as follows: 

+ 

Temperature e e) CataJyst (%) pH 

130 
150 

1 
2 

6.8 
6.9 

62.1 
73.1 
59.6 
66.7 
63.3 
82.4 
71.3 
77.1 

The object was to obtain increased yield. Write a report for the chemist, 
asking appropriate questions and giving advice on how the investigation 
might proceed .. 

9. Sorne tests were carried out on a newly designed carburetor. Four variables 
were studied as follows: 

Variable 

A: tension on spring 
B: air gap 
C: size of aperture 
D: rate of flow of gas 

Low 
Narrow 
Small 
Slow 

+ 
Hioh e 
Open 
Large 
Rapid 

The immediate object was to find the effects of these changes on the amount 
of unburned hydrocarbons in the engine exhaust gas. The following results 
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were obtained: 

A B e D Unburned Hydrocarbons 

+ + + K2 
+ 1.7 

+ 6.2 
+ 3.0 

+ + + 6.8 
+ + + 5.0 

+ 3.8 
+ + + 9.3 

Stating any assumptions, analyze these data. It was hoped to develop a 
design giving Iower levels of unburned hydrocarbons. Write a report, 
asking appropriate questions and making tentative suggestions for fur
ther work. 

1 O. In studying a chemical reaction, a chemist performed a 23 factoriál design 
and obtained the following results: 

Run Temperaturc Concentration Stirring Rate Yield 
Number (.oC) (%) (rpm) (%) 

1 
2 
3 
4 
S 
6 
7 
8 

50 6 60 54 
60 6 60 57 
50 10 60 69 
60 10 60 70 
50 6 lOO 55 
60 6 lOO 54 
so 10 100 80 
60 lO 100 81 

The chemist believes that the standard deviation of each observation is 
approximatel y unity. Explaining your assumptions, analyze these 

data. 

(a) What are the main conclusions you draw from the data'? 

(b) If the chemist wants to perform two further runs and his or her object is 
to obtain high yicld valucs, what settings of temperature, concentration, 
and stirring rate would you recommend? 

11. Write a design matrix for a 42 factorial design and draw a geometrical rep
resentation of it in the space of the variables. (Note: This is not a 24

.) 

12. (a) Why do we '"block'' experimental designs? 

(b) Write a 23 factorial design in two bJocks of four runs each such that no 
main effect or two-factor interaction is confounded with block differences. 
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(e) Write a 23 factorial design in four blocks of two runs each such that main 
effects are not confounded wíth blocks. 

13. A gróup of experimenters ls investigating a certain synthetic leather fabric. 
Set up for them a factorial design suitable for studyíng four dítferent le veis of 
filler (5, 10, 15, and 20%), two curing agents, and two methods of spreading 
these agents. 

t4. Consider the following data: 

Variable 

Order in Relati\'e- Ambient Response: 

Run Which Runs Humidity Temperaturc Finish 
Number Were Performed (%) (oF) Pump Imperfections 

1 
2 
3 
4 
5 
6 
7 
8 

4 40 70 On 77 
7 50 70 On 67 
1 40 95 On 28 
2 50 95 On 32 
3 40 70 Off 75 
6 50 70 Off 73 
5 40 95 Off 29 
8 50 95 Off 28 

What inferences can be made about the main effects and interactions? What 
do you conclude about the production of defects? State assumptions. 

15. A 23 factorial design has been run in duplicate for the purpose of studying in a 
research laboratory the effects of three variables (temperature, concentration, 
and time) on the amount of a certain metal recovercd from an ore sample of 
a given weight. Analyze these data and state the conch.isions you reach. 

Variable Response: 
Weight of l\letal Reco,·ered 

Temperature Concentration Time (grams) 

80 62 

+ 65 63 
- + 69 73 

+ + 74 80 

+ Bl 79 
+ + 84 86 

+ + 91 93 
+ + + 93 93 

Code: 
-1600°C 30% 1 hour 
+1900°C 35% 3 hou.rs 
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(a) Do you think that these data contain a discrepant value? 

(b) Perform an analysis using all the data and plot residuals. 

(e) Perfom1 an approximate analysis. omitting the discrepant value. 
(d) Report your findings. 

16. The following data were obtained from a study dealing with the behavior of 
a solar energy water heater system. A commercial. selective surface. single
cover collector with a well-insulated storage tank was theorctically modelcd. 
Seventeen computer nms were made, using this theoretical model. The runs 
were made ín accordance with a 24 factorial design with an added center point 
where the four "variablesn were four dimensionless groups corresponding to 
(1) the total daily insolation, (2) the tank storage capacity, (3) the water mass 
flow rate through the absorber, and (4) the "intermittency'' of the input solar 
radiation. For each of these 17 runs two response values were calculated, the 
collection efficiency (y¡) and the energy delivery efficiency (y2). Analyze 
the following results, where L. M, and H designate Iow, rnedium, and high 
values, respectively. for the groups. 

Case Number 1 2 3 4 Yr Y2 

1 H H H H 41.6 100.0 
2 H H H L 39.9 68.6 
3 H H L H 51.9 89.8 
4 H H L L 43.0 82.2 
5 H L H H 39.2 100.0 
6 H L H L 37.5 66.0 
7 H L L H 50.2 86.3 
8 H L L L 41.3 82.0 
9 L H H H 41.3 100.0 

10 L H H L 39.7 67.7 
11 L H L H .52.4 84.1 
12 L H L L 44.9 82.1 
13 L L H H 38.4 100.0 
14 L L H L 35.0 61.7 
15 L L L H 51.3 83.7 
16 L L L L 43.5 82.0 
17 1\1 M M M 45.3 88.9 

The motivation for this work was the fact that the theoretical model was too 
complicatcd to allow for ready appreciation of the effects of various varia~les 
on the responses of interest. This factorial design approach provided the kind 
of information that was desired. 
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11. A 23 factorial design on radar tracking was replicated 20 times with these 
results: 

1 ? 3 y -
7.76±0.53 

+ 10.13 ± 0.74 

+ 5.86 ± 0.47 

+ + 8.76 ± 1.24 

+ 9.03 ± 1.12 

+ + 14.59 ± 3.22 

+ + 9.18 ± 1.80 

+ + + 1.3.04 ± 2.58 

where y is the average acquisition .time (in seconds) and the nurnber fol
lowing the plus or minus sign is the calculated standard deviation of y. The 
variables were: 

1. Modified (-) or standard ( +) mode of operation 

2. Short ( _,.) or long ( +) range 

3. Slow (-) or fast ( +) plane 
Analyze the results. Do you think a transformation of the data should be made? 

18. This investigation was concerned with the study of the growth of algal 
blooms and the effects of phosphorus, nitrogen, and carbon on algae growth. 
A 23 factorial experiment was performed, using laboratory batch cultures of 
blue-grcen kticrocystis aen1ginosa. Carbon (as bicarbonate), phosphorus (as 
phosphate), and nitrogen (as nitrate) were the variable factors. The response 
was alga] population. measured spectrophotometrically. 
The Jevels of the experimental variables were: 

1: 
2: 
3: 

Variable 

phosphorus (mg/liter) 
nitrogen (mg/liter) 
carbon (mgfliter) 

The responses (in absorbance units) were: 

0.06 
2.00 

20.0 

+ 

0.30 
10.00 

100.0 

Yl Algal population after 4 days incubation 
Y2 Algal population after 6 days incubation 
Y3 Algal population after 8 days incubation 
)'4 Algal population after 1 O days incubation 
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The following data were obtained: 

Experimental Design Response 

1 2 3 Yt Yl Y3 Y4 

0.312 0.448 0.576 0.326 
+ 0.391 0.242 0.309 0.323 

+ 0.412 0.434 0.280 0.481 
+ + 0.376 0.251 0.201 0.312 

+ 0.479 0.639 0.656 0.679 
+ + 0.481 0.583 0.631 0.648 

+ + 0.465 0.657 0.736 0.680 
+ + + 0.451 0.768 0.814 0.799 

Given that s 2· = 0.003821 wa4\ an independent estimate of variance based on 
18 degrees of freedom and appropriate for all four responses~ analyze the 
data from this factorial design. 

19. To reduce the amount of a certain pollutan~ a waste stream of a small 
plastic moldin8 factory has to be treated before it is discharged. State Iaws 
stipulate that the daily average of this pollutant cannot exceed 10 pounds. 
The following 11 experiments were performed to determine the best way to 
treat this waste stream. Analyze these data and Iist the conclusions you reach. 

Order in Which 
Experiments Chemical Temperature PoJiutant 
\Vere Performed Brand 4 eF> Stirring (lb/day) 

5 A 72 None 5 
6 B 72 Non e 30 
1 A 100 Non e 6 
9 B 100 Non e 33 

l1 A 72 Fast 4 
4 B 72 Fast 3 
2 A 100 Fast 5 
7 B 100 Fast 4 

3 AB 86 lntermediate 7 

8 AB 86 lntem1ediate 4 
lO AB 86 lntermediate 3 

a AB denotes a 50-50 mixture of both brands. 

20. An experimcnt is run on an operating chemical process in which four vari
ables are changed in accord<mce with a randomized factorial plan: 
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Variable + 

1: concentration of catalyst (%) 5 7 
2: concentration of NaOH (%) 40 45 
3: agitation speed (rpm) 10 20 
4: tempcrature tF) 150 180 

Order of 
Running 1 2 3 4 lntpurity 

2 - 0.38 
6 + 0.40 

12 + 0.27 
4 + + 0.30 
1 + 0.58 
7 + + 0.56 

14 + + 030 
3 + + + 0.32 
8 + 0.59 

10 + .+ 0.62 
15 + + 0.53 
11 + + + 0.50 
16 + + 0.79 
9 + + + 0.75 
5 + + + 0.53 

13 + + + + 0.54 

(a) Make a table of plus and minus signs from which the various effects and 
interactions could be calculated. 

(b) Calculate the effects. 
(e) Assuming three-factor and higher order interactions to be zero, compute 

an estimate of the error variance .. 
(d) Make normal plots. 

(e) Write a report, setting out the conclusions to be drawn from the experi
ment, and make recommendations. (Assume that the present coriditions 
o.f operation are as follows: 1 = 5%, 2 = 40%.3 = IOrpm, 4 = 180°F.) 

(f) Show pictorially what your conclusions mean~ 





CHAPTER6 

Fractional Factorial Designs 

In Chaptcr 5, as a first introduction to factorial design, there were two experiments 
on floor waxes. This chapter begins by describing two further experiments from 
the same study. One objective is again to emphasize the use of the eye and simple 
sketches for interpreting data. 

6.1. EFFECTS OF FIVE FACTORS ON SIX PROPERTIES OF FILl\IS 
IN EIGHT RUNS 

In this experiment five factors were· studied in only eight runs. The factors were 
the catalyst concentration A, the amount of an additive 8, and the amounts of 
three emulsifiers C, D, and E. The polymer solutions were prepared and spread 
as a film on a microscope slide. The properties of the films were recorded as 
they dried. The results for six different responses~ denoted by Yt, Y2· y3, )'4, y5, 
and Y6, are shown in Table 6.1. 

Surprisingly many conclusions can be drawn from these results by visual 
inspection. On the assumption (reasonable for this application) of dominant main 
effects, it appears that the important factor affecting haziness y¡ is emulsifier C 
and the important factor affecting adhesion y2 is the catalyst concentration, factor 
A. Further, the important factors affecting grease on top of film y3, grease under 
film )'4, dullness of film when pH is adjusted y5, and dullness of film with the 
·original pH y6 are, respectively D, E,_ D, and D. 

The eight-run design in Table 6.1 was constructed beginning with a standard 
table of signs for a 23 design in the dummy factors a, b, and c. The column 
of signs associated with the be interaction was used to accommodate factor D. 
Similarly, the abe interaction column was used for factor E. 

A full factorial for the five factors A, B, C, D, and E would have needed 
2

5 = 32 runs. In fact, only one·quarter of these were run. Thus the design is a one
fourth fraction of the 25 factorial design and is therefore called a quarter fraction, 

Statistics for Experimenters, Second Ediricm. By G. E. P. Box, J. S. Huntcr. and W. G. Hunter 
Copyright © 2005 John Wiley & Sons. Inc. 
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Table 6.1. EfTects of Five Factors on Six Responses, a 25- 3 Design 

D=BC 
E=ABC 

y., .Vi· )'3. )'4, Ys. )'6 
Haz y? Adheres? Grease Grease DuiJ, DuU, 

Run a b e he abe on Top Undcr Adjusted Original 
Numbcr A B e l> E of Film? Fi.lm? pH pH 

1 + No No Y es. No SJightly Y es 
2 + + -t; No Y es Y es Y es SJinhtlv b • Y es 
3 + + No No No Y es No No 
4 + + No Y es No No No No 
5 + + Y es No No Y es No Slightly 
6 + + Y es Y es No No No No 
7 + + + Y es No Y es No Slightly Y es 
8 + + + + + Y es Y es Y es Y es Slightly Y es 

Factors + 

A: catalyst (%:) 1 1.5 
B: addiúve (%) 1/4 l/2 
C: emulsíficr P {%) 2 3 
D: emulsifier Q (%) 1 2 
E: emulsifier R (%) 1 ~ 

or a ''quarter replicate," of the full 25 factorial and since 114 = ( ~ )2 = 2-2, it is 
referred to as a 25- 2 design (a two to the five minus two design). In general, a 
2k-p dcsign is a C!)P fraction of a 2k design using zk-p runs. . 

6.2. STABILITY OF NE'V PRODUCT, FOUR FACTORS IN EIGHT 
RUNS, A 24- 1 DESIGN 

This example concems a chemist in an industrial development laboratory who ·was 
trying to formulate a household liquid product using a new process. He was able 
Lo demonstrate fairly quickly that the product had a number of attractive proper
ties. Unfortunately. it could not be marketed because it was insufficiently stab!e. 

For months he had been trying many different ways of synthesizing the prod· 
uct in the hope of hitting on conditions that would give stability,* but without 
success. He had succeedcd, however, in identifying four important inftuences: (A) 
acid concentration, (B) catalyst concentration, (C) temperature, and (D) monomer 
concentration. He at last decided. somewhat reluctantly. to perfonn his first sta· 
tistkally planned experiment. His eight-run fractional factorial design is shown 
in Table 6.2 with the ~igns of the abe interaction used to accommodate factor D. 

• Stability js one aspcct of product robustne..c;s dlscussed in detail in Chapter 13. 
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In these tests, run in random order9 he wantcd to achieve a stability value of at 
Ieast 25. On seeing the data, his first reaction was one of disappointment since 
none of the individual observations reached the desired stability leveL 

Following a Trend 

from Table 6.2 you will see that the estimated main effects A, B, C, and D 
were respectiveJy -5.75, -3.75, -1.25, and 0.75. Thus it secmed likely that 
factors A and B were dominant in influencing stability-that there was a two
dimensional subspace of maximum activity in acid concentration and catalyst. 
On this hypothesis the design could now be viewed as a duplicated 22 factorial 
in acid concentration (A) and catalyst concentration (8), shown in Figure 6.1. 
This idea was supported by the chemist's judgment that he would not have been 
surprised to obtain discrepancies in genuine duplications similar in magnitude 
to those of the paii"S of numbers. Sketching the contour lines in by eye, a clear 

Table 6.2. Example of a 24- 1 Fractional Factorial 

Factors 

a b . e abe Srability (R), 
Test Number A B e D J" 

1 20 
2 + + 14 
3 + + 17 
4 + + 10 
5 + + 19 
6 + + 13 
7 + + 14 
8 + + + + 10 

Factors + 
A: acid concentration 20' 30 
8: catalyst concentration .1 2 
C: temperature 100 150 
D: monomer concentration 25 50 

Main Effects y+-Y-

A 11.75- 17.50 = -5.75 
B 12.75- 16.50 = -3.75 
e 14.00- 12.75 = -1.25 
D 15.00- 14.25 = 0.75 
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Figure 6.1. ResuiL'i of u 24
-

1 fractional factorial design viewed as a dupticated 22 fal·torial design 
with approximate stability contours: Example 2. 

trend was shown." Thus, although none of the tested conditions produced the 
desired leve] of stability. the experiments did show the direction in which such 
conditions might be found. A few exploratory runs performed in tlús direction 
produced for the first time á product with stability even greater than the goal 
of 25. 

Commentary 

This example illustratcs the following: 

l. How a fractional factorial design was used for screening purposes to isolate 
two factors from the original set of four. 

2. How a desirable direction in which to carry out further experiments was 
discovered. 

All two-level factorial and fractional factorial designs employing eight runs 
make use of the same fundamental table of signs sometimes called an Ls orthog
onal arra y. This table is easy to construct. As shown in 'Table 6.3, one first writes 
thc column of signs for a 23 factorial identified by the column headings a, b, and 
e along with the four addilional columns for the interactions ab, ac, be. and abe. 
You will see later how these same columns of signs may be used to construct 
eight-run fractional clesigns for k = 4, 5, 6, 7 factors·. 

• As discusscd in Chapter 5. the direction at rig.ht angles to thc contours is catlcd the parh (.lfstt•epest 
ascenr. 
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Table 6.3. Two-Level Eight-Run Orthogonal Array 41 

Run a b e ab a e be abe FailureRatc. 

Number A 8 e D y 

1 + + + 16 

2 + + + 7 

3 + + + 14 

4 + + + 5 

5 + + + 11 

6 + + + 7 

7 + + + 13 
8 + + + + + + + 4 

a The factor allocation is for a 2"- 1 fractional factorial used to investigatc thc failure cate of a bearíng. 

6.3. A HALF-FRACTION EXAi\'IPLE: THE l\IODIFICATION OF A 
BEARING 

In this example a manufacturer of bearings lost an important contract because a 
competitor had developed a rugged bearing more able to handle ill-balanced loads 
of laundry in a washlng machine. A project team conjectured that a better bearing 
might result by modifying one or more of the following four factors: A a particular 
characterlstic of lhe manufacturing process for t11e balls in the bearings, 8 the cage 
design, C the type ofgrease. and D the amount of grease. To check this, a full 24 

design would have required 16 experimental runs. However a 24-l half fraction 
requiring only eight runs was used. The design associating the factors A, B, C, and 
D with the orthogonal columns a, b, e, and abe is shown in Table 6.3. The standard 
bearing design corresponded to the factor combinations listed for run 1 (Hellstrand 
(1989)). 

The eight runs were made in random arder. The response y was the fa_ilure rate 
(the reciprocal of average time to failure). Inspection of the data suggested that 
factor D did not have a large ínfluence. In Figure 6.2a cube plots are shown for the 
runs at the low leve] of D and high leve] of D. Supposing factor D to be essentíally 
inert, you can combine the two half fractions to givc the full 21 factorial design 
in factors A, B, and C as in Figure 6.2b. You will see that by changing factor 
A-the manufacturing conilitions of the balls-a very large teduction in failure 
rate could be obtained perhaps somewhat enhanced by changing the type of cage 
C. Further tests confim1ed these findings and a lost market was regained with a 
bearing design that exceeded customer expectations. 

Exercise 6.1. Redo Figure 6.2 with factor C as the spliuing factor. 

lnert Factor? 

In the above example factor D was said to be "essentially incrt.n Refercnce 
lo .. active factors'' and ''inert factors" occurs frequently in this book. In any 
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Figure 6.2. (a) Half fraction of the 24 factorial with data plotted on the lcft cube with D at the 
lower (-) level and on the right hand side with D al its upper ( +) leve l. (b) Combined data plotted 
on one cube ignoring factor D. 

investigation it is important to find out which factors have a major influence 
upon a particular response and which do not. Notice that a major inftuence might 
manifest itself via the main effect of the factor or through interactions with other 
factors. Now, when you change the Jevel of any factor, sorne effects will almost 
always occur in some region of the factor space. Thus "incrt" .implies only that the 
factor appears local/y inactive, that is~ only in the space of current experimental 
interest. Notice also that being essentia11y inert is not necessarily the same as "not 
statistically significant." You might, for example, have a statistically significant 
level of change that was of no practica} interest. 

6.4. THE ANATOI\IY OF THE HALF FRACTION 

With four factors A, B, C~ and D~ if you employ a complete 24 factorial design. 
you can estimate J 6 independent quantities-· the average, four main effects. six 
two-factor interactions. four three-factor interaction, and one four-factor 
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interaction. Exactly, then, what can you estímate with a 24- 1 half fraction? The 
design in the abo ve example was obtained by using the signs of the abe interaction 
to accommodate factor D. Thus, the ma.in effect of factor D cannot be distin
guished from the ABC interaction. In fact, what you real1y have is an estimate. 
of the sum, D + ABC. If the notation 1 D is employed to denote the contrast actu
ally computed, that is, lv = 1 /4( -y• + Y2 + Y3 - Y4 + Ys - Y6- )'7 + Ys), Lhen, 
usina an arrow to mean "is an estimate of," you can write lv ~ D + ABC> o . 
Using this design. the effects D and ABC are said to be ''confounded ... They 
cannot be separately estimated and ABC is called an ''alias" of D. 

This confounding has consequences for all Lhe estimated effects. By looking 
at the signs in Table 6.3, you will tlnd that 

lA~ A+ (BCD) l,w --+ AB + CD 
In --+ B + (ACD) IAc -+ AC + BD 
le--+ C + (ABD) lec-+ BC + AD 

lv ~ D+(ABC) 

Often interactions between three• or more factors would be small enough Lo be 
ignored. On this assumption, lA, la, le~ and lv would provide estimates of main 
effects of the four factors A, 8, C, and D. 

Hcre is an explanation of the generation of.this design. 
The 24- 1 fractional factorial was obtained by using the lellers of the gcnerating 23 factorial 
so that A= a,B = b,C =e, and D =abe. Tbus. 

D=ABC 

is cal~ed Lhe generating relatíon for the design. Now if you multiply the signs of the 
elements in any column by those of the same column you will get a column of plus signs 
identified by the symbol 1, called the identity. Thus A x A = A 2 = 1, B x B = 8 2 = 1, 
and so fonh. Multiplying both sides of the design gene.rator ABC by D gives 

D X D = D1 = ABCD 

that is, 

l=ABCD 

~le expressionl = ABCD is a somewhat more convenient fom1 for the generating rela
tJOn. (As á check, you will find that multiplying together the signs of the columns A, B, 
C. and D of the 24- 1 dcsign givcs a column of plus signs.} 
Once you have the generating relation in this convenient form, you can immediately 
obtain aU the alias relationships. For example, multiplying both sides of 1 = ABCD by 
A gives A= A2BCD = IBCD =BCD. the identity 1 acling as a J. Thus the estimates 

•the three factor intemctions BCD, ACD, ... are estimatcs of the third-ordcr mixcd derivatives 
é1y3foB oC éJD. éJy~foA oC éJD ••• •• lt is these third-ordcr ciTects that are assumcd negligíble. 
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of A and BCO are confounded and A and BCD are aliases. For the design, tl1en, 

1= ABCD, 

AB= en, 

Dcsign Resolution 

B =ACD, 

AC = BD, 

C =ABO, 

AD=BC 

D=ABC 

The 24
-

1 fractional design uscd here is said to be of resolution 4. It has main 
effects aliased with three-factor interactions and two-factor interactions aliased 
with one another. These alias pattems occur because the generating relation 
for this design, 1 = A BCD, contains four letters. Thus. hy using the rnulti
plication rule. we find that any effect identified by a single letter is coupled 
with a rhree-letter e.ftect; thus A = BCD, B = ACD, C = ABD. and D = ABC. 
Similarly, every t~vo-letter .ejfec:t ís coupled with anotlzer two-letter effect; thus 
AB = BC, AC = BD, and AD = BC. The resolution of a fractional factorial 
design is dcnoted by a Roman numeral subscript. The design described herc then 
is a 2iv 1• or in words a "two to the four minus one., resolution four., design. 
Notice in this example that the generating relation design 1 = ABCD for this 
design contains tour letters. In general. the resolution of any hallfraction design 
equals the number of letters in its generating relation. 

lf instead you had used a two-facror interaction column, say AB. to accommo
date the signs of factor D. you would then have D = AB with generating rela
tion 1 = ABD. Thus with this design A = BD, B = AD, C = ABCD, D = AB, 
AC = BCD, BC = ACD, and CD = ABC. Note that with this design three of the 
maih effects are aliased with two-factor interactions. Since the generating relation 
1 = ABD contains a three-letter word, this design is of resolution III. a 2tii 1 design. 
To get the most desirable alias pattems, fractional factorial designs of highest res
olution would usually be employed; Lhere are, howe.ver, important exceptions to 
the rule. 

High-Order Interactions Negligible 

Assuming that interactions betwecn thrce or more factors may be ignored. the anal
ysis ofthe bearing experiment is shown on the left ofthe table below. The analysis 
assumes that D is essentially inert whence it folJows that all effects containing the 
letter D will be negligible and you obtain the effects shown on the right: 

Effccts Estimates Effects Assuming D Is lnert 

A -7.75 A 
B -1.25 B 
e -1.75 e 
D -1.25 D (noise) 
AB+CD -1.25 AB 
AC+BD 1.25 AC 
AD+BC 0.75 BC 
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Rcdundancy 

Large factorial designs a11ow for the estimation of many higher order effects. For 
example. a 25 design with 32 runs provides independent estimates not only of the 
mean, 5 main effects, and 10 two-factor interactions but also of 10 three-factor 
interactions, 5 four-factor interactions, and one five-factor interaction. If you 
make the assumption that you can ignore tluee-factor and higher order intcrac
tions, t11en you are left with the mean, the 5 main effects, and the 1 O two-factor 
intcractioos-a 32-run design is being used to estímate just 16 effects. Frac
tional factorials employ such redundancy by arranging that lower order effects 
are confoundcd wlth those of higher order that are assumed negligible. 

Parsimony and Projecti\'ity 

A somewhat different justification for .the use of fractional factorials is based on 
the joint use of the principies of parsimony• and design projectivity. 

Parsimony 

J. M. Juran, a pioneer advocate of the use of statistical methods in quality, refers 
to the vital few factors and the trivial many. This is a statement of the Pareto 
principie, which in this context says that the aétive factor space is frequently of 
Iower dimension than the design space-that some of the factors are without 
much effect and may thus be regarded as essentially jnert. 

Projecth•ity 

Look at the following four-run design in factors A, B, and e: 

a b ab 
A B C 

+ 
+ 

+ 
+ + + 

The design is a 2r1[
1 (resolution lii) design sometimes referred to as the L4 

orthogonal array. Since it uses the signs of ab to accommodate factor e~ the 
defining relation is C = AB or 1 = ABC. If you drop out any one factor, you 
obtain a 22 factorial in t11e remaining two factors. Figure 6.3 shows this geo
metrically. You can say the 3D design projects a 22 factorial design in aH three 
subspaces of two dimensions. The 3D design is thus said to be of projec:tivity 
P == 2. In a similar way the 24

-
1 design of the bearing example is a design of 

-The principie, somctimcs callcd "Occam's razor," is vcry old and seems to have bcen tirst stated 
by n Franciscan monk, William of Occam, sometimc in the fourtccnth century. 
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Figure 6.3. A 2t1' de!.ign showiog project.ions into three 21 factorials. 

projectivity P = 3. You saw in Figure 6.2 that by dropping factor D a 23 facto
rial was produced in factors A, B, and C. But if you had dropped any one of 
the four factors A, 8, C, D you would have a full 23 design in the remaining 
three. In general, for fractional factorial designs the projectivity P is 1 Iess than 
the resolution R, that is, every subset of P = R - 1 factors produces a complete 
factorial (possibly replicated) in P factors Thus, if an unknown subset of P or 
fewer factors are active, you will have a complete factorial design for whichever 
these active factors happen to be. The fact that a fractional factorial design of 
resolution R has a projectivity P = R -1 is Jater used extensively. 

6.5. THE 2Jü4 DESIGN: A BICYCLE EXAl\IPLE 

As you rnight expect, in- sequential experimentation, unless the total number 
of runs of a full or rcplicatcd factorial is needed to achieve a desi.red level 
of precision, it is usually best to start with a fractional factorial design. Such 
designs can always be augmentcd later if this should prove necessary. ín that 
case, the first fractional design will indicate how a further fraction should be 
chosen so as to meld into a larger design in such a way as to answer questions 
and resolve ambiguities. The previous chaptcr contained a bicycle example. The 
following data come from another such experiment conducted by a different 
(somewhat more ambitious) rider. The investigation began with an eight-run 
fractional factorial dcsign used to study seven factors. 

The data are the times it took to climb a particular hill. The runs were made in 
random arder. The seven factors shO\VO in Table 6.4 indicated by A, B, e, ... 'G 
use. the columns of signs obtained from the main effects and interactions of the 
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Table 6.4. Eight·Run Experimental Dt-sign for Studying the Effects of Seven 
Factors 

Run 
Number 

1 
2 
3 
4 
5 
6 
7 
8 

Scat handlebars Gear 
Up/ Dynamo Up/ Low/ Raincoat Breakfast 

Down OfT/On Down Medium On/Off Y es/No 
a 
A 

+ 

+ 

+ 

+ 

b e ab nc be 
B e D E :F 

+ + + 
+ 

+ + 
+ + 
...... + + 

+ + 
+ + + 
+ + + + + 

Tablc 6.5. Confounding Pattcrn Between Main 
Effects and Two·Factor Interactions for the Bicycle 
Data 

Seat 
Dynamo 
Handlebars 
Gear 
Raincoat 
Breakfast 
Tires 

Fact.ors 

lA= 3.5--+ A +BD +CE +FG 
lo = 12.0 ~ B + AD + CF + EG 
le= 1.0--+ C +AE + BF + DG 
In= 22.5~ D +AB +EF + CG 
lE= 0.5__.. E +AC + DF + BG 
IF = 1.0~ F +BC +DE +AG 
10 = 2.5 ~ G + CD +BE + AF 
11 = 66.5 ~ average 

Note: Here and in what follow boldface numbers indicate esti
mates that are distinguishable from noise. 

Tires 
Hard/ 
Soft 
abe 
G 

+ 
+ 

+ 

+ 

245 

Climb 
Hill 
(sec) 

y 

69 
52 
60 
83 
71 
50 
59 
88 

dummy variables abe shown in Table 6.4. These seven factors identify different 
dispositions of bike equipment and bike rider. The design, a 2Jj¡4 fractional 
factorial, is a one-sixteenth .. replicate" (i.e., a one-sixteenth fraction) of the 27 

factorial and is of projectivity P = 2. The analysis of the data in Table 6.5 
shows the alias structure for the design omitting interactions between three factors 
or more. Preliminary test runs suggested that the standard deviation for repeated 
runs up the hill under similar conditions was about 3 seconds~ Thus the calculated 
comra."'ts lA, 18 , ••• , la have a standard error of about 

= 2 1 . 
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Medium 

Gear, 4 

Low 
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69 
71 

52 
50-------

Off 
Dynamo. 2 

83 
88 

60 
59 
On 

Figure 6.4. Bicycle example; the projcclion of seven factors imo a 2D active subspace. 

As indicated in Table 6.5. evidently only two estimates lB and lv are distin
guishable from noise. The simplest interpretation of the results is that only two 
of the seven effccts, the dynamo B and gear D, exertcd a detectable influence, 
and they did so by way of their main effects. On this interpretation use of the 
dynamo adds about 12 seconds to the time, and using the medium gcar instead 
of Lhe low gear adds about 22 seconds. Further. on this interpretation the design 
projects down to the replicated 22 factorial design shown in Figure 6.4. There 
are of course possible ambiguities in Lhese conclusions, and later in this chapter 
ways are considered in which they may be resolved. 

The Defining Relation 

The generators of this 2rv4 dcsign are D = AB, E = AC, F = BC, G = ABC or equally 
the dcfining relation begins with 1 = ABO = ACE = BCF = ABCG. To complete the 
defining relation, we must add all "words'' that can be constructed from aH multiplications 
ofthese four generators. For.example, ABO x ACE = A2BCOE = BCOE, since A2 =l. 
The complete dctining relation is thus 1 = ABD = ACE = BCF = ABCG = BCDE = 
ACDF = CDG = ABEF = BEG = AFG = DEF = ADEG = BDFG = CEFG = 
ABCDEFG. Note that the smallest '4word" in the defining relation has three l.etters 
and thus the 27- 4 is a resolution II1 design. Multiplying through the defining rela
tion by A gives A = 80 =CE= ABCF= BCG = ABCDE= CDF= ACDG = BEF = 
ABEG = FG = AOEF = DEG = ABDFG = ACEFG= BCDEFG. Assuming all three
factor and higher order interactions to be nil, \Ve gct the tlbbreviared alias patten1 A = BD 
= CE = FG. The .abbreviated alias structure for all main effects is given in Table 6.5. 

6.6. EIGHT·RUN DESIGNS 

Various examples of eight-run fractional designs have been presented, but it 
is important to understand that all eight-run two-IeveJ factorial and fractional 
factorial designs accommodating up to seven factors can be obtained from the 
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single basic orthogonal array shown in Table 6.6a. This array is obtained by 
writing a11 seven columns of signs generated by the main effect and interactions 
of the thrce dummy factors a, b, and c. Table 6.6b shows how this same array 
n1ay be used to produce the 23, the 2j; 1, or the 2Jjj4 designs. In particular, 
associating factors A, B, ••• , G with the se ven columns a, b, ••• , abe results 
in the "saturated .. 2Ji14 design. Any other eight-mn design may be obtained by 
dropping appropriate columns from this seven-factor eight-run nódal design. For 
example, if you drop factors D, E. and F. yo u obtain the 2iv 1 nodal design in 
factors A, B, C, and G. Similarly, designs for studying only five or six factors in 
cight nms, the 2f(]2 and 2~[¡3 designs, may be obtained by dropping one or two 
columns from the 2J¡¡4 nodal design. 

The four-factor design (2iv1
) and the seven-fattor design (2i114

) are called 
nodal designs because for a givcn numbcr of runs they include lhe Jargest numbcr 
of factors at a given resolution. The alias tables for the four- and seven-factor 
nodal designs are shown in Table 6.6, e and d. The alias structures for other 
eight-run designs are derived from thcse by dropping appropriate lettcrs from the 
basic nodal alias tables.* 

6.7. USING TABLE 6.6: AN ILLUSTRATION 

. 
In the early stages of a laboratory experiment tive factors listed in Table 6. 7 
and here labeled 1, 2, ... , 5 were proposed for further investigation. The best 
reactor conditions known at that time were thought to be far from optimal, and 
consequcntly main effects were believed to be dominant and interactions rel
atively small. (When you are far down the side of a híll, it is the slopes of 
the h.ill that are important.) However. on reflection the experimenters believed 
that one interaction l x 3 might be active. The two columns of signs dropped 
from the 2j¡¡4 nodal design were therefore carefully l:hosen to ensure that the 
column of signs of the interaction 1 x 3 were not used to accommodate any 
othcr effect. 

Study of Tablcs 6.6a and d shows tbat on the above assumption one way in 
':Vhich this can be done is by dropping columns E and F from the seven-factor 
nodaJ arrangement, and associating the five factors 1, 2, 3. 4. 5 with columns 
A, B, C, D, G. The date obtained from this experirrient, the calculated effccts of 
their expected (mean) values are shown in Table 6.7. 

•To show the csscntial unity ofthe eight~run designs the association of factors A, B, C, D. F., F, G 
witl.l a,. b, e, ab, ac, be, abe is maintained here. Earlicr the cight nms of the 2iv 1 was shuwn as a 
dcs1gn m factors A, B, e, D rather than A, B, e, G. This is of course rnerely a relabeling. Note aJso 
that (a) switching all the signs in a com.rast column. (b) rcordcring the contrast columns. and (e) 

rcord~ring the rows Jeaves the basic design únchanged. Thcse .opcrations a, b, e sitnply dctcm1inc 
(a) which of the two-factor Jevels is codcd by + and which by -. (b) the reallocation of thc Ieucrs 
to the fractions, and (e) the changc in <1rdcr in which the runs are listcd. So any two dcsigns whích 
ure such that one can be obtained from the other by any or all of thcse opcratioos are rcgardcd 
as idcntical. 
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Table 6.6. Table for Generating Eight-Run Designs 

a. Orthogonal Columns 

a b e ab a e be 

+ + + 
+ + 

+ + 
+ + + 

+ + 
+ + + 

+ + + 
+ + + + + + 

'b. OrthogonaJ Columns and Factor ldcntifications for nodal Eight-Run Designs 

a b e ab 

23 A B e 
24-1 

IV A B e 
27-4 ru A B e D 

24-1 
C. IV 

A B e G 
a A 
b B 
e e 
ah AB+CG 
a e AC+BG 
be BC+AG 
abe G 

a e 

E 

AHa<ieS 

a 
b 
e 
ab 
a e 
be 
abe 

be 

F 

d 27-4 . . lll 

abe 

G 

G 

ABeDEFG 
A +BD +CE+ FG 
B+AD+CF+EG 
C+AE+BF+DG 
D +AB +EF+CG 
E+AC+DF+BG 
F+BC+DE+AG 
G +CD +BE +AF 

Projectivity P 

3 

2 

abe 

+ 
+ 

+ 

+ 

From this analysis it appears that factors l. 3, and 5 all had large negative 
effects. lt was concluded that higher yields might be obtained by moving in a 
direction such that the concentration of y y the amount of solvent, and the tinte 
of reaction were a11 reduced. A series of further experiments in the indicated 
direction confirmed this possibility and a yield of 84% was eventually obtained. 

Excrcise 6.2. Write down the alias pattern associated with the design in which 
column F is used for the fifth factor and column Gis left unused. 
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Table 6.7. A 2f1-¡2 Design Derh·ed from the NodaJ 2j¡¡4 and Used to Study the Yield 
oC a ChemicaJ l\lanufacturing Process 

Factors 

1: concentration of y 
2: proportion of y to ex 
3: amount of solvent 
4: proportion of f3 to a 
5: reaction time 

Number Run 

1 
2 
3 
4 
5 
6 
7 
8 

eA= -4.6-+ 1 
is = 0.2 ~ 2 
te= -5.6~ 3 
lv = -o.s~ 4 
lE= 1.0·~ 1 X 3 
lF = -0.8 ~ Noise 
eG · -3.4 ..... s 

a 
A 
1 

+ 

+ 

+ 

+ 

-1 

94 
3.85 

280 
3.5 
2 

b 
n 
2 

+ 
+ 

+ 
+. 

+1 

96 
4.15 

310 
5.5 
4 

e ab 
e D 
3 4 

+ 

+ 
+ + 
+· --
+ 
+ + 

abe 
G 
5 

+ 
+ 

+ 

+ 

% 
mol/mol 

cm3 

mol/mol 
hr 

77.1 
68.9 
15.5 
72.5 
67.9 
68.5 
71.5 
63.7 

6.8. SIGN SWITCHING, FOLDOVER, AND SEQUENTIAL ASSEl\IBLY 

As we have said earlier, further· runs may be needed when fractiona1 designs 
Yield ambiguities. One strategy to employ in this sequential assembly of designs 
is called "foldover." It is achieved by sign switching. 

An Example of a Single·Column Foldover 

Look again at the bicycle experiment in Table 6.4. Even though the tentative 
conclusion from the 8-run design was that factors B and D (dynamo and gear) 
explained the data, the cyclist experimenter had previously suspected that chang
ing the gear (factor D) from low to medium would interact wilh, at least, some 
of the other factors. To check this, he added the second set of 8 runs shown 
in Table 6.8a in which only the column of signs for factor D was reversed 
(each plus sign in this column replaced by a minus sign and each minus by a 
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plus). The analysis for this second set of 8 nms is shown in Table 6.8b. The 
16 runs resulting from the two 2J1¡4 fractionals may now be considered together 
by combining the results of Tables 6.5 and 6.8b by addition and subtraction 
of the estimates obtained from the two 8-run designs. These 16 nms together 
provide unaliased estimates of the main effect of D and all two-.factor illlerac
tions involving D. ln this way we obtain Table 6.9. Equivalently, of course. we 
can treat the two sets of 8 runs as two blocks in a 16-run design and analyze 
accordingly. The two sets of 8 runs are here considered separatcly to illustrate 
the concept. 

The large main effect for factor D (gear) is now estimated free of aliases. Al so, 
as required, all two-factor interactions involving D are free of aliases although 
for this particular set of data, none of these are distinguishable from noise. In this 
case, then the tentative conclusions from the first 8 nms appear to be borne out. 

Table 6.8a. A Second 2j¡¡4 Fractional Factorial Design with Times to Cycle Up a 
Hill with Defining Relations l = -ABD, 1 = AC~ 1 = BCF, 1 = ABCG 

Seat Gear 
Up/ Dynamo Handlebars Low/ Raincoal Breakfast 

Down Off/On Up/Down Medium On/Off Y es/No 
Number a b e -ah a e be 
Run A B e D E F 

9 + + 
10 + + + 
11 + + + 
12 + + 
l3 + 
14 + + + + 
15 + + + + 
16 + + + + + 

Note: a. b, ... , abe refer to columns; A, B, .... G to factors. 

Table 6.8b. Calculated Contrasts and Abbreviated 
Confounding Pattern for thc Second Eight-Runs 
Dcsign in the Bicycle Experiment 

Se al 
Dynamo 
Handlebars 
Gear 
Raincoat 
Breakfast 
Tires 

1~ = 0.7 ~A -BD +CE+ FG 
18 = 10.2-+ B -AD + CF + EG 
1~ = 2.7 ~ C + AE + BF - DG 
1~) = 25.2-+ D -AB -EF- CG 
1~ =-1.7-+ E +AC- DF + BG 
1~ = 2.2 ~ F + BC- DE +AG 
/~ = -0.7-+ G- CD +BE +AF 
1, = 68.125-+ average 

Tires 
Hard/ Climb 
Soft Hill, 
abe )' 

G (sec) 

47 

+ 74 

+ 84 
62 

+ 53 
78 
87 

+ 60 
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Tnble 6.9. Analysis of Complete Set ·or 16 runs, Combining the Resulls of the Two 
Fractions: Bicycle Example 

Seat 
Dynamo 
Handlebars 
Gear 
Raincoat 
Breakfast 
Tires 

l/2(/A +/~\) = l/2(3 .. 5 +0.7) = 2.1 ~A+ CE +FG 
1/2(/8 + /~) = 1/2(12.0 + 10.2) = 11.1---;. B + CF + EG 
1/2(/c+/~) =1/2(1.0+2.7) = 1.9~C+AE+BF 
1/2(/0 +lb>= 1/2(22.5 + 25.2) = 23.9 ~ D 
l/2(h+i~) = 1/2(0.5- 1.7) =-0.6-+ E+AC+BG 
l/2(/F + /~) = 1/2(1.0 + 2.2) - 1.6 ~ F + BC + AG 
1/2(/0 +1~) = 1/2(2.5.- 0.7) - 0.9--"' G +BE +AF 
l/2(/" -/~) = 1/2(3.5- 0.7) - 1.4-+ BD 
1/2(/8 -/~) = 1/2(12.0- 10.2) = 0.9-+AD 
1/2(/c -/~) = l/2(1.0 ...... 2.7). = -0.9 ~ DG 
1/2(/¡_)- Jb> = 1/2(22.5 ~ 25.2) = -1.4-+ AB + EF + CG 
If2{1E -Ir)= 1/2(0.5 + 1.7) = 1.1-+ DF 
1/2(/F -l~) = 1/2(1.0 ~ 2.2) = -0.6-+ DE 
1/2(10 - /~) = l/2(2.5 + 0.7) = 1.6-+ CD 
1/2(/1 +/;) = l/2(66.5+6R.I) = 67.3-+ average 
1/2(/1 -/~) = 1/2(66.5- 68.1) = -1.6-+ block effect 

For any given fraction thc same procedure could be used to "de-alias" a 
particular main effect and all its interactions with other e.ffects. 

Exercise 6.3. Fold over the last co1umn in the design of Table 6.8a and confirm 
that, on the usual assumptions conceming t11ree-factor and higber order interac
tions, the main effect of G and its interactions AG, BG, CG, DG, EG, and FG 
are free of aliases. 

Reprise 

The "one-shot" philosophy of experimentation described in much statistical teach
ing and many textbooks would be appropriate for situations where irrevocable 
decisions must be made based on data from an individual expcriment that can
not be augmented. Particularly in the social sciences, many problems are of 
this kind and one-shot expcrimentation is the only option. However. this is 
much less common in industrial investigations. lt is the goal of this book to 
emphasize the great value of experimental design as a cata1yst to the sequen
tia! process of scientific learning. It must be remembered that the framework 
for an experimental design, fractional or not, and indeed for any investigation 
is a complex of infom1ed guesses that profoundly infiuence its course. The 
need for these guesses has nothing to do with the use of statislical experi
mental design. They must be made whatever the experimental method. Thesc 
gucsses include i.nitially what factors to include, what responses to measure. 
where to locate the experimental region, by how much to vary the factors, and 
then once the data are available how to proceed. All these guesses are treated 
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as "givens'' in a one-shot philosophy. Obviously, different experimenters Will 
make different choices. Thus the aim o.f any philosophy of continued experimcn
tation cannot be uniqueness, but rather a strategy that is likely to converge to 
a useful solution. Structured experimentation can produce for the experimenter 
the clearest possible information on the effects and interactions of the factors 
for each of the various responses. An opportunity for second guessing pro
vides the best chance of understanding what is going on. The subject matter 
specialist can build on this understanding. * Nothing can eliminate uncertainty 
but the skilled interactive use of appropriate tools can enom1ously reduce it~ 
influence. In this context you do not need to answer all questions with one 
experiment. Smaller experiments that successively reduce the nurnber of pos
sibilities are much more effective. This was illustrated earlier in Chapter 1 in 
the extreme case of the game ·'20 questions." In similar fashion, a small num
ber of carefully chosen runs need not necessarily lead to a single interpretation. 
When they do not themselves supply data that solves the problem, they can 
serve to elirninate a large number o( possibilities and provide a basis for fur
ther conjecture. 

6.9. AN INVESTIGATION USING 1\WLTIPLE-COLmtN FOLDOVER 

The following is a another example of a sequcntial use of experimental design this 
time employing multicólurnn foldover. A nurnber of similar chemical plants in 
different locations had been operating successfully for severa] years. In older 
plants the time to complete a particular filtration cycle was about 40 min
utes. In a newly constructed plant, however, the filtration took almost twice 
as long. resulting in serious delays. To try to discover the cause of the dif
ficulty, a technical tea m was called together to consider various possibilities. 
The many differenccs between the new and the older production plants were 
díscussed and seven factors were identified that might account for these dif
ferences: (i) A, the source of the water; (ii) B, the origin of the raw material; 
(iii) C, the temperature of filtration; (iv) D. the use of a recycle stage; (v) E, the 
rate of addition of caustic soda; (vi) F, the type of filter cloth; and (vii) G, the 
length of holdup at a prelirninary stage. Little accurate infonnation was avail
able, and considerable disagreement was expressed as to the importance of these 
various factors. 

The Design and the Results 

Those responsible for the investigation believed that only one or two of the 
factors might prove reJevant but did not know which ones. To find out, ít was 
dccided to use the nodal eight-run 2Jjl4 design of Table 6.1 O. 

• The Duke of Wellington, who won the Battle of Waterloo against Napolcon Bonaparte, said thc 
business o( Jife lS (O Cltdeavor lO find OUt what you don'l know from what you do-tO guess whal 
was at the other side of Lhe hill. 
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Table 6.10. A Screening Experimcnt: Filtratlon Study 

Factors + 

A: water supply Town reservoir Well 
B: mw material On site Other 
C: temperature Low High 
D: recycle Y es No 
E: caustic soda Fast Slow 
F: .filter cloth New O Id 
G: holdup time Low Hioh o 

Run a b e ab a e be abe Filtration Time 
Number A B e D E F G y (min) 

1 + + + 68.4 
2 + ....... + + 77.7 
3 + + + 66.4 
4 + + + 81.0 
5 + + + 78.6 
6 + + + 41.2 
7 + + + 68.7 
8 + + + + + + + 38.7 

Note: a, b, ...• abe are columns; A, B, •..• G are factors. 

Table 6.11. Estimated EfTects and Abbre,·iated 
Confounding Pattern for the Eight-Run 2i¡¡4 Design 
Filtration Experiment 

1 A = -10.9 -+ A'+ BD + CE' + FG 
lo = -2.8-+ B +AD + CF + EG 
le= -16.6-+ C' +AE' +BF + DG 
lo= 3.2-+ D +AB +CG +EF 
lE= -22.8-+ E' +AC' + BG + DF. 
IF = -3.4-+ F +A.G +BC +DE 
IG = 0.5-+ G+AF+BE+CD 
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The runs were made in random arder. At this point it was noted that runs 6 and 
8 Were the runs with the shortest filtration times and these runs were the only 
runs in which factors A, C, and E were changed simultaneously. lt was likely 
therefore that if these changes were made the problem would be fixed. How
ever, the experimenters desired to use this opportunity to gain more fundamental 
Understanding of what was going on. Table 6.11 displays the estimated effects 
With the alias structure obtaincd from Table 6.6. Three of the estimated effects 
(/A, le, and lE) are large but the alias structure in Table 6.11 shows that the 
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results allow four equally good but alternative interpretations. The effects A, c. 
E, AC, AE and CE are distinguished by primes in the Table 6.lla it will be seen 
that the large effects could be due to 

A, c. andE 
A, C, and AC 

A. E, and AE 

C, E, and CE 

To distinguish between the four soJutions. it was dccided to make eight additional 
runs by "foldover'· of all seven columns for thc original eight runs. Thus the seven 
columns of the newly added fraction were mirror images with signs everywhere 
opposite to those of the original design, they are shown together with the new 
data in Table 6.12. 

The fu U defining relation for the nodai2iñ4 design is 1 = ABD = ACE = BCF = 
ABCG = BCDE= ACDJ;- = CDG= ABEF = BEG = AFG = DEF = ADEG 
= BDFG = CEFG = ABCDEFG. The defining relation for the foldover design, 
when the signs of all the factors are changed, is identica1 except that all odd
lettcred words now acquire a minus sign. Adding together the 2[¡¡4 with its 
foldover combines the two defining relations to give 1 = ABCG = ACDF = 
ABEF = ADEG = BCDE = BDFG = CEFG. The smallest '"word .. in this 
defining relation has four Jetters. The combined design is thus a resolution IV 
design, the 2"{v3. O 

Analysis of Sixtecn Runs 

Combining the data from both 8-run designs gives the estimates in Tabie 6.13. 
The large estimated effects are from the factors indicated by A and E and their 

Tablc 6.12. The f~oldover Design and Results of the 
Seeond Filtration Experiment 

Test 
Number 

9 
10 
11 
12 
13 
14 
15 
16 

-a -b 
A B 

+ + 
+ 

+ 

+ + 
+ 

+ 

-e -ah 
e n 

+ 
+ 
+ 
+ 
'-

+ 
+ 

+ 
+ 

-a e 
E 

+ 

+ 
+ -
+ 

-be -abe 
F G 

+ 

+ 
+ + 
+ 
+ +· 

+ 

y 

66.7 
65.0 
·86.4 
61.9 
47.8 
59.0 
42.6 
67.6 



6.9 AN lNVESTIGATION USING MULTIPLE~COLUMN fOLDOVER 

Table 6.13. Estimated Values and Abbreviated Conf'ounding Pattern for the 
Sixteen-Run Filtration Example 
1 :::: A8CG = ACDF = ABEF = ADEG = BCDE = BDFG = CEFG 

lA - -6.7-+ A 
¡
8 

_ -3.9 -:)- B 

le = -0.4 -:)- e 
¡
0 

_ 2 .. 7 -:)- D 
/seD = -19.2-:)- E 
lttcD - -0.1 -:)- F 
IABC - -4.3 -:)- o 
IAB - 0.5 -:)- AB + CG + EF 
iAc - -3.6-:)- AC + BG + EF 
l.H> - 1.1-+ AD + CF +EG 
IABCD = -16.2-:)- AE + BF + DG 
leo - 4.8-+ CD +BE +AF 
J8c - -3.4-+ BC + AG + DE 
!80 - -4.2-+ BD +CE+ FG 
l~tso - 3.0-+ noise 
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interaction is AE. It appears therefore that the third interpretation explains the 
data. On this interprctation factors B,. C, D, F, and G are essentially ínert fac.., 
tors and the 16 rw1s are those of a 22 factorial design in A and E replicated 
four times, as shown in Figure 6.5. Subsequent testing verified that. the problem 
of excessive filtration time could be eliminated by simultaneously adjusting lhe 
source of water supply (A) and the rate of addition of caustic soda (E). The 
chemical engineers on the team wcre able to explain the underlying reasons, and 
this knowledge proved vcry valuable in furthe.r improving results from the older 
plants as well as the new. 

This is a further cxample of how fractional factorial designs may be used 
as sequential building blocks The original fractional factorial design allowed 
for the screening of a 1arge number of factors. but ambiguities rcmained. The 
second fraction combined with the first allowed for the separation of main effects 
and two-factor interactions while simultaneously increasing the precision of the 
estimates. The discovery of the existence a large interaction between factors 
A and E proved essential to understanding thc problem. A one-factor-at-a-time 
approach would have failed. 

Fix lt Or Solve It? 

When your television set misbehaves, you m ay discover that a kick in the right place 
often fixes the problem, at least temporarily. However, for a Iong-tenn solution the 
reason for the fault must be discovered. In general, problems can be fi>.:ed or they 
lllay be so/ved. Experimenta) design catalyzes both fixing and solving. 
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Figure 6.5. Projection into the space of factors A and E: tiltration study. 

/l
r-----6,8 

5,7 

10--------.. 

f--....!...'---11 

10-----¡,a 

5,(1 11 

f¿A 
e 

~A 
1,3----- r----- -13 1,31----- -13 

1 1 
16 2,4 

(a) (b) (e) 

Figure 6.6. Economic altcmalive to foldover: (a) original eight runs; (b) four addÜional runs; (e) 
combined arrays. . 

An Economical Alternative to Total Foldover 

Foldover, like any other technique, should not be used automatically~ As always. 
a little thought may help. At the conclusion of the first eight runs it seemed likely 
that whatever was going on probably involved factors A, C, andE. Figure 6.6a 
shows a cube plot of the run numbers for these three factors. You can see that the 
cause of ambiguity is that the first eight runs produce not a 23 design in the three 
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factors but only a duplicated halfreplicate. Thus an alternative to running the full 
foldover design would be to make single runs at the four missing points. You 
could have usedjust the four additional runs 10, 11. 13, and 16, as in Figure 6.6b. 
Combining these two tetrahedral arrays produces a complete 23 factorial in factors. 
A, C, and E with four runs replicated. Staying with thc earlier nomenclature you 
can call this a 1 1/2 rcplicate of the 23 factorial. All miün effects and two-factor 
interactions can now be estimated. An estirnate of the experimental error variance 
may be obtained from the paired data of the first tetrahedron. Thc estimated main 
effects and two-factor interactions with standard errors are then as follows: 

Using Data from Runs 1-8 and 10, 11, 13, 16 
Effects ±SE 

lA -5.0±2.2 
le - 0.7 ± 2.2 
lE = -21.7 ± 2.2 
lAc = -1.1 ± 2.2 
fi\E = --17.3 ± 2.2 
leE= -5.8 ± 2.2 

s2 = 13.30, v = 5. df 

This approach would have led more quickly and economically to the same con
clusions as before. A more general method ·¡s discusscd later in which optimally 
chosen additional runs can be added in sequence until the necessary information 
is obtained. 

Exercise 6.4. (a) Show what happcns ifyou use runs 9, 12, 14~ and 15 to augment 
the first eight runs. (b) Can you see how the problem could be resolved with just 
three runs? (e) How could you estimate a block effect between the two sets of 
eight runs, and between the eight-run and four-nm designs? 

6.10. INCREASING DESIGN RESOLUTION FROl\1 111 TO IV BY 
FOLDOVER 

lf you look again at Table 6.13 for thc filtration experiment you will see that 
th~ c~mpl~te 16-run design generated by augmenting ú1e original 2;1¡-4 design 
~·•th 1.ts m1rror image (foldover) is of resolution IV. Thus it is a 2.V3 design 
rn wh1ch main effects are alias free (except for tem1s of order 3 or higher) and 
two-factor interactions are aliased with other two-factor interactions. It is true in 
general that any design of resolution III plus its mirror image becomes a design 
of resolution IV. Equivalently, an initial design of projectivity 2 becomes one 
of projectivity 3. More generally, if you replicated with switched signs any set 
of runs, designed or not, in the resulting design the main effects would not be 
aliased with two-factor interactions. 
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6.11. SIXTEEN-RUN DESIGNS 

All 16-run designs presently discussed are based on the same 15 columns of 
contrasts set out in Table 6.14a. sometimes called an L16 orthogonal array. To 
obtain the table, we introduce four dummy factors and write down the columns 
of signs a'\sociated with the four main effects a, b, e, and d their six two-factor 
interactions ab, ae, ad, be, bd, cd, four three-factor interactions abe, abd, acd, 
bcd, and the four-factor interaction abcd. 

The nodal24,25- 1,28- 4,and 2 15- 11 designs may now be wrítten down as in 
Table 6.14b using appropriate columns from the 16-run array. 

The assignment of the factors A, B, ••• , P to the columns a, b, ••• , abcd i~ 
arranged so that the relationships between the nodal designs can be clearly seen. 

Tahle 6.14a. Table of Signs for the n = 16 Orthogonal Array 

a b e d ab ac ad be bd ed abe abd acd bcd abcd 

+ 
+ 

+ + 

+ + + + 
+ 

+ + 
+ 

+ + 
+ + 

+ 
+ 

+ + - + + 
+ + + + 

+ + + + 
+++ ++ +~ 

+ + + + 
+ + + + 

+ + + + 
+ + + + + + 

+ + + 
+ + + + 

+ + + 
++++++ 

+ 
+ 

+ + 

Table 6.14b. Sixteen-Run NodaJ Designs 

Nodal Designs a b e d ab a e ad 

24 A B e D . . . 
25-1 

V A B e D . . . 
i~-4 

IV A B e D • • • 
215-11 
m A B e D E F G 

+ 
+ 

be 

H 

+ 
+ 
+ 
+ 

bd 

J 

+ 
+ 

+ 

+ 

+ 
+ 

+ 

+ 

cd 

K 

+ 
+ 

+ 
+ 

+ 

+ 

+ 

+ 

abe 

L 

L 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

abd acd 

. . . 

... 
M N 

~1 N 

+ 
+ 

+ 
+ 

+ 
+ 

+ 
+ 

bcd 

. .. .. 

o 
o 

+ 

+ 

+ 
+ 

+ 
+ 

+ 

+ 

abcd 

... 
p 

... 
p 
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Table 6.14c. Alias Structure for Sixtecn Run Nodal Designs 

2t-r ?K-4 
-J\' 

215-11 
111 

Five Factors Eight Factors Fiftccn Fnctors 

Column ABCDP ABCDLMNO ABCDEF<;HJKLMNOP 

a A A A +HE+ CF + DG + HL + JM + KN + OP 
b B B B +AE+CH+ DJ + FL +GM+ 1:0+ NP 

e e e C + AF + BH + DK +EL+ GN +JO+ MP 
d D D D+AG+ 81 +CK+EM+ FN+HO+ I.P 
ab ÁB AB + CL+DM+ NO E+AB + CL+DA·I+FH+ GJ + KP+NO 
a e AC AC+ BL + DN+ MO F+AC+ BL+DN+EH+GK+ JP +MO 
ad AD AD+BM+CN+ LO G+Al>+BM+ CN+ EJ + FK + HP+LO 
be BC AL+ BC+DO+MN H+ AL +BC+DO+EF+ GP+ JK +MN 
bd BD AAJ+BD+CO+ LN .1 +AM+BD+ CO+EG+FP +HK+ LN 
cd CD AN +IJO + CD + LM K+ AN + BO + CD + EP + FG + HJ + LM 
abe DP L f. +.AH+ IJF + CE+ DP + GO + JN +KM 
abd CP M M+ AJ + IJG + CP + DE+ FO + HN + KL 
acd BP N N+ t\K + BP + CG + DF + EO + HM + JL 
bcd AP o O f AP + BK + CJ + DH + eN + FM + CIL 
abcd p AO+BN+CM+ DL P +AO+ BN+Clvf+DL+ EK + FJ + Gfl 

The 24 , zt-1
, 2f.y4

, and 2:fl- 11 nodal dcsigns. ofTable 6.14b obtained by appro
priate columns of the 16-run array ~how the Iargest number of factors that can 
be tested at a given resolution or equivalently of a given projectivity: 5 factors at 
resolution V (the 2~-l ), 8 factors at resolutioniV (the 2~v4 ), and 15 factors at reso
lution 111 (2:1~-ll ). Each of these designs has projecti vity P equal to 1 Jess than their 
resolution R, P = R - l. Intermediate numbers of factors can be accommodated 
by dropping (or adding) other factors from the nodal designs, as illustrated below . 

. The alias associations of Table 6.14c may be used in like manner. Jt can 
provide the appropriate aliases for any 16-nm two-level orthogonal design by 
omitting the interaction pairs that contain letters corresponding to the factors 
that are not used in the derived design. For example. you wil1 find that the 
alias pattern for the eight-factor 2fv4 design could be obtained by omitting 
all aliases containing any of the letters E. F, G, H, J, K. P from the saturated 
2:J-It design .. For the 2t-I all aliases are eliminate that include the letters 
E, F, G, H, J, K, L, A-1, N, O. 

Exercise 6.5. Confim1 that the last statement is true. 

Excrcise 6.6. (a) Write down a 16~run design for 10 factors. (b) Give its alias 
structure. (e) How might you decide which 10 columns to use in an actual design. 

6.12. THE NODAL HALF REPLICATE OF THE 25 FACTORIAL: 
REACTOR EXAl\lPLE 

Table 6.15 shows the data from a complete 25 factorial dcsign in factors A, B, C, 
D, and E and the analysis in terms of the estimated effects and interactions. The 
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Table 6.15. ResuJts from a Thirty-Two-Run 25 

Factorial Design: Reactor Example 

Factor + 
A: feed rate (Umin) 10 15 
B: catalyst (%). 1 2 
C: agitation rate (rpm) lOO 120 
D: temperature (°C) 140 180 
E: concentralion 3 4 

A B e D E Effects 
1 t 61 Average - 65.5 
2• + 53 A - -1.375 
3 •T - + - 63 B - 19.5 
4 + + - 61 e - -0.625 
s· + - - 53 D - 10.75 
6t + + - 56 E - -6.25 
7 + + 54 AB - 1.375 
8• + + + 61 AC - 0.75 
9. + 69 AD - 0.875 
10 + + 61 AE - 0.125 
J 1 + + 94 BC - 0.875 
u•t + + + 93 BD - 13.25 
13 + + 66 BE - 2.00 
14 •t + + + 60 CD - 2.125 
lS"'t - + + + 95 CE - 0.875 
16 + + + + 98 DE - -n.o 
17. + 56 ABC - 1.50 
18 t + - + 63 ABD - 1.375 
19 + + 70 ABE - -1.875 
20"' + + + 65 ACD - -0.75 
21 + + 59 ACE - ~2.50 

22"' + + - + 55 ADE - 0.625 
.23 •t + + + 67 BCD - 0.125 
24t + + + - + 65 BCE - 1.125 
25 1 + + 44 BDE -· -0.250 
26"' + + + 45 CDE = 0.125. 
27* - + + + 78 ABCD - 0.0 
zst + + - + + 77 ABCE - 1.5 
29•t + + + 49 ABDE - 0.625 
30 + + + + 42 ACDE - 1.0 
31 - + + + + 81 BCDE - -0.625 
32* + + + + + 82 ABCDE - -0.25 

Note: Runs from a 25- 1 half rcplicate are dcnotcd by asterisks.• 
Titose runs that werc used latcr to produce a 12-run Plack-
ett-Burman dcsign are idcntifietl by tlaggers.t 
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normal plot (Fig. 6.7a) of the 31 estimated effects indicates that over the ranges 
studied only the estimates of Lhe main effects B, D. and E and the interactions 
BD and DE are distinguishable from noise. These estimates are shown in bold 
type in Table 6.15. 

Tbis full 25 factorial requires 32 runs. If the experirnenter had choscn instead 
to just make the 16 runs marked with asterisks in Table 6.15, then only the data 
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Figure 6.7. Reactor examplc: {a, b) normal plots. 



262 

180 

6 
e, -e 
cü ... 
:::1 ..... 
~ 
~ 1 
E 
Q) 

1-

140 

6 FRAC110NAL FACTORIAL DESIGNS 
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/' 1 
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1 
Catalyst, B (%) 

(e) 

2 

Figure 6.7. (cominued) Rcaclor example: (e) .cube plot. 

of Table 6.16 would ha ve becn available. As you can see. these are the 16 runs 
required for the 2~-l nodal design given in Table 6.14. (The order of the runs 
has been changed to clarify the nature of the design.) In Table 6.16 all 5 main 
effects and 10 two-factor interactions have been. estimated from the 16 runs of 
the rcduced design. These estimates are not very different from those obtained 
from the full 25 factorial design. Furthem10re. the normal plot of the 15 effects. 
shown in Figure 6.7b, calls attention to the same out'\tanding contraste;. 

The 2~;- 1 Design Used as a Factor Screen 

The estimates of all 5 main effects and the 10 two-factor interactions obtained 
from the 2~-J design are shown in Table 6.16. These estimates are made on the 
assumption that all interactions bctween three or more factors can be ignor:cd. 
This is frequently but not invariably the case. This 16-run 2t- 1 design 1s of 
resolution IV and hcnce of projcctivity 4. Consequently, if any one of the fl.ve 
factors A, B, C, D, E is essentially inert, you wi11 have .a complete 24 factorial 
in the remaining factors. (Use Table 6.16 to check it for yourself.) The design 
may thus be said to provide a factor screen of order [ 16. 5, 4] since it has 16 
runs and 5 factors and is of projectivity 4. lf, as wouJd rarely be necessary, you 
nceded to complete the full 25 factorial design, the two generated half fractions 
would be orthogonal blocks, with the second added half the umirror image" as 
would be obtained by foldover. 
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Table 6.16. Rcsults from the Sixtcen-Run ~-l }'ractional •"actorial Design: Reactor 
Example 

Factor + 

A: feed rate (Umin) 10 15 
B: catalyst (%) 1 2 
C: agitation r.ue (rpm) 100 120 
D: tempcrature tC> 140 180 
E: concemrnlion ~5) 3 6 

2t-• Response 
Number (% reacted} Estimated 
Run A B C O E AB AC AD AE BC BD BE CD CE DE observed Effects 

J7 ----+ + + + - + + + 56 1 ( +.4BCDE) = 6:!.25 
2 +----- + + + + + + 53 .-\(+BCDE) = -2.0 
3 -·+---- + + + + + + 63 B(+ACDE) - 20.5 
20 ++- -+ + - + - - + + 65 C(+ARDE) - 0.0 
5 --+-- + - + + ..... + + + 53 D(+ABCE) = 12.15 
22 +-+-+- + + + - - + 55 E(+ABCD) = -6.25 
23 --++-+- + - + + + 67 AB(+CDE) - 1.5 
8 +++-- + + - - + - + 61 AC(+BDE). = 0.5 
9 ---+- + + - + + - + + ·- 69 AD(+BCE) :::::: -0.75 
26 +--++- + + + - + 45 AE(+BCD) - 1.25 
27 -+-++- + + + - - + 78 BC(+;\DE) - 1.5 . 
12 ++-+- + - + + + - 93 BD(+ACE) = 10.75 
29 - -+++ + + + + 49. BE(+ACD) - 1.25 
14 +-++-- + + + + 60 CDt+ABE) - 0.25 
15 -+++-- + + + + 95 CE(+ABD) - 2.25 
32 +++++ + + + + + + + + + + 82 DE(+ABC) = -9.50 

Redundancy of A and e 
For this experimental design the estimated effects distinguishable from noise 
indicated in Table 6.16 by bold numbers, involve only the factors B, D, andE 
but not A and C. lt appears~ therefore, that although tbe experimental space has 
five dímensions in factors A, B, e, D, E the locally active subspace has only 
three dimcnsions in factors B, D, E. As a check of this hypothesis you will see 
that the numbcrs at the vertices of the cUbe plot in Figure 6.7c could plausibly 
be regardcd as experimental rcplicates. 

6.13. THE 2rv4 NODAL SIXTEENTH FRACTION OF A 28 FACTORIAL 

The 2:V
4 

nodal 16-run design obtained from Table 6.14b is especially useful 
for screening up to eight factors. Because the desígn is of resolution IV. it has 
projectivity 3, and hence for any choice of three factors out of eight (thcre are 
C~ =56 ways to make this choice) this 16-run design will produce a replicated 
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23 factorial in· these three factors. The design can thus be said to provide a [ 16, 
8. 3] factor screen for N = 16 runs, k= 8 factors at projectivity P = 3. 

It is sometimes a useful strategy to run this dcsign as a random sequence of 
eight blocks of size 2, each block a foldover pair of runs. AH eight main effects 
remain clear of hvo-factor intcractions and block effects and differences between 
blocks then ínflate only the variance of the interaction estimates. 

Exercise 6.7. Write ú1e 2fv4 as a design in eight blocks of size 2 such thát the 
eight main effects are unaffected by the block comparisons. S tate any assumptions 
you make. 

Application of the Sixteen-Run 2r.y4 Design in a Paint Trial 

In developing a paint for certain vehicles a customer required that the paint have 
high glossincss and acceptable abras ion resistance. Glossiness (y1) was measured 
on a sea le of 1 to 100, abrasion resistance (J2) on a scale of 1 to 1 O. It was desired 
that the abrasion resistance should be at least 5 with glossiness as high as possible. 
The experimenters believed ú1at only two factors A and B were important in 
affecting glossiness and abrasion resistance. However, they were perplexed by 
the results of a number of ad hoc experiments in which different levels of A 
and B produced paints either with high glossiness but low abrasion resistance. 
or with acceptable abrasion resistance but low glossiness. It was suggested that 
the use of additional ingredients might help. In particular, it might be possible to 
increase glossiness without ínfluencing abrasion resistance. It was decided to run 
a 2~v4 design including six additional factors C, D, E, F, G, and H suggested by 
the paint technologists. The design, data, and estimated effects with their aliases 
are shown in Table 6.17. Corrcsponding normal plots are given in Figures 6.8a 
and h. 
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'fable 6.17. Paint Trial Example: 2Tv4 Fractional Factorial Data, Estimates, and 
Aliases 

2~v4 FractionaJ Estimated Effects 

a b e d abe abd acd bcd Observed Gloss Abrasion 

ABCD E F G H y¡ )'2 Average y, }'2 

---.- 53 6.3 64.7 4.8 

+--- + + + 60 6.1 1.4 -+ A 16.6 -2.4 

-+-- + + + 68 5.5 ls-+ B 12.6 -2.1 

++-- + + 78 2.1 le-+ e -0.1 -0.2 

--+- + + + 48 6.9 lo-+ D 2.6 -0.7 

+-+- + - + 67 5.1 h:-+ E -0.1 0.1 

-++- + + 55 6.4 IF-+ F -0.9 1.6 

+++- + 78 2.5 JG-+ G -3.6 0.6 

---+ + + + 49 8.2 {H -+ 11 1.9 -0.3 
+--+ + + 68 .3.1 IAB -+ AB + CE + DF + GH Ó.9 0.3' 
-+-+ + + 61 4.3 /Ac-+ AC +BE +DG +FH 2.6 0.0 
++-+ + 81 3.2 /..w--+ AD +BF +CG +EH 1.9 ----0.1 

--++ + + 52 7.1 IAE -+ AE + BC + DH + FG -1.9 0.1 
+-++ + - 70 3.4 /¿.¡: -+ AF. + BD + CH + EG -0.1 -0.1 
-+++ + 65 3.0 lAG -+ AG + BH + CD + EF 2.6 -0.4 
++++ + + + + 82 2.8 ·f.~H -+ AH + BG + CF +DE -0.4 0.2 

They show that the experimenters were correct in their expectation that A 
and B wcre important ingredients with opposite effects on the two responses. 
However, an additional factor F showed up for abrasion resistance Y2· At the 
minus level of this factor none of the ingredient F was used; at its plus leve) a 
(rather arbitrarily chosen) amount ofF was added. Because F produced an active. 
dimension for Y2 that y1 did not share. there was an opportunity for cornpromise. 
This is clarified by the eyeball contours shown in Figure 6.9. In Figure 6.9b 
contours for glossiness and abrasion, the shaded regions in the space of the factors 
A and B, are those producing acceptable values of abrasion resistance. You will 
see that the addition ofF~ while producing little difference in glossiness, moved 
up the acceptable region for adequate abrasion resistance, thus making possibJe 
a substantial improvement in glossiness y 1 while maintaining an acceptable level 
of abrasion resistance y2• · 

This experiment again demonstrated the ability of screening designs to seek out 
active subspaces for more than one response and to exploit lhe way in which these 
subspaces overlap or fail to overlap. It also showed how data from appropriate 
?esigns can clearly point the way to furthcr experiments. In particular. the exper
unent suggested that by furthcr increasing the amount of ingredient F it might 
be possible to produce even better levels of abrasion resistance. This proved to 
be the case. 
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Figure 6.9. Eycball contours for glossiness and abrasion. 

6.14. THE 2:~-u NODAL DESIGN: THE SIXTY-FOURTH FRACTION 
OF THE 215 FACTORIAL 

The 2f~-tr design (sl!e Tables 6. 14a, 6.14b, and 6.J4c) is valuable when wc need 
to screen a large numbcr of factors with the expectation that very few will be 
of any consequence. The arrangement is a 16-run design of resolution lll and 
hcnce projectivity 2, thus providing a 22 factorial design replicated four times 
in every one of the 105 choices of 2 factors out of 15. It is a [16, 15, 2] screen 
with N = 16 runs, k = 15 factors, and projectivity P = 2. 
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The following is an example dueto Quinlan (1985), who rightly emphasized 
that the running of such a complicated design required very close supervision 
and management. Postextrusion shrinkage of a speedometer casing had pro
duced undesirable noise. The objective of this experiment was to find a way 

10 reduce this shrinkage. Quinlan used a somewhat different notation. but for 
consistency we will here translate his design to the standard pattem we have 
used in Table 6.14. To reduce decimals, we have multiplied the original shrink
age results by lOO. A considerable length of product was made during each run 
(severa! hundred metcrs) and measuremcnts were made at four equally spaced 
points. Table 6.18 shows the design with the averages and log variances• of the 
four measurements. Estimated effects are shown at the bottom of the table. 

Table 6.18. Shrinkage of Speedometer Cables Under Various Conditions of 
:Manufacture 

a b e d ab ac ad be bd cd abe abd acd bcd abcd Shrinkage 

Log 
A B C D E F G H J K L l\1 N O P Average Yariance Factors 

+ ----++++++ 
+------+++ 
-+---++--+ 
++--+----+ 
--+-+-+-+- + 
+-+--+--+
-++~-- + +-
+++--++-+-- + 

+ + + 
+ + +·

+ + + 
+ + 

---+++-+-
+-~+--.++-
-+-+- +-- +-
++-++- +- + ..... 
--+++----+ 
+-++.,..++-~+ 
-+++---+++ 
++++++++++ 

+ + 
+ + 

+ + + 
+ + 
+ - + 

+ 
+ + 

+ 
+ 

+ + + + 

+ 
+ 

+ 
+ 

+ 

+ 

48.5' 
575 
8.8 

17.5 
18.5 
14.5 
22.5 
17.5 
12.5 
12.0 
45.5 
53.5 
17.0 
27.5 
34.2 
58.2 

Location effects: estimated effects using run averages: 

B C D E G H J 

16.3 A: tiner tension 
4.3 8: liner line specd 
2.9 C: liner die 
3.0 D: liner out~ide diameter 

20.3 E: melt tempemture 
5.7 F: coating material 
7.0 G: lincr temperature 
9.0 H: braid tcosion 

19.7 J: wire braid type 
58.0 K: liner material 
1 3. 7 L: cooling method 
0.3 1\1: screen pack 

10.7 N: coating die type 
3.7 0: wire diameter 

22.9 P: line speed 
10.9 

K L M N O P A 
6.3 6.2 5.7 6.9 2.6 

F 
o 4.2 7.5 24.4 9.1 0.5 2.9 678 -14.2 0.6 

Díspcrsion effects: estimatcd effects using run log variances: 

A BCD E F G H J K L M N o p 
-0.8 -0.8 0.4 0.3 -0.2 0.1 -0.3 1.1 -0.1 -0.2 0.7 -0.9 0.1 0.7 0.6 

•The advantage of analyzing log variances are discussed in Bartlett and Kendall (1946). The calcu· 
lated effccts are called dispersion effects. 
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10 

.J 
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20 

Figure 6.10. Normal Plot: location effects with C, O. and J outstanding. 

The cstimates of the 15 main effects calculated from the run averagcs will .... 
be referred to as ''location effects" to distinguish tl1em from the "dispersion 
cffects'' calculated from the logs of thc nm variances. For the location effects a 
nommJ plot in Figure 6.l0a suggests that two factors, J (wire braid type) and 
O (wire diameter), are most likely active in affecting shrinkage. The conjecture 
is supported by consideration that factor Ct which also tums up in the nom1al 
plot, has an alias of OJ. the interaction between O and J.Jjl For the dispersion 
effects the Iogarithms of the within-run variances were also analyzed. But this 
nom1al plot does not suggest any outstanding effects. A two-way table for J and 
O is shown in Figure 6.1 1. This suggests tha4 by using a casing with J (wire 
braid type) at the minus level and O (wire diameter) at the plus lcvel, shrinkage 
could be reduced by about 13 units. Thus it would be appropriate to switch 
manufacturing to these new conditions. Such discoveries, however, are likely to 
have other consequences. The minus Jevel for wire diameter O was that already 
in use. Thus attention would be directed to factor J. the wire braid. Typically 
the subject matter specialist might wonder, "What physical properties can be 
responsible for its behavior?'' "Can we exploit this knowledge to produce a still 
better productor perhaps one equally good at less cost?" and so on. Improvement 
invariably results in further ideas. · 

Two Components of Variance 

There are two quite distinct components of variance in this example. The aver
age of the 16 within-nm variances (the vari.ation obtained from the four 

• Tite fuur runs numbcrcd 5, 6, 15. 16 with O and J each at their plus levcls gíve suspiciously 
variable results and may possibly contain aberrant values. Thcy do not affect the above conclusions 
but might have bccn worth funhcr study nnd experimcntation. 
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o 

8.8 
17.5 
12.5 
12.0 

18.5 
14.5 
34.2 
58.2 

22.5 48.5 
17.5 57.5 
17.0 45.5 
27.5 53.5 

Wire braid type, J 
(a) 

12.7-----31.4 

o 

21.1-----51.3 
J 

(b) 

Figure 6.11. Data and averages for lhe projccted 22 factorial in J and O. 
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measurements on each of the sixteen cables) is 13.0. Thus, the variance of 
an effect on a per-observation basis equals Var(effect) = ( 1~ + /6 ) 13.0 = 1.6 
and hence SE(effect) = 1.3. The bettveen-run SE(effect):::: 4.7 may be estimated 
frorn the gradient of the normal plot. 1t is almost four times as large. This infor
mation could be valuable in thinking further about the process. Firs~ of course, it 
emphasizes we cannot use the '"''itlzin-run variances to test hypotheses conceming 
between-run effects. The data irnply that the process can be ron very reproducibly 
once a particular set of process conditions has beerr set up but that the process 
conditions thernselves may be hard to reproduce. The topic of "components of 
variance" is discussed in detail in Chapter 9. 

6.15. CONSTRUCTING OTHER T\VO-LEVEL FRACTIONS 

The creation of special designs lo isolate certain effects frorn possible aliases 
can be done by using nodal designs and their associated alias structures. A1most 
a1ways, your first consideration should be to preserve the highest possible reso
lution for the design. It may then be possible to isolate the interactions regarded 
as potentially important by suitably associating the design factors with the letters 
of the appropriate nodal array. You saw how this could be accornplished in the 
case of eight-run designs by dropping certaín factors from the nodal design, but 
in sorne cases, to obtain a suitable arrangement, it is easiest to add factors to a 
nodal design. 

For example, suppose you wanted to study nine factors in a 16-run design. 
You know there is a valuable 2fv4 nodal array for studying eight factors in 16 
runs with the useful property that all eight main effects are free of two-factor 
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Table 6.19. Alias Structure for the 2r¡¡4 Fractional 
Factorial Dcsign 

")11-4 
""m 

A B C D L M N O P 

A+OP 
B+NP 
C+MP 
D+LP 
L+DP 
M+CP 
N+BP 
O+AP 
P + AO + BN +CM + DL 
AB + CL+ DM+ NO 
AC+ BL+ DN +MO 
AD+BM +CN +LO 
AL+BC+ DO+ MN 
AM +BD+CO+LN 
AN + BO +CD+ LM 

interaction aliases. How can you add a ninút factor to this design doing as little 
damage as possible? For any two-level design for studying k factors there are 
~k(k- 1) two-factor interactions. These all have to appear somewhere in the 
alias table; you cannot make any of them go away. However,. what you can do 
is rearrange them to best suit your particular situation. Look at Tablcs 6.14b and 
6.14c. The eight-factor 2~v4 nodal designs in factors A, B, C, D, L, l\1, N, O can 
be derived by dropping factors E, F, G, H, J, K, P from the 2~1~-ll tlfteen-factor 
nodal design. lf you now restore any pne of these factors, say P, as is done 
in Table 6.19, the estímate of the main effect of the factor P will pick up four 
two-factor interaction aliases, but each of the estimates of the main effects of the 
original eighl factors will pick up only one interaction alias involving the chosen 
factor P. Thus todo least damage to the nodal 2Tv4 design the factor most likely 
to be inert may be chosen to be the additional factor, here called P. (This same 
basic structure will occur whatever additional factor is chosen.) The eight main 
effects A, B, C, D, L, M, N, O are now leastlikely to be affected by two-factor 
interactions~ 

Exercise 6.8. Suppose factor E is thought least likely to be. active. Show the 
appropriate nine-factor design in 16 runs and its alias pattem. 

Exercise 6.9. Add two new columns to the 2~v4 design and commcnt. 
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6.16. ELIMINATION OF BLOCK EFFECTS 

Fractional designs may be run in blocks with suitable contrasts used as "block 
variables." A design in 2q blocks is dcfined by q independent contrasts. All 
effects (including aliases) associated with these chosen contrasts and al/ rheir 
interactions are confounded with blocks. 

A zt-1 Design in Two Blocks of Eiglzt Rum; 

Consider the 2~-t design of Table 6.16. Suppose in p1anning this experiment the 
investigator decided that the interaction between factor A and factor C was most 
Jikely to be negligible. The interaction AC could then be used for blocking. The 
eight runs 2, 20, 5 •... , 15, having a minus sign in the AC column, would be 
run in one block and the eight nms 17, 3, 22, ... , 32 in the other. Notice in 
this design that the effects AC and BDE are aliased and hence both confounded 
with blocks. 

A zt-1 Design in Four Blocks of :Four Runs 

Suppose in the 2t-:-l design of Table 6.16 two columns AC and BC are used to 
define blocks. The interaction between AC and BC,AC x BC = ABC2 = AB, 
is then also confounded with blocks. The design would thus be appropriate if 
we were prepared to confound with btocks all two-factor interactions between 
the factors A, B, and C and their aliases. To achieve this arrangement, runs 20, 
5, 12, and 29. for which AC and BC have signs (--), could be put in the first 
block; runs 2, 23, 26, and 15, for which the columns AC and BC havc signs 
( -+ ). in the second block; and so on. Thus, in terms of a two-way tablc, the 
arrangement would be as shown in Table 6.20. Blocks 1, ll, III, and IV are run 
in random order as are the runs withln blocks. 

Design of expcriment software programs commonly provjde appropriate block
ing arrangements for the 2k factorials and 21:-P fractionals. 

l\linimum-Aberration 2k-p Designs 

You saw earlier that maximum resolution was an important criteria for two-Ievel 
fractional factorial designs and that the resoJution of a 2k-p design was equal 

Table 6.20. A 2~,-l Arranged in Four Blocks of Four 
Runs Each 

1 (--) ll (-+) 
AC 

+ 111 (+-) IV (++) 

+ 
BC 
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Table 6.21. Tbrce Choices for a 2iv2 Fractional Factorial in Seven Factors 1, 2, 3, 
4, S, 6, 7 in 32 Runs 

Design (a) Design (b) Des(gn (e) 

Generators 6 = 123, 7 = 234 6 = 123, 7 = 145 6 = 1234. 7 = 1235 
Defining relatio11 1 = 1236 = 2347 = 1 = 1236 = 1457 = I = 12346 = 12357 = 

1467 234567 4567 

Stri11gs of aliased 12+36 12+36 45 +67 
two-factor 13+26 13+26 46+57 
interactions 14+67 14+57 47+56 
(assuming 3{actor 17+46 15+47 
ami higher order 24+37 16+23 
interactions 24+34 17 +45 
negligible) · 16+23+47 

to the shortest word in its defining relation. However, it was pointed out by 
Fries and Hunter (1980) that there can be more than one choice for a design of 
highest resolution and one choice can be better than another. Table 6.21 shows 
three choices considered by these authors for a quarter replicate of a 27 factorial. 
All the designs are of resolution IV. Tbus, on the customary assumption that 
all three-factor and higher order interactions are negligible, the table supplies 
a summary of the confounding that exists among the two-factor interactions. 
Unconfounded estimates are obtained for all two-factor interactions not shown 
in the ta~le. Design (e) is the minimum-aberration design that minimizes the 
number of words in the defining relation having minimum length. Only three 
pairs of two-factor interactions are confounded in this design. In general, núni
mum aberration ensures that main effects will be confounded with the mínimum 
number of words of length R - 1; the smallest number of two-factor _interac
tions will be confounded with interactions of order R - 2. A useful listing of 
minimum-aberration designs for two-level fractional factorial designs up to 128 
nms is given in Table 6.22. 
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QUESTIONS FOR CHAPTER 6 

l. Why were no computations necessary for the data on cast films in Table 6.1? 

2. What was the experimental problem facing the chemist in the example con
·cerning the development of a new product? (Data in Table 6.2.) What were 
the key factors in f"inding a solution to the problem? 

3. In the filtration problem (see Table 6.1 0) why would a one-variable-at-a-time 
approach have failed'? 

4. What are differcnt ways in which fractional factorial designs have been used 
in the examples in this chapter? 

S. ln which of the examples can you identify the iterative cyde described in 
Chapter 1 '? 
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6. What is a fractional factorial design'? 

1. Wbat is a half fraction and how do you construct such a design'? 

8. What is a saturated design and how can yo u construct such a design? 

9. What is meant by the scquential use of fractional factorials. By sequen
tia! assembly? 

10. A 28- 3 design has how many runs? How many factors? How many levels. 
for each factor? Answer the same qucstions for the 2k-p design. 

11. Other th.ings being equal, why wou]d a resolution IV design be prcferrcd to 
a resolution III dcsign? 

12. Is it possiblc to construct a 28- 4 design of resolution liT? ResoJution IV'? 
Resolution V? How? 

13. What are three justifications for fractional factorials designs? Discuss. 

14. How can fractional factorial designs be blocked? How should they be ran
domized? 

15. Why is it necessary to know the alias structure associated with a fractional 
factorial design? 

16. How would you design a 25- 1 design in eight blocks of size 2 so that 
main effects are clear of bJocks?·Comment on the two runs that comprise 
each block. 

17. What is achieved by using a design of ''mínimum oberration."• 

PROBLEl\IS CHAPTER 6 

l. In this experiment the immediate objective was to find the effects of changes 
on the amount of unbumed carbons in engine exhaust gas. The following 
results were obtained: 

A B e D Unburned Carbon 

+ + + 8.2 

+ 1.7 
+ 6.2 

+ 3.0 
+ + + 6.8 
+ + + 5.0 

+ 3.8 
+ + + 9.3 

Stating any assumptions. analyze these data. What do you conclude? It was 
hoped to develop an engine giving lower levels of unburned carbon. Write a report 
asking appropriate questions and making tentative suggestions for further work. 
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2. Make an ana~ysis for the fol1owing 25- 1 fractional factorial design. stating 
your assumpt10ns: 

A B e D E Obsen·ed,y 

+ 14.8 
+ 14.5 

+ 18.1 

+ + + 19.4 

+ 18.4 
+ + + 15.7 

+ + + 27.3 

+ + + 28.2 

+ 16.0 
+ + + 15.1 

+ + + 18.9 
+ + + 22.0 

+ + + 19.8 
+ + + 18.9 

+ + + 29.9 

+ + + + + 27.4 

3. Consider a 28- 4 fractional factorial design: 

(a) How many factors does this design have? 

(b) How many runs are involved in this design? 

(e) How many levels for each factor? 

(d) How many independent generators are there for this design? 

(e) How many words in the defining relation (counting 1). 

4. Repeated problem 3 for a 29- 4 design. 

5. Repeated problem 3 for a 26- 1 design. 

6. Write generators for a 2fy-4 design and for a 2~vi design. Does a 2t:-2 

design exist? 

7. (a) Construct a 26- 2 fractional factorial with a(j high a resolution as possible. 

(b) What are the generators of your design? 

(e) What is the defining relatíon of your design? 

(d) What is confounded with the main effect 3 of your design? 

(e) What is confounded with the 1 x 2 interaction? 

8. Derive the generators for á 211-4 design and show how, using these genera
tors, you could set out the design. 

9. Analyze the following experimental results from a we1ding study. Do you 
notice any relationships among y 1, yz, and y3? How might such relationships 
be put to use? 
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Order of Runs ABCDE Yt Y2 

12 ----+ 23.43 141.61 
l +---- 25.70 161.13 
2 -+--- 27.75 136.54 
6 ++-·-+ 31.60 128.52 

15 ---+-- 23.57 145.55 
8 +....:+--+ 27.68 123.75 
7 -++-+ 28.76 121.93 
4 +++-- 31.82 120.37 
ll ---+- 27.09 95.24 
14 +--++ 31.28· 78.31 
3 -+-++ 31.20 74.34 

16 ++-+- 33.42 91.76 
13 --+++ 29.51 65.23 
10 +-++- 31.35 78.65 
5 -+++- 31.16 79.76 
9 +++++ 33.65 72.80 

The factors and their settings were as follows: 

Factors 

A: open circuit voltage 
B: slope · 
C: electrode melt-off rate (ipm)* 
D: electrode diameter 
E: electrode extension 

31 
11 

162 
0.045 
0.375 

YJ 

3318 
4141 
3790 
4061 
3431 
3425 
3507 
3765 
2580 
2450 
2319 
3067 
1925 
2466 
2485 
2450 

+ 
34 
6 

137 
0.035 
0.625 

277 

[Source: Stegner, D. A. J .• Wu. S. M., and Braton, N. R., ~Velding J. Res Suppl., 
1 (1967).] 

•inches per minute 

10. (a) Write a design of reso]ution III in seven faétors and eight runs 

(b) From (a) obtain a design in eight factors in 16 runs of resolution IV 
arranged in two bJocks of 8. 

(e) How could this design be used to eliminate time trends? 

(d) What are the generators of the 16-run design? 

(e) If no blocking is used, how can this design be employed to study three 
principal factors, the main effects of eight minor factors not expected to 
interact with the major factors or with each other? 

11. (a) Write an eight-run two-Jeve1 design of resolution ITI in seven factors and 
give its generators. 
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(b) How may members of this family of designs be combined to isolate the 
main effects and interactions of a single factor? 

(e) How may· this design be used to generate a 28-4 design of resolution IV 
in two blocks of eight runs with no main effects confounded with blocks. 

12. (a) Construct a 27- 1 design. 

(b) Show how the dcsign may be blocked into eight blocks of eight runs 
·each so that no main effect or two~factor interaction is confounded wilh 
any block effect. 

(e) Show how the blocks can lhemselves accommodate a 24- 1 fractíonal 
factorial design, 

13. Suppose un engineer wants to study the effects of seven factors on the 
yield of a chemical reaction and is willing to make 32 runs. He elects 
to perform a 27- 2 fractional factorial design with lhe generators 1 = 1237 
and 1 = 126. The main effect of 1 is confounded with what other effects? 
Suggest an altemative plan that produces less confounding of low-order 
terms. 

14. A consulting firm engaged in road-building work is asked by one of its clients 
to carry out an experimental study to determine the effccts of six factors on 
the physical properties of a certain kind of asphalt. Call these factors A, B, 
C, D, E, and F. 
(a) If a full factorial design is used. how many runs are needed? 

(b) Construct a two-level resolution IV design requiring 16 runs. 

(e) What is the defining relation for this 16-run design'? 

(d) What effects are confound with the main effect A, with the BD interac
tion? 

15. Suppose that after you have set up a 214- 10 resolution IJI design for an 
engincer she says it is essential to split thc design into two blocks of equal 
size and she fears a real difference between the blocks. Make recommenda
tions. 

16. An experimenter perfonns a 25- 2 fractional factorial design with generatorS 
1 = 1234 and 1 = 135. After analyzing the results from this design he decides 
to perform a second 25- 2 design exactly the same as the first but with signs 
changed in column 3 of the design matrix.. 

(a) How many runs does the first design contain? 

(b) Give a set of generators for the second design 

(e) What is the resolution of the second design? 

(d) What is the defining relation of the combined design? 

(e) \Vhat is Lhe resolution of the combined design? 

(f) Give a good reason for the unique choice of the second design. 
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11. A mechanical engineer used the following experimental design: 

1 2 3 4 5 

+ 
+ 

+ + 
+ + + + 

+ + 
+ + + + 

+ + + 
+ + + 

(a) Write a set of generators for this design 
(b) Is this ser unjque? If not, write a different set of generators for this 

design. 

18. {a) Write a 26- 1 fractional factorial of the highest possible resolution for 
factors 1, 2, 3, 4, 5, and 6. Start with a full factorial in the first five factors. 

(b) Write the generator, the defining reJation, and thc resolution ofthis design. 

(e) What effects do the following ·contrasts estímate'? /2, /23, /234• hM5· 

19. Designan eight-run fractional factorial design for an experimenter with the 
following five factors: temperature, concentration, pH. agitation ratef and 
cata1yst type (A or B). She tells you she is particularly concemed about the 
two-factor interactions between temperature and concentration and between 
catalyst type and temperature. She would 11ke a design, if it ·¡s possible to 
construct one, with main effects unconfounded with one another. Can you 
help her? 





CHAPTER7 

.Additional Fractionals and Analysis 

7.1. PLACKETT AND BURl\lAN DESIGNS 

In the early days of the bombing of London in World War II it was said that the 
main purpose of keeping the antiaircraft guns firing (they u~ually made more noise 
than the bombs) was to keep everyone in good spirits. In those days the chance 
of actually hitting an enemy aircraft was small. 1'he experimental arrangements 
discussed in the chapter were originally invented to help in the development of a 
proximity fuse. With these an aircraft shell needed only to pass close toan enemy 
plane to destroy it. To develop this weapon in time for it to be useful, it was 
necessary to screen a large number of factors as quickly as possible. Fractional 
factorials could be used as screening designs when the number of runs n was 
a power óf 2, that is. 4, 8, 16, 32, 64, ... , but you will notké that the gaps 
between these numbers become wider and wider as n increases. Experimental 
arrangements were needed to fill the gaps. Two scientists, Robin Plackett and 
Peter Burman, derived a new class of two-level orthogonal designs in time for 
them to be u sed .. These designs were available for any n that was a multiple of 4, 
in particular, arrangements for ,n = 12, 20, 24, 28, 36, ... runs were obtained.• 
An arrangement of this kind ís called an orthogonal array and is denoted by L0 • 

A Twelve-Run Plackett and Burman Design 

For illustration the 12-run Plackett and Burman (PB) design may be written down 
once you know its first row of signs: 

+-+---+++-+ 
• It was later reali1.ed that the-se arrangemcnts were Hadamard matrices. Tables of such matrices can 
now be found using computer search programs. 

Statistics for E:rperimenters, Second Edition. By G. E .. ¡>. Box. J. S. Hunter, and W. G. Hunter 
Copyright © 2005 John Wiley & Sons, loe. 
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Table 7.1. The Twelve-Run PB11 Design 

Factors 

Run Number A B e D E F G H J K L 

1 + + + + + + 
2 + + + + + + 
j + + + + + + 
4 + + + + + + 
5 + + + + + + 
6 + + + + + + 
7 + + + + + + 
8 + + + + + + 
9 + + + + + - + 

lO + + + + + + 
11 + + + + + + 
12 

The next 1 O rows are obtained by successively shifting all the signs one step 
to the right (or left) and moving the sign that falls off the end to the beginning 
of the next row. The twelfth row consists solely of minus signs. Such a PB 12 
dcsign (also caBed the L12 orthogonal array) is shown in Table 7.1. You will find 
that. just as with the fractional factorial dcsigns, all the columns of this dcsign 
are mutually orthogonal. There are six plus signs and six minus signs in every 
contrast column and opposite any six plus signs you will find three plus and three 
minus signs in every other contrac;t column. 

Thus, using Table 7.1 you can calcula te the main effect of factor A from 

A=[(Yt + Yz + Y4 + Y5 + Y6 + Yw)- (YJ + J7 + Ys + Y9 + Y11 + Y12)]/6=Y+- Y

It tums out, however, that unless you can assume only main effects are likely 
to occur (whic:h would only rarely be a safe supposition) the PB designs will 
give misleading results if they are analyzed in a manner appropriate for the 2k-p 

fractional factorials. In particular if they are analyzed using Daniel's normaJ plot 
or Lenth's procedure. So two questions arise: (a) Are PB designs potentially 
useful? (b) If so, can a means be found for analyzing them? 

Usefulness of Plackett and Burman Designs 

Plackett and Bum1an designs are use fui for screening because of their remarkable 
projcctive properties. For illustration, compare the screening capabilities of a 16-
run fractiona1 factorial with those of a 12-run PB design. Figure 7.1 shows a 
16-run 2rv4 fractional factorial. Since this design is of resolution IV, it has 
projectivity 3, and as illustrated in Figure 7.la, it will project a duplicated 23" 
factorial for any one of the 56 choices of 3 factors out of 8. Thus it is a 16-run 
design capable of screening 8 factors with projectivity 3. It is a [16, 8. 3] screen. 
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1 
/ 

(16, 8, 3} screen. 56 choices 

1 

(12, 11, 3) screen, 165 choices 

Figure 7.1. Projectivity 3 attributcsof (a) 28-4 and (b) PB11·· 
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Now look at the PB 12 design in Figure 7.1b, which has four fewer runs. For 
this design every one of the 165 choices of 3 factors out of 1 l produces a 
1! replicate design, a full 23 factorial, plus the associated half-replicate 23

-
1 

fractional as illustrated in Figure 7.lb (Lín and Draper, 1992, Box and Bisgaárd, 
1993, Box and Tyssedal, 1996). The first rows of the PB 12, PB20 and PB24 designs 
are shown in Table 7.2. Each of these three designs may be obtained by cyclic 
substitution* in the manner described for the PB 12 design, and they ha ve similar 
Useful projective properties. The PB designs are thus of considerable general 
interest for factor screening. 

•Jt is not true that all order PB dcsigns can be generatcd by cyclic substitution. 
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Tablc 7.2. Generator Rows for Constructing PB designs 

PBt~ n = 12 + + - + + + - - - + 
PB:!O n = 20 + + + + + + + 
PB~4 n = 24 + + + + + - + - + + 

+----++
-++--+-+ 

When n is a power of two, PB designs are identicalto the corresponding fmction & factorials. 

Excrcise 7.1. Using cyclic substitution, obtain the PB dcsign for n = 20 and 
satísfy yourself that all the columns are mutually orthogonal.. 

Exercise 7.2. The n = 16 Plackett and Bunnan design can be obtained by cyclic 
substitution using the initial row 

++++-+-++--+---

Use this to generate an L16orthogonal array. Show that it is identical to the 2M-11 

design previously discussed. In establishing the identity, remembcr that the basic 
design is not influenced by rearranging the order of either rows or columns or by 
switching the signs jn one or more of the columns. These operations correspond 
to merely changing the order of the runs, renaming the factors, or deciding which 
level of a factor is to be denoted by a minus or plus sign. 

The Projecth·e Properties of the PB20 Dcsign 

Many PB designs have remarkable screening properties; in particular, since the 
designs for 1 2,. 20, and 24 runs are of projectivity P = 3, they are respective] y 
[12.11,3]. [20, 19.3], and [24,23.3] screens. For illustration, Table 7.3 displays a 
PB20 design where, for the purposes of exposition, the columns A and B have 
been rearranged to reproduce a 22 factorial replicated five times. If any third 
column except column T' is added, you will generate a duplicated 23 design with 
a single added 2i1[

1 half replicate (a 2 1/2 replicated design). 1fT is chosen for the 
third column, the projected desion is a Iess desirable arrangement which consists 
of single 23 factorial plus a 2i¡¡f tetrahedral design replicated three times. Thus, 
of the 969 ways of choosing 3 factors out of 19, only 57 produce this latter type 
and the remaining 912 are all2 l/2 replicates. 

Analysis of PB Designs 

Normal plots and Lenth's procedure work well as diagnostic tools for the 2k and 
2k-p fractionals because in the alias pattems of thesc dcsigns every main effect 
and two-factor interaction appear only once. This property further allows these 
designs to be categorized in térms of their resolulion R. However, these methods 
of analysis are inappropriate for PB designs because these arrangements have 
much more complicated alias structures. For instance, suppose you generate a 
design for the five factors A, B, C, D, and E from the first five columns of the 
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Table 7.3. The PB20 Design, (20,19,3] Screen Rearranged to lllustrate its 
Projectivity Attributes 

Run 
Number· A B e D E F G H J K L l\l N o p Q R S T 

1 + + + + + + + + + 
2 + + + + + + + + + 
3, + + + + + + + + + 
4 + + + + + + + + + 
5 + + + + + + + 

6 + + + + + + + + + + + 
7 + + + + - + + + + + + + 
8 + + + + + + + + + + + 
9 + -· + + + + + + + + + + 

10 + + + + + + + + + + + + + 
11 + + + + - + + + + + + + 
12 + + + + + + + + + + + 
13 + + + + + + + + - + + + 
14 + + + - + + ·+ + + + + + 
15 + + + ·+ + + + + + + + + + 

16 + + + + + + + 
17 - + + + + + + - + 
18 + + + + + - + + 
19 + + + + + + + 
20 + + + + + 

PB 12 design in Table 7 .l. Then the alias structure for the 11 orthogonal linear 
contrasts of the PB 12 design are shown in Table 7.4. 

For instance, each of the main effects of each of the five factors is aliased to 
a string containing a/1 the two-factor intcractions not identified with that factor. 
Thus a single two-factor interaction between say A & 8, will bias the remaining 
main effects and will appear in al1 the interaction strings. Thus. unless it is 
assumed that no interactions occur, normal p1ots and Lenth's procedure are of 
limited use for the analysis of PB designs. 

Bayesian Analysis 

Now, aJthough the metlwds of analysis so far used for fraction factorials are 
inappropriate for the analysis of PB design, the model on which these methods 
are based is appropriate. As you saw-it uses the principie of parsimony-in 
the context of factor screening there are likely to be few factors that are active 
and a number that are essentially inert. Thís provides an appropriate structure 
for a Bayesian analysis (Box and Mcyer 1986, 1993) that takes direct account of 
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Table 7.4. Alias Structure, Twclve-Run PB Design Ernploying Five Factors 

Contrasts Alias Structure 

//¡ 
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--+. 

--+ 

..... 
--"'+ 

--+ 

--+ 

-+ 

--+ 

--+ 

-+ 

A+ ~(-BC +BD +BE- CD- CE- DE) 

B + ~(-AC+AD +AE- CD +CE- DE) 

C+ ~(-AB-AD -AE- BD +BE- DE) 

D + ~(+AB -AC -AE- BC- BE- CE) 

E+ i<+AB -AC -AD + BC.:..... BD- CD). 
1 . 
3 ( -AB + AC - AD + AE + BC - BD - BE + CD - CE -DE) 

1<-AB -AC -AD +AE -BC +BD- BE+ CD- CE +DE) 

!C+AB +AC -AD -AE- BC- BD.- BE- CD +CE +DE) 

i(-AB -AC -AD -AE +BC +BD- BE~ CD- CE- DE) 

~( -AIJ - AC + AD - AE - BC - BD - BE + CD + CE - DE) 

l< -AB + AC + AD - AE - BC - BD +BE - CD - CE +DE) 

parsimony. In this analysis the data obtained from an experiment are analyzed 
in the líght of what was known befare the experiment was carried out. This may 
be formalized* as fo1lows: 

Effects calculated for inactive factors may be represented approximately as 
items from a normal distribution with mean zero and standard deviation u. 

For a proportion n of active factors the resulting effects are represented as 
items from a normaJ distribution with mean zero and a larger standard 
deviation y u. 

A survey of anumber of authors' published analyses of two-level factorial and 
fractional factorial designs showed that y, the ratio of the standard deviation of 
the active to the inacúve (noise) effects. was on average between 2 and 3. Also 
the percentage ;r of active factors was aboul 0.25. Therefore these va1ues were 
used to represent prior information in the analysis and recent investigation has 
confirmed that when active factors were present the results were not very sensitive 
to moderate changes in y and 1r [see Barrios, (2004b)]. Mathematical details of 
the Bayesian analysis based on these precepts are given in Appendix 7 A. All 
you really need to know, however, is how to use one of the available computer 
programs that can be used to make these calculations. [For the calculations in 
this chapter we used the BsMD package for R language based on Daniel Meyer's 
code mdopt. See Barrios (2004a) and Meyer (1996).] 

A PB 12 Design U sed to Study Five Factors 
For illustration and comparison look again at the data in Table 6.15 for a complete 
25 factorial design in five factors A, B, C, D, and E. The analysis in Chapter 6 

• As usual in this analysis it is also supposed that before the experiment is carried oul the ex.perimenter 
haK no information about thc overall mean or thc standard d~\·iation. 
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for this full 32-run design Jed to the conclusion that the effects B, D. BD, E, 
and DE were almost certainly real. Later it was shown that precisely the same 
conclusions could be reached with half the effort using the 16-run 2~- 1 -the 
half-replicate design set out in Table 6.16. 

A natural question is, "'Could a twelve-run PB design have been used to obtain 
a similar result?" To shed light on this, the first five columns of the PB12 design 
in Table 7.1 were used to accommodate the five factors A, n, C, D. and E as 
shown in Table 7.5. The appropriate "observations'' for the 12 runs were taken 
from· the 32-run design. They are indicated by daggers in Table 6.15. These data 
are reproduced in Table 7.5. 

The calculated contrasts /A, lB, ... , h are shown in the last row of the table 
and a normal plot for these values (y+ - y~) is shown in Figure 7 .2. Notice that, 
although the contrast identified with the main-effect factor B falls off the line, 
the plot fails to show any effects due to factors D and E. Now look at the alias 
structure for the five-factor PB12 design given in Table 7.4. Using the results 
from the 32-run design, you will see that the large interactions B D = 13.25 and 
DE = -11.0 occurred will bias the estimates of D and E. 

The Bayes analysis of the PB 12 data, making use of the concept of factor 
sparsity (parsimony), proceeds as follows. Regarding as active any factor that 
produces a main effect andlor is involl'ed in an.v. interacrion, the important qucs
tions are as follows: (a) \Vhich are the active factors? (b) What do they do? The 
questions are decided separately. To fmd the active factors, the analysis assesses 
all of the altemative possibilíties in t11e following ma.nner (Box and Meyer 1993). 
One possibility is that just a single factor is responsible for all that is going 
on-there is a 10 active subspace. To explore this possibility, the procedure 

Table 7.5. PB12 Tweh·e Runs Abstracted from the 25 Design of Table 6.15 to Form 
Five Columns of a PB11 Dcsign Reactor Example 

Run Numbcrs Factors Columns from PB 12: Not Used 

PBtl 25 A B e D E F G H .J K L Observed, )' 

1 6 + + + + + + 56 
2 12 + + + + + + 93 
3 23 + + + + + + 67 
4 14 + + + + + + 60 
S 28 + + + + + + 77 
6 24 + + + + + + 65 
7 15 + + + + + + - 95 
8 29 - + + + + + + 49 
9 25 + + + + + + 44 

10 18 + + + + + + 63 
11 3 + + + + + + 63 
12 1 6J 

Contrast ¡,.,_ ls le lo ls IF IG. JI/ IJ IK h 
cffccts 5.8 21.2 -1.5 7.2 -10.5 -2.2 2.2 -8.8 7.2 -0.5 -9.8 
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6 

Effects 

12 18 24 

Figure 7.2. Normal plot with only B outstandíng. 

considers individually the five separate main effects A. 8, C, D, E. Another pos
sibility is that the activity occurs in a 20 space. Suppose for example, you were 
currently looking at the subspace of factors A and B, denoted by [AB]. You 
would need to consider whether the changes found could be explained by the 
action of the main effects A and B and the two-factor interaction AB. Similar] y, 
for the space [AC] you would consider the joint effects of A, C, and AC. In all 
there would be lO (20) subspaces [AB]. [AC], ... , [AE] to be explored. For a 
3D subspace~ say [ABC], you would need to consider jointly the effects A, B. C, 
AB, AC, AD and ABC, and so on .. 

In this Bayesian procedure al/ the models for all factors under considcration 
are individually evaluated, including the possibility that no factor is active. By 
this means an appropriatc marginal posterior probability is calculated that each 
of the factors is active.* For this exarnple the marginal probabilities obtained in 
this way for the activity of each of the five factors are plotted in Figure 7.3. This 
points to the conclusion that the active subspace detemlined from this 12-run 
desígn is that of [BDE], which agrees with the results already obtained from the 
32- and 16-run designs. 

• 
Adding l\lore Columns 

To make the problem of identifyíng the active factors more difficult~ you can 
include the remaining columns G, H, J, K, and L in the design (more hay added 
to the haystack). As shown in Figure 7.4, the probabilities obtaíned from what 
is now an 11-column analysis indicates the same subspace as before. 

• By ··marginal" is meant that the probabililies involvcd for each factor have been appropriate1y 
combincd. Thcse probabi1itics are "posterior"' probabilities bccause lhey represent the situation afta 
the data have becn 1aken into accoum. 
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Further Analysis 

The analysis so far has indicated which factors are important; to find out what 
they do, a factorial analysis of the identified active factors B, D. and E may 
now be done in the usual way. In this particular case three factors have been 
identified as active and the dcsign happens to be of projectivity 3. and since 
a 23 design plus a 23- 1 half replicate is available in the factors. Notice, how
ever. that this círcumstance is not required by the analysis. More generally, once 
the active factors are known. a more detailed analysis in terms of main effects 
and interactions can be carried out using Jeast squares (regression) discussed in 
Chapter 10. 

In this example irt the subspace [BDE] four of t.he runs are duplicated. It tums 
out that least squares estimates of the effects (see Chapter 9) are such that the 
averages of the duplicated points are treated as individual observations. For this 
example, the projected design, data, and estimated effects are shown in Table 7 .6. 
An estimate of the standard error of each effect obtained using the "repHcatcd" 
runs is ± 1.55. It will be seen that an analysis of the 12-run design supports the 
earlier concJusion that the effects B, D, E, BD, and BE are those which stand 
out from the noise. 

Thus the designs using 32, 16t and 12 runs have all idcntified the same 
effects, B, D, E, BD, and DE, set out below. From Table 7.7 you wi1l see that 
the estimated magnitudes of the effects are in reasonably good agreement. (For 
further comparison, a set of estimates marked "sequential" have been added 
to the table. These come from runs chosen in a run-by-ruri manner to be 
described later.) 

Exercise 7.3. Choose a different set of five columns from Table 7.1 with which 
to associate the design factors A, B, C, D, E. Select the appropriate responses 
from the full 25 factorial of Table 6.15. Analyze your data as above. What do 
you conclude? 

Table 7 .6. A 23 Design in the Active SuJ>space of Factors B, D, and E 

Run Number B D E BD BE DE BDE Observed; y Average 

l. 12 .. + + + 56, 61 58.5 
11 + + + 63 63 
4 + + + 60 60 
2. 7 + + + 93,95 94 
lO + + + 63 63 
3.6 + + + 67,65 66 
8, 9 + + + 49,44 46.5 

5 + + + + + + + 77 77 

Effccts: 18.00, 6.75. -5.75, 14.25. -1.25. -9.50, -0.50 ±2.4 

Bold numerals indicate effecrs of active factors. 
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Table 7.7. Comparison of Estimated Effects 

Designs B D E BD DE 

25 19.5 10.8 -6.3 13.3 -11.0 
25-1 20.5 12.2 -6.3 10.8 -9.5 
PB 18.0 6.8 -5.8 14.3 -9.5 
Sequentíal 20.0 13.8 -3.4 13.0 -12.4 

Augmenting Plackett and Burman Designs to Form a 2k or 2k-p Design 

The PB 12 designs can be augmented to clarify specific uncertainties. For example. 
suppose up to 11 factors ha ve becn tested in the 12-nm PB design of Table 7.1 
and the Bayes analysís points to, say, A, B, C, and possibly K as active factors. 
Then, as shown in Table 7.8. a complete 24 factorial in A, B, C, and K with one 
factor combination duplicated. in this case [- - --],can be obtained by adding 
five runs to the PB12 design. This is a further example of sequentiaJ asscmbly in 
which the data from the initial 1 2-run design suggest which runs to add. 

Adding a Few Extra Runs to Resolve Amhiguities 

The idea that every experimental design should by itself lead to an unambigu
ous conc1usion Js of course false. If you want to reduce experimentation to a 

Table 7.8. The PB 12 Design Augmented by FiYe Runs to Fonn a Complete 24 

Factorial 

Factors Suggested 
as Possibly Active 24 Design 

Run Number A B e K Five Extra Runs A B e K Runs from PB12 

1 + + - 9. 12 
2 + + + • + 
3 + + + • + 
4 + + + + + 5 
5 + + • + 
6 + + + + + 1 
7 + + - + + 7 
8 + + + + + 6 
9 • + 

lO + + + + 10 
l1 + + + + 11 
12 + + + 2 

+ + 8 
+ + + 4 

+ + + 3 
• + + + + 
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minimum, ít is frequently best to begin with a small fractional design. Sorne
times it is true that such a design may by itself solve (or at Ieast fl.x) a problem. 
BUt more Iikely it wi11 great1y reduce the number of mode1s that need to be 
considered. (See the discussion of 20 questions in Chapter 1). It can also help 
identify additional runs that may be needed. 

Fatigue Life of Repaired Casüngs 

In the following experiment (Hunter, Hodi, and Eager, 1992) seven factors were 
investigated in a 12-run PB design.* The PB¡2 design, the data, and the 11 
calculated column contrast effects are shown in Table 7.9. The normal plot of 
these effectli made by the original authors (see Fig. 7.5a) seems, perhaps rather 
dubiously, to support their conclusion that factor F and possibly factor D have 

Table 7.9. A PBu Dcsign: Fatigue Life Data 

Factor Level (+) Level {-) 

A: initial structure As received {3 Treated 
8: bead size Small Large 
C: pressure u·eatment None HIP 
D: heal treatment Anneal Solution lreat/age 
E: cooling rate Slow Rapid 
F: polish Chemical Mechanical 
G: final lreatment Non e Pe en 

Run 
Factors Unused columns 

Log Life 

Number A B. e D E F G 8 9 10 11 xlOO 

1 + + + + + + 6.06 
2 + + + -ti + + 4.73 
3 + + + + + + 4.63 
4 + + + + + + 5.90 
5 + + + + + + 7.00 
6 + + + + + + 5.75 
7 + + + +· + + 5.68 
8 + + + + + + -· 6.61 
9 + + + + + + 5.82 

10 + + + + + + 5.92 

11 + + + + + + 5.86 
l2 - 4.81 

Effects 0.33 0.30 -0.25 -0.52 0.15 0.92 0.18 0.45 0.45 0.08 -0.25 

• Tilis PB ll dcsign is in the form g.iven by the authors. ll is a rcarrangcmcnt of that givcn in Table 7.1. 
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Figure 7.5. (a) Normal plot F and D possibly real. (b) Bayes plot idenlifying factors F and G. 

significant main effects. Howevcr, by the Bayes analysis (see Fig. 7 .5b), factors 
F and G, with probabilities of 0.979 and 0.964, respective) y, are identified as the 
active factors and not F and D. 
The reason is not hard to find. There is a very large interaction between F and G 
lhat confuses standard analysis. To show this, the data in Table 7.1 O are arrayed 
as a 22 factorial design. The graphical analysis in Figure 7.6 shows (a) a two-way 
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Table 7.10. A 21 Factorial Analysis of the Active Factors F and G 

Run Numbers F G FG Observations Average 

2~ 3. 12 + 4. 73, 4.63, 4.81 4.72 
1 5t 8 + 6.06. 7.00, 6.61 6.56 
4, 6. 9 + 5.90, 5.75, 5.82 5.82 
7; 10, 11 + + + 5.68, 5.92. 5.86 5.82 

EtTects 0.92 0.18 -0.92 
F G FG 

6.5 

+ 5.82 ,----------....;:, 5.82 

6.0 
G+ []··············-· ~ ............. e 

G 

- 4.72 L--------------l 6.56 
+ 

F 

(a) 

5.5 

5.0 

F 

(b) 

Figure 7.6. (a) A 22 fal·torial in F and G. (/J) Contrast plot for averages .. 

~ 

+ 

plot and (b) a contrast plot for the averages. This example dramatically Hlustrates 
how interactions can dcfeat any single factor analysis.• 

7.2. CHOOSING FOLLO\V-UP RUNS 

Suppose· for illustration you had six a1temative models 1, 2, ... , 6 and that 
bcfore any experiments were performed the models were equally probable, as in 
Figure 7 .7a. Suppose now an experiment was run which produced the probability 
distribution in Figure 7.7b. Obviously. the experiment would have produced a 
great change in information about the models. 

• Sce also Hamnda and Wu (1992). 
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5 6 

As a measure of infonnation Shannon introduced the concept of entropy. This 
measures the state of" disorganization of a system. In the above example this 
would be a measure of the degree of evenness of the probabilities. with maximum 
entropy occurring when all the probab.ilities. P;· were equaL As a measure of 
entropy Shannon employed 

n 

Elll = -·L P; 1n P;. 
; 

Fo.r the equal probabilities shown in Figure 7.7a you will find that the entropy 
Ent = 1.79. After the experiment the probabilities in Figure 7.7b produce the 
value Ent = 0.64. The gain in infonnation supplicd by the experiment is repre
sented by the reductiorz in entropy~ 

Adding Runs to Reduce Entropy 

A method for obtaining one or more infonnative follow-up runs uses the idea 
of Box and Hill (1967) further developed by Meyer, Stcinberg and Box (1996) 
choosing those runs that produce the greatest expected reduction in entropy for 
details see Appendix 7 A. As an illustration an ·example discussed in thc earlicr 
edition of this book is reanalyzed. The experiment concerned various factors 
affecting shrinkage in a plastics injection molding process. The 2~v4 design in 
eight factors A, B, ••• , H and the resulting data are given in Table 7.11 a. The 
calculated contrasts and aliases are in Table 7.11 b. A normal plot of the effects is 
shown in Figure 7 .8. The associated nonnal plot showed that the estimated con
tra"lts le. lE, and lA E· indicated by bold type in Table 7.11 b, were distinguishable 
from noise. However, the contrast IAE estimated a string of four aliased two
factor interactions A E + B F + C H + DG. In thc prcvious analysis an attempt 
was made to identify four additional runs that would unravel this alias string. 
This analysís took account of interactions up to second order only. The same 



296 7 ADDIDONAL FRACTJONALS ANO ANALYSIS 

Table 7.11a. A 2fv4 Design: Molding Example (1 = ABDH, 1 = ACEH, 1 = BCFH 
. ' 1 =ABCG) 

Mold Moistun: Hold Cavity Booster Cycle Gate Screw 
Run Temperature, Con ten t. Prcss. Thkkness, Pressure. Time, Size, Specd. Shrinkage, 
Numbcr A IJ e D E F G H )' 

+ + + + 14.0 
2 + ..... + + + 16.8 
3 + + + + 15.0 
4 + + + + 15.4 
5 + + + + 27.6 
6 + + + + 24.0 
7 + + + + 27.4 
8 + + + + + + + + 22.6 
9 + + + + 22.2 

10 - + + + + 17.1 
11 + + + + 21.5 
12 + + + + 17.5 
13 + + + t 15.9 
14 + __.. + + + -21.9 
15 + + + + 16.7 
16 20.3 

Note:.Tht" dcsign is tWI displaycd in Y:ues ordcr. 

Table 7.1lb. Contrasts, Estimated EfTects, and Alias 
Strings 

/,4 - -0.7 -+ A 
lo - -0.1 -+ B 
le - S .S -+ e 
lo - -0.3. -+ D 

lt:: -· -3.8 -+ E 
/¡.- - -0.1 -+ F 
IG - 0.6, ...._. G 
IH - 1.2 -+ H 

l~n - -0.6 -+ AB +CG + DH +EF 
lA e - 0.9 -+ AC +BG + DF +EH 
IAD - -0.4 -+ AD +BH +CF+EG 

1.-tF. - 4.6 -+ AE +BF + CH +DG 
IAF - -0.3 -+ AF +BE+ CD +GH 
1,1\(i - -0.2 -+ AG+BC+FH +DE 
1,\H - -0.6 -+ AH +BD+CE +FG 

experiment may now be used to choose the four bcst discriminating runs frolll 
entropy reduction. 

The Bayes analysis of this 2fv4 design in incoming all 30 spaces, in particular 
takes account of third order interactions displayed in Figure 7.9a, show that the 
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Figure 7.8. Normal plot of effect shrinkage data. 

posterior probabilities for B, D, F, and G are negJigible while those for factors A, 
C, E, and H are not only large but equal. The reason they are equal can be seen 
from Figure 7 .9b, where each projection of the four active factors into a three 
dimensional space produces the same data pairs at the vertices of a cube. Since 
B, D, F. and G are essentially ine~ the design is a duplicated 24- 1 arrangement 
with defining contrast 1 = ACEH shown in Table 7.12a. 

The five modelsof highest probability, !Yt1, M2. M3• M4• and A-15, are shown in 
Table 7.12b. A possible block effect bctwecn this initial design and the follow
up runs was included in the model. Table 7.1 2c shows the predicted values 5· 
obtained for each of the five models and the 16 possible follow-up runs numbered 
1 to 16. AH 16 runs were included to allow the possibility that duplicates of one 
or more of the first 8 runs míght be required. It would be expected that of these 
possible 16 runs the best to discriminate among the models would be those in 
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Figure 7.9. (a) Equal pmbabilities A, C, E, H. (b) Four 3D projections. 

a row where the five modeJ predictions y differed the most in sorne way. The 
entropy conccpt leads to a · discrimination criterlon of this kind, caBed here the 
model discrimination (MD*) score. 

• A thcorctical explanation wHl be found in Appcndix 7 A. For thc practitioncr suitable computor 
programs are of course uscd to pcrform thc ncccssary calculations. 
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Table 7.12. 1\110 Scores for Different Models using 1r = 0.25 and r = 2.0 

Run Factors Obscrved. 

Point Numben~ A e E H y Mudel Factors Probahility 

1 14. 16 21.9 20.3 Mt: A,C,E 0.2356 
2' l. 3 ..:.. + + 14.0 15.0 M2: A.C,H 0.2356 

J s. 7 + + 27.6 27.4 (b) M3: A,E,H 0.2356 

(a) 4 .10, 12 - + + - 17.1 17.5 M4: C. E. H 0.2356 

5 2. 4 + - + 16.8 15.4 Ms: A, C, f:, H 0.0566 

6 13, 15 + + 15.9 16.7 
1 9. 11 + + 22.3 21.5 

8 6. 8 + + + + 24.0 22.6 

Possible 

Run 
Predict<.-d Values. y 

Standard Addiliona1 

Number A e EH Mt M: MJ M,. Ms De\'iation Runs MD Se<1re 

-- 21.08 21.08 21.08 21.08 21.09 0.(1 9 9 12 IS 85.1 
2 + + 14.58 14..59 14.58 14.58 14.54 0.0 9 12 14 15 84.4 

3 - + - + 27.38 27.38 27.38 27.38 27.44 0.0 9 11 12 15 83.6 
4 - + + - 17.34 17.34 17.34 17.34 17.32 0.0 9 11 12 12 8:n 

(e) 5 + .- - + 16.16 16.16 16.16 16.16 16.13. 0.0 (d) 9 9 12 12 79.6 
6 + - +- 16.35 16.35 16.35 16.35 16.13 0.0 9 11 12 14 77.1 
7 ++ - - 21.87 21.87 21.87 21.87 21.88 0.0 9 9 11 12 77.1 
8 + + + + 23.25 2.3.25 23.25 23.25 23.27 0.0 9 IZ 15 16 77.1 
9 - + 21.08 14.58 27.38 16.16 19.75 5.0 9 12 13 15 76.7 

10 +- 14.58 21.08 17.34 16.~5 19.75 2.6 9 12 12 14: 76.6 
ll - +- - 27.38 17.34 21.08 21.87 19.75 3.7 
12 -+++ 17.34 27.38 14.58 23.25 19.75 5:0 
13 +- - - 16.16 16.35. 21.87 21.08 19.75 2.7 
14 +-++ 16.35 l6.16 2J.25 14.58 19.75 .3.5 

• 15. + + - + 21.87 23.25 1.6.16 27J8 19.75 4.2 
16 + + + - 23.25 21.87 16.35 17.34 19.75 2.9 

The computer program calculated the MD criterion for each of the 3876 pos
sible sets of 4 follow-up runs chosen from the 16 candidates. The eight choices 
giving the highestMD scores are shown in Table 7.12d. For example ihe 4 runs 
numbered 9~ 9, 12, 15 give the largest MD score and would normally be chosen. 
The next highest MD score is obtained from the 4 nms 9, 12, 14, 15, and so on. 
A very rough idea of the nature of the analysis can be obtained by looking at 
the last column of Table 7.12c where, instead of the MD criterion, the standard 
deviation of each set of predictions for the models M 1, M2, Af3 ; M4, and M5 
is given. You will see that runs 9, 12, 15, 11, 14 produce the largest standard 
deviations and these runs are favored by the MD criterion. 

Adding Runs One at a Time 

When the result of each run is available befare the next is planned, it can be con
venient and economical lo mak.e additional runs one at a time.• For illustration, 

• Thc stratcgy of makíng additional runs one at a time will not always be a good one since thcre are 
situations where, for example, making a block of experiments is no more expcnsive than making one 
individual run. . 
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Table 7.13a. A 25- 2 factorial design with additional 
runs added one at a time. 

Factors 

Run Numbcr 
in 25 design A 8 e D E Observed, y 

25 + + 44 
2 + 53 

19 + + 70 
12 + + + 93 
13 + + 66 
22 + + + 55 
7 + + 54 

32 + + + + + 82 

AB=D,AC=E 

Sequence of Chosen Follow-Up Runs 

Run Number A 8 e D E )' 

12 + + + 93 
10 + + 61 
11 + + 94 
15 + + + 95 

suppose you wished to study five factors A, 8, C, D, E and initially you had only 
the data from an 8-run 25- 2 design of Table 7.13a abstracted from the full25 fac
torial gi\•en earlier in Table 6.15. From the alialiing generators AB =D. AC =E 
in Table 7.13a, it will be seen that this particular design was chosen so as not to 
favor the unraveling of the effects 8, D, E, BD and DE inherent in the data source. 
The initial analysis of the 8 runs gave the posterior probability distribution shown 
in Figure 7.10a, so at this stage the largest probability was for activity in none of 
the factors: not surprisingly there was no evidence favoring any particular choice 
of model. Using estimates from this initial design, the computed MD scores for 
each of the 32 candidate runs of the full 25 factorial are shown in the column 
of Table 7.13b marked stage l. The largest ~10 score of 11.12 was for run 12, 
indicating the next run should be made al factor levels [ + +- + - ]. The result 
y12 = 93 was obtained from the complete 32-run design. The probability distribu
tion calculated after 9 runs was now that shown in Figure 7.10b. The possibility of 
no active factors had now become small. However, there was essentially no indi
cation about which if any of the effects were active. By refitting the 9 runs now 
available, the MD scores were again calculated for each of the 32 runs, as shown 
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T.1ble 7.13b. MDs for Possible Follow-Up Runs with MDs at Various Stages 

Factors Stages 

Run Number A B e D E Observed \' .. 2 3 4 

1 61 2.74 15.55 13.58 3.80 
2 + 53 1.93 6.61 6.92 2.72 
3 + 63 3.29 25.90 14.81 26.79 
4 + + 61 6.20 48.30 22.83 26.95 
5 + 53 1.89 11.29 13.37 12.99 
6 + + 56 1.95 9.45 9.28 12.52 
7 + + 54 2.31 9.73 12.72 7.66 
8 + + + 61 4.50 33.94 21.11 8.81 
9 + 69 4.81 37.01 11.93 2.57 

lO + + 61 7.18 55.39 2.49 1.76 
1 1 + + 94 7.67 51.58 29.76 6.41 
12 + + + 93 11.12 18.78 24.22 6.28 
13 + + 66 0.42 1.80 2.10 1.53 
14 + + + 60 3.67 25.00 7.44 2.13 
15 + + + 95 3.62 27.11 28.18 50.35 
16 + + + + 98 6.51 30.66 23.82 49.79 
17 + 56 3.48 22.26 14.56 13.22 
18 + + 63 2.45 12.65 9.29 12.80 
19 + + 70 0.64 1.45 2.05 1.36 
20 + + + 65 3.60 24.42 14.78 2.21 
21 + - + 59 2.46 13.91 11.39 2.92 
22 + + + 55 1.33 4.74 4.92 1.84 
23' + + + 67 2.49 17.18 10.99 10.78 
24 + + + + 65 3.51 24.53 15.92 10.72 
25 ...,.. + + 44 6.03 17.66 20.35 8.30 
26 + + + 45 6.52 47.62 16.98 9.75 
27 + + + 78 5.63 43.18 J 8.40 18.34 
28 + + + + 77 7.20 37.59 18.41 18.1 J 
29 + + + 49 3.80 26.26 17.50 21.98 
30 + + + + 42 3.14 28.75 17.46 22.53 
3l + + + + 81 3.30 27.59 17.92 3.07 
32 + + + + + 82 4.09 5.80 7.73 1.91 

in the column marked stage 2 in Table 7.13b. It will be seen that now the largest 
MD seo re is 55.39 for run 1 O at levels [ + ·- - · + -] for which y10 = 61. The new 
data were now added to the experimental design, new predictions obtained, new 
MD scores computed, and the probabiJities recomputed. The successive proba
bility distributions for stages 3 and 4 are shown in Figures 7.10d and 7.10e. The 
Process shows the gradual convergence to the previously conclusion that factors 
B, D, and E are the active factors. If now a least squares anatysis is made for 
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main effects and two-factor interactions from the augmented des"ign for aH 12 
runs the esúmated effects are 

B = 20.0, D = 13.8, E= -3.4. BD = 13.0, DE= -12.4 

For comparison · the es ti mates are al so listed in Table 7. 7 
These effects .are labeled as "sequential" estimares in Table 7.7 and are in good 
agreement with the previous estimates obtained respectively for the complete 
32-run factorial, the 16-run half fraction, and the 12-run PB designs. 

It may at first seem strange that the first new run selected is a repeat of a run 
used in the original 25- 2 design. Consideration shows, however, that this is not 
particular! y surprising. The individual prohabilities in Figure 7.1 Oa suggest that 
on the data available from the initial design the possibility of no active effects 
is large, while there is almost nothing to choose between the small probabilities 
associated with A, B, C, D, E. lt is reasonable therefore to first check whether 
the possibility of no active effects is viable. You sec that after this repetition the 
probability of activity of sorne kind among the factors is large compared with 
no activity. 

7.3. JUSTIFICATIONS FOR THE USE OF FRACTIONALS 

Fractional designs and other orthogonal arrays often seem to work better than 
might be expected. Different rationales have been proposed lo justify their use, 
sorne more persuasive than others. 

~lain Efl'ects Only 

In the analysis of designed experiments the (usually dubious) assumption of 
"main effects only'' can sometimes approximate reality. Main effects (first-order 
effects) are likely to domínate, for example, in the early stages of an investigation 
if the experimental region is remate from a stationary region and in particular 
remote from a region containing a rnaximum•. 

You Know Important Interactions? 

Another rationale is that the subject matter expert can guess in advance which 
few of the large number of interactions is likely to exist. On such assumptions it is 
frequently possible to choose a fractional factorial design so asto allow the chosen 
interactions to be estimated free from aliases. \Ve have given an example of this 
in Chapter 6, Section 1 O, where one interaction was thought to be likely in the 
~esign of an eight-run experiment. In general, however, this concept of knowing 
In advance of experimentation which few of the large number of interactions are 
like1y to be real [for k factors there are k(k- 1)/2 two-factor interactions] raises 

• Whcn fiued to happenstance data, rcgression cquations almost always make the assumption that 
only linear (first-order main effect.s) tcrms occur, 
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sorne dífficult questions. In particular. if the subject matter expert can decide in 
advance which are thc likely second-order effects, this suggests she should have 
no difficulty in deciding what are the likely first-order effects. 

It is whcn things do not go the way you expect that you often learn the most. 
An investigator is most intrigued by counterintuitive discovcries and will try to 
figure out the mechanism underlying these unexpected effects. Ifsuccessful, such 
new knowledge may be useful for solving not only the immediatc problem but 
others as well. Thus the most important effects may be those that have not been 
allowed for. 

Projecth·e Properties 

For any two-Ievel design of projectivity P every choice of P factors produces 
a complete 21' factorial desígn, possibly replicated. If wc now apply Juran's 
concept (also that of William of Occam: Entia non sunt multiplicwzda practer 
necessitatem) of parsimony, if the number of active factors is P or less, then a 
full factorial will be available in these factors whichever they happen to be. 

Sequcntial Assembly 

When ambiguities and uncertainties of interpretation remain after the completion 
of a fractional design. you can employ additional runs to resolve thc questions 
raised while simultaneously increasing the precision ofyour estimates. 

Symmetric Filling of the Experimental Space 

ft has been argued that fractionation should be rcgardcd merdy as a means of 
sampling the experimental space symmetrically and economically wilh a limited 
number of experimental points. Associated with this idea is the "pick-the-winner'' 
method of analysis whereby the factor combination providing the best response 
is chosen. Such procedures are sometimes he1pful, but since they make no use 
of the structure of the design. they are ineffkient. 

\Ve Know Higher Ordcr lnteractions Are Negligible? 

It is common to assume that interactions betwecn three or more factors will be 
negligible. While this is frequently true, we should always be on tbe lookout for 
exceptions•. The tentalive assumptions that high order interactions are negligible 
is nlso bedeviled by the tacit idea that we should be concerned only about effects 
we can estimate and not be cóncerned with those of the same order that we 
cannot. For illustration consider the tl factorial design in factors XJ, x2. and XJ· 

The quantíties we can estímate with this designare shown in boldface and those 
of the same ordcr that we cannol estimate in ordinary type: 

•tn the lirst cditinn of the book n differcnt ~ct of four follow-up runs was chosen for the 2f;' 
eltperimcnt on injcétion molding in Section 7.2. One reason for this was the assumption that three· 
and highl·r-o.rder intcrnctions wcre negligiblc. 



APPENDIX 7 A TECHNICAL DETAILS 305 

First-order effects: 1, 2, 3 
Second-order effects: 12, 13, 23 but not 1 1, 22, 33 
Third-order effects: 123 but not 1 1 1, 222. 333, 112, 113, 223. 331. 332 

Jf we are interested in a two-factor interaction such as 12. which te lis us how the 
effect of factor 1 changes as factor 2 is changed. why should we not be equally 
interested in quadratic terms that tcll how the effect of factor 1 changes as factor 
1 is changed. In terms of the calculus, if one is concemed about the derivative 
02 y/ax1 ax2, should we not be equally concerned with 82 y/axr? 

That terms of the same order are equaUy important is further justified by 
tbe fact tbat a linear transformation of the original factors produces only linear 
transformations in effects of the same order. For example, suppose a 22 factorial 
design is used to test the effect of changing the concentrations of two catalysts 
x1 and x2• Onc experimenter might think separately of x 1 and x2 and plan to 
identify the main effects and two-factor interaction in the model 

But to another experimenter it might seen1 natural to consider as factors of the 
total catalyst concentration X1 = x 1 + x2 and the difference X2 = x 1 - x2 and 
similarly seek to estimate the main effects and interaction. The same model in 
the X's becomes . 

y= Bo + B¡Xa + B2X2 + Ba2X1 X2 

or in tenns of X¡ and x2 

Thus~ the interaction of tbe first experimenter becomes· the_ difference of the 
quadratic cffects for the second experimenter. 

As is discussed more fully in Chapters l 1 and 12, the two-level ·factorial 
designs are ideal instruments for uncovering first-order and interaction effects and 
with the addition of a center point can provide infom1ation on overall curvature. 
Consequently,_ they can point out when it is likely necessary to employ a full 
second-order model, say 

Y= bo + b¡X¡ + b2X2 + b¡tXf + b12xi + ba2X1X2 

Sequential assembly in particular, as with composite designs, can make possible 
the estimation of missing quadratic tem1s when this appears to be necessary. 

APPENDIX 7A. TECHNICAL DETAILS 

In this Appendix we give sorne technical details of the Bayesian modcl
discrimination method and the design criterion MD. For additional infonnation 
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on this approach to analyzing the data, see Box and Meyer (1993) and Meyer, 
Steinberg and Box (1996). 

Bayes 1\lodel Discrimination 

Let Y denote the n x 1 vector of responses from a fractional factorial experiment 
with k factors. The model for Y depends on which factors are active, and our 
analysis considers all the possible sets of active factors. Let M; label the model in 
which a particular combination of /; factors, O < f¡ < k, is active. Conditional 
on M; being the true model. we assume the usual normal linear model Y ....... 
N (X; {3;, a 21). 

Here X; is the regression matrix for M; and includes main effects for each 
active factor and interaction terms up to any dcsired order. Let tr denote the 
number of effects (excluding the constant term) in 1\1;. We willlet Mo Iabel the 
model with no active factors. 

We assign noninformative prior distributions to the constant term f3o and the 
error standard deviation u, which are common to allthe models. Thus p(f30 , u) ex 
1/a. The remaining coefficients in {3; are assigned independent prior normal 
distributions with mean O and standard deviation ya. 

We complete the model statement by assigning prior probabililies to each of 
the possible modcls. Following the notion of factor sparsity, we assume that 
there is a probability JT, O <: re < 1, that any factor is active and that our prior 
assessment of any one factor being active is independent of our beliefs about the 
other factors. Then the prior probability of model M;, is P(M;) = n!i ( 1 - rr)k-Ji. 

Having observed the data vector Y, we can update the parameter distributions 
for each model and the probability of each model being valid. In particular, the 
posterior probability that M¡ is the correct model will be 

where 

1 (o o) 
f; = y2 o 1,, (A.2) 

~ ' -1 ' {3; = (f; +X; X¡} X; Y (A.3) 

and 
A #\ A 1 ,.. 

S; =.(Y- X;{3;)'(Y- X;/3;) + f3;f;{3; (A.4) 

The constant of prop01tionality in (A.l) is that value that forces the probabilities 
to sum to unity. Tbe probabilities P(M;IY) can be summed over all models that 
include factor j. say, to compute the posterior probability P¡ lhat factor j is 
active, 

P¡ = L P(M;IY) (A.5) 

M1: factorjactive 
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The probabilities {Pi} provide a convenient summary of the importance. or activ~ 
ity, of each of the experimental factors. 

Often available data do not unambiguously identify a particular model. Build
ing on the Bayes approach outlined above Meyer, Steinberg. and Box (1996) 
developed a procedure for identifying a set of one or more follow-up runs best 
calculated to clarify factor activity. 

Choosing Follow up Runs 

The MD design criterion proposed by Box. and Hill ( 1967) has the following 
form. Let y• denote the data vector that will be obtained from the additional 
runs and Jet p(Y•IM1, Y) denote the predictive density of Y* given the initia1 
data Y and lhe modeJ M;. Thcn 

loe ( p(Y.IM Y)) 
MD = L P(M;IY)P(ArfjiY) . p(Y*IM;, Y)ln Y"' M;.' Y) dY• 

O~i#=j:5m -oo p( 1 J • 

(A.6) 
(Box and Hill used the lelter D for the criterion. We use the notation MD t'or 
model discrimination.) 

The MD criterion has a natural interpretatior~ in terms of Kullback-Leibler 
information. Let p; and pi denote the predictive densities of Y* under mod
els M; and Mi, respectively. The Kullback-Leibler information is J(p;. Pi)= 
J p; ln(p; f pi) and nieasures the mean ínformation for discriminating in favor of 
M; against Mj when M; is true. Then 

MD = L P(M;IY)P(MjiY)l(p¡, pj) 
0,:5i#=j;::m 

(A.7) 

Thus MD is the Kullback-Leibler information averaged over paírs of candidate 
models with respect to the posterior probabilities of the models. 

We now simplify MD. proceeding condilionally on a 2 and then in.tegrating 
out CT2 at the last step. We first derive the predictive distribution of Y* for each 
model. Let X; and x; denote the regression matrices for the initial runs and the 
additional runs, respectively. when fl,f; is the modcl. Then 

whcre \'; = X7 /J;, /31 was defined by (A.3 ). and 

(A.8) 

The log ratio of the predictive densities for two models, M; and M¡, is then 

1 (p(Y*IM;,Y,u2
)) 1 1 (IVjl) 1 .... _,. _ ... 

11 p(Y*IMb Y, CT2) = 2 n IV;t - 2a2 ((Y*- Yj)'Vj (Y•- Yj> 

- (Y* - vrrvr' (r - Yi}) 
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Integrating with respect to p(Y*Ikf;, Y, u 2) yields 

1 (IV,~I) l 2 ., _, ... ... ~• ,.. ,. 
-ln -. - ---(n*a - u"'tr{V~ V~}- (Y~- Y~)'V~ (Y~"- Y*)) 
2 1 v; 1 2a2 J 1 1 J J 1 j 

Finally. integratíng with respect to p(u21Y. h-1;). we have the MD criterion 
defined by 

1 ~ _,, 
MD = 2 ~ P(Mt!Y)P(MJIY)(-n•·+ tr{Vj VtJ + (n-1) 

05J:f:j~m 

(A.9) 

where S; was given by (A.4). (The term involving determ.inants sums toO across 
O .:Si # j <m and so was removed.) 

Note that, for the models and prior distributions we use, thc quadratic form in 
(A.9) is O for starting designs. Starting designs are thus evaluated by the trace term 
in (A.9). For mathematical convenience, we place a very small value (0.00001) 
in the (1, 1) position of the matrix r 1• This is equivalent to approximating the 
Jocally unifonn prior for the intercept {30 with a nom1al distribution, with mean 
O and large variance. 

To compute MD-optimal augmentation designs. when the required number of 
follow up runs is not small we use an exchange algorithm like thosc proposed by 
Mitchelland Miller ( 1970) and Wynn (1972). First, all candidate design points 
must be listed. Typícally th.is is the full factorial list of all factor-leve! combi
nations. An inítial augmentation design is chosen at random, with replacement, 
from among the candidate points. The initial design is then improved by adding 
that point, from among a11 the candidates, which most improves the MD criterion, 
followed by removing that point from all those currently in the design, which 
resu1ts in the smallest reduction in the criterion. This add/remove procedure is 
continued until it converges, with the same point being added and then removed. 
The algorithm can get trapped in local optima, so we typically make from 20 to 
50 or more random st.arts. 

APPENDIX 7B. AN APPROXI~IATE PARTIAL ANALYSIS 
FOR PB DESIGNS 

As always, the Bayes approach focuses attention on essentials. You will find (see 
Appendix 7 A) that the posterior probability for any given model is a product 
of two distinct expressions. The first is a penalty function that allows compar
ison of models containing different numbcrs of factors (subspaces of different 
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dimensions). The second is a function mainly of lhe sums of squares associated 
with the models under consideration. For comparison of different mode1s con
taining the same number of factors (e.g .• all three-factor modeJs), Kulahci and 
Box (2003) conslder, in order of magnitude, the ratios 

" 
i=l 

cp = , 
Í::(Y; - )·;)2 /(n-k- 1) 
i=l 

where the notation cp is used for this ratio rathcr than F to emphasize that, 
because of the selection process, the standard F significance levels do not apply. 
The partial analysis is then equivalent toa regression analysis except in the nature 
of the modcls considered. 

For illustration consider again the data set out in Tab1e 7.5 for a PB 12 design 
abstracted from the 25 design of Table 6.15. The values of t.p are arranged in 
order of magnitude in Table 7B.l. For the two-factor models qJ is much larger 
for the model space [BD]. Also notice that tht: next mosl extreme two-factor 
model is for [BE]. It is not surprising, therefore, that for the three-factor modcls 
the factor space [BD E] in vol ving all mai n effects and interactions between three 
factors is strongly favored, agreeing with the fuller Bayes analysis. 

Table 7B.2 shows the same analysis for the Hunter, Hodi, and Eager ( 1982) 
fatigue data on repaired casúngs. Of the two-factor models that of the subspace 
[FG] c1early stands out from the others. Also, for the three-factor models the 
first five contain the space FG with each one of the other five factors. Again the 
analysis points to the earlier conclusion that FG is the acúve subspace. 

Table 78.1. AJternative 1\Iodcls for Reactor Example 

Two-Factor Models Three-Factor Models 

Model f{J Model I{J 

B D 16.& 8 D E 51.5 
B E 4.9 A 8 D 8.2 
A B 3.3 B e D 7.3 
B e 2.8 A e E 5.0 
D E 2.2 A D E 2.1 
A e 1.3 A B E 1.9 
A E 0.9 8 e E 1.8 
A D 0.6 A B e 1.7 
e E 0.4 e D E 0.7 
e D 0.2 A e D 0.7 
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Table 78.2. Alternative 1\lodels for Fatigue Data 

Two-Factor Models Three-Factor Models 

Model cp Model tp 

F G 27.1 D F G 26 
D F 3.9 E F G .15.8 
A E 2.7 e F G 6.5 
A F 2.7 B F G 6.5 
B F 2.6 A F G 6.0 
e F 2.5 A e E 4.0 
E F 2.4 e D F 3.5 
e D 1.2 r\ E G 3.0 
D G 1.1 A D D 2.6 
A 8 l. O 8 D D 2.6 

APPENDIX 7C. HALL'S ORTHOGONAL DESIGNS 

Hall ( 1961) produced a number of two-level orthogonal arrays yielding saturated 
designs for k= 15 and k= 19 factors in 16 and 20 runs that were different from 
fractional factorials and the designs of Plackett and Bunnan. The five 16 x 16 
arrays are of special interest and will be called H¡, 1-12, H3, l~, and H5\ where 
H 1 is the standard saturated 1 6-run 2:1~-ll fractional factorial discussed earlier 
(see Table 6.15) and H2 , H3, H" and H5 are distinct new 16-run designs. These 
designs, after convenient rearrangements, Box and Tyssedal (1996) are shown in 
Tables 7C.l to 7C.4. 

Look at Table 7C.l. For this H2 design you will see that the first eight columns 
are those of the familiar 2~y4 fractional factorial which is of projectivity 3 and 
a [16,8,3] screcn. If the remaining seven columns h, K2t ••• , R2 are added, 
you obtain thé H1 saturated orthogonal design that is fundamentally differemt 
from the saturated 2:~-ll fractional factorial design considered earlier. By adding 
only the four columns }z, K2, L2, and M2, you obtain a remarkable 12-factor 
design of projectivity 3 and thus a [16,12,3] screen-it can screen with pro
jectivity 3 four more factors than the 2f;' design. The same. is true of HJ and 
"-1 in Tables 7C.2, and 7C.3, which however are distinct designs. Design Hs in 
Table 7C.4 can be obtained by using only the first six columns of the 2~v4 and 
adding the further nine columns shown. This design is also remarkable because 
adding only the eight columns G5, Hs. 15, ••• , Q5 provides a [16,14,3] screen. lt 
can screen 14 factors at projectivity 3. A fuJler discussion will be found in Box 
and Tyssedal (200 1 ). See al so Sloane ( 1999) for an extensive Hsf of Hadamard 
matrices. 

•This notation dÜTers somewhar from that used by Hall. 
t Diffcrent in lhe sense lhat it cannol be obtained by sign switching and renaming rows and colunms. 
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Table 7C.l. Design H2 

a b e d abe abd acd bed 
Run Number A B e D E F G 11 h K2 L2 M2 p2 Q2 R2 

1 + - + + + 
2 + + + + - + + 
3 - + - + + + - - + + -
4 + + - + + - - + + 

5 + -· + + + + + + + 
6 + + + + + + + - + 
7 + + + + + - + + + 
8 + + + + ~ + + + + + + 

9 + + + + - + + + + + + 
10 + - - + + + + - + + + 
11 + - + + + + + - + + 
12 + + - + + + + + + 

13 - + + + + - - + + 
14 + - + + + - + + 
15 + + + + - + - - - + 
16 + + + + + +' + + + - - + + + 

Table 7C.2. Design H3 

a b e d abe abd acd bcd 
Run Number A B e D E F G H J3 K3 L3 M3 p3 Q3 R3 

1 - - + - + + + 
2. + + + + + + 
3 + - ·- + + + - - + + 
4 + + + + ·- - + + 
5 + + + + + + + + 
6 + - + - + + + - + + + 
7 - + + - + + + + + + 
8 + + + + + + + + + + 
9 + + + + + + + + + + 

10 + - + + + + + - + + 
ll - + - + + + + + + + 
12 + + + + + + + - - + 

13 - + + + + - - + + 
14 + - + + + + + 
15 + + + + + + 
16 + + + + + + + + + - + + + 
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Table 7C.3. Design H4 

a b e· d t~bc ahd acd bcd 
Run Number A lJ e D E F o fl h K4 L4 M4 p4 Q~ R4 

1 - - + + + + + + + 
2 + + + + + + - + 
3 - + + + - + + + + 
4 + + + + + + + 

5 + + + + - - + + + 
6 + + + + + + + 
7 - + + + + - + + + 
8 + + + + + + + -

9 - - + + + + + + + 
10 + + + ...,. + + + + 
11 + + + + - + + + 
12 + + + + + + + 

13 - + + + + + - + + 
14 + + + + - - + + + 
15 + + + + + + + 
16 + + + + + + + + + + + + + + + 

Table 7C.4. Design Hs 

Run a b (' el abe abd 
Number A B e D E F Gs H~ ls Ks Ls M.s p 5 Qs Rs 

1 - - - - + + + + + + + 
2 + ...... - - + + + + + + 
3 - + - + + + + + + 
4 + + + + + +- + 

5 - - + + + + .- + + + 
6 + + + + + + + 
7 + + + + + + + 
S + + + + + + + 

9 + + + + + + + 
10 + + + + + + + 
ll + + + + + + + 
12 + + + + + + + 

13 + + + + + + + 
14 + - + + + + + + 
15 + + + + + + + 
16 + + + + + + + + + + + + + + + 
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QUESTIONS FOR CHAPTER 7 

l. Here is the tirst row of a PB dcsign: - + - - - + + + - + +. Write down 
the 12 run design?· 
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2. What is meant by "projectivity," "factor sparsity." .and ""parsimony,.? What 
are the characteristics of a design of projectivity 3 design'? Projectivity 4? 

3. In terms of "· the number of runs, what distinguishes the PB designs in the 
family of two-level designs? Which of the designs with n = 8. 12, 16, 20 
have projectivity 3'! 

4. When might nonnal plotting be appropriate in the analysis of PB designs? 

5. Why might blocking be important in the sequential assembly of designs? 

6. State the essential ideas of the Bayesian analysis of the PB designs. 

7. What is entropy? How is it defined? How is it used in the selection of 
follow-up runs? 

8. Suppose that after running a design it was found that more than one model 
could explain the data. How can the principie of entropy be used to add 
additional runs to resolve the ambiguity? 

9. How many distinct two-Ievel 16-run statistical orthogonal designs are avail
able? What is meant by ''distinct~? 

10. When are Hall's designs useful? 

PROBLEJ\tS FOR CHAPTER 7 

l. Consider the following two-level experimental design for seven factors in 
12 runs: 

p Q R S T u V Obsen•ed 

+ + + + 37 

+ + + + + 23 

+ + + + 40 
+ + + 37 
+ +· + + + 5 

39 

+ + + 7 
+ + + 44 

+ + + + 51 
+ + + + + 35 

+ + + 56 
+ + + 33 

lllustrate that (a) the design is orthogonal, (b) the design is of projectivity 3. 
and (e) the seven columns are those of a PB design. 
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2. Calculate the main effectS for the factors P, Q, R, S,. T, U, and V. Make a 
normal plot and comment. 

3. Make a more sophisticated analysis of the data in problem 1 using an avail-
able computer program. · 

4. Suppose on using the design in Problem 1 you find suspect factors P, Q, 
R, and U are active. How could you augment the design to make it a 
24 factorial? 

5. What is meant by cyclic substitution? Apply cyclic substitution to the fol
lowing signs 11 times: 

·-+++-++-+--

If a row of minus signs is added, is this a PB design? How can you tell? 
Can all PB designs be obtained by cyclic substitution? 

6. When is a PB desig:n the same as a 2*-~p fractional factorial? What is meant 
by "the same as" in the preceding statement? What is different about the 
PB design and a 2k-p fractional factorial in (a) their alias structure and (b) 
their analysis? 

7. Randomize the design in problerri 1. 

8. Explain the meaning of "factor sparsity" and .. design projectivity." How can 
these properties be combined to forrn a factor screen? What is meant by an 
[8,3,16] and a [ 11, 3, 12] factor screen? Give examples of each. 

9. An experimenter is concemed with the possible effects of 11 trace elements 
on a particular system. He thinks it likely that only a smaJl number, say 
none, one, two, or three elements. might be found active but he does not 
know which ones. Explain in detail how he might use a design that provided 
an appropriate factor screen. 

10. Write down a 12-run PB design for three factors A, B, C. Obtain the alias 
structure of the design assuming the three-factor interaction is negligible. 

11. Suppose you run a fractional two-level design in six factors A, B, C, D, 
E, F and find five alternative Ii10dels M¡, M2, M3, M4 , Ms each of which 
plausibly explains the data. Outline a way to choose one extra run drawn 
from the 26 possibilities .(±L. ±1, ±1, ±1~ ±1, ±1) which best discriminates 
between the models. Without going into mathematical detail, explain how 
it works. 



CHAPTER8 

Factorial Designs and Data 
Transformation 

In Chapters 5 and 6 factorial designs have been considered only in the special but 
important case where each factor is tested at two Ievels. In this chapter factorial 
designs are considered more generally and. m~thods of data transfom1ation are 
discussed which in certain cases can greatly increase their effiCiency. 

In general, to perform a factorial design, the investigator selects a fixed number 
of "levels'' (or "versions~') of each of a number of factors (variables) and then 
runs experiments with all possible combinations. If, for example, there were three 
levels for the fust factor, four for the second, and two for the third, the complete 
arrangement would be caBed a 3 x 4 x 2 factorial design and would require 24 
runs. a design involving two factors each at thrce levels would be a 3 x 3, or 32, 

factorial design and would require 9 runs, and so on. An experiment in which 
a 3 x 4 factorial design was employed to test survival times wiii be used as an 
ilJ ustration. 

Exercise 8.1. How many factors and how many runs are there in a 2 x 4 x 3 x 2 
factorial design? Answer: four factors, 48 runs. 

Exercise 8.2. If four factors are to be studied, each o( which is to be tested at 
three levels in a factorial design. how would you designate the deslgn and how 
many runs would it require? Answer: 34 design, 81 runs. 

8.1. A TIVO-WA Y (FACTORIAL) DESIGN 

Loo k at the data of Table 8.1. The meas u red responses are the survival times 
of groups of four anirnals randomly allocated to each of the 12 combinations 

Star;stks for Experimemers, St•cmrd Ediríon. By G. E. P. Box, J. S. Hunter, and W. G. Huntcr 
Copyright © 2005 John Wiley & Sons, lnc. 
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Table 8.1. Survh·al Times (unit, 10 hours) of Animals 
in a 3 x 4 Factorial Experiment: Toxic Agents 
Example 

Treatment 

Poi son .A 8 e D 

1 0.31 0.82 0.43 0.45 
0.45 1.10 0.45 0.71 
0.46 0.88 0.63 0.66 
0.43 0.72 0.76 0.62 

Il 0.36 0.92 0.44 0.56 
0.29 0.61 0.35 1.02 
0.40 0.49 0.31 0.7.1 
0.23 1.24 0.40 0.38 

lJI 0.22 0.30 0.23 0.30 
0.21 0.37 0.25 0.36 
0.18 0.38 0.24 0.31 
0.23 0.29 0.22 0.33 

of three poisons and four treatments. The experiment was part of an investiga
tion to combat the effects of certairi toxk agenL(). However, the same approach 
could be appropriate for other life-testing studies as, for example, in the study 
of the useful life of machine tools under various manufacturing conditions. In 
this particular example you need to consider the effects of botb poisons and 
treatmento;, remembering that their influences may not be additive; that is. the 
difference in survival times between specific treatments may be different for 
different poisons-poh;ons and treatments might interact. 

The analysis of the data is best considered in two stages. If poison and treat
ment labels are temporarily ignored, the design becomes a one-way arrangement, 
such as the one in Chapter 4 with 12 groups of four animals. The total sum of 
squares of deviations from the grand average (i.e., "corrected'' for the mean) may 
then be analyzed as follows: 

Sum of Squares Degrees of Mean Square 
Sourcé of Variation X 1000 Free do m X 1000 

Between groups 2205.5 11 200.5 
Within groups (error) 800.7 36 22.2 

Total (corrected) 3006.2 47 

Alternately, the error mean square s 2 = 22.2 can be obtained by estimating the 
variance in each of the 12 cells separatcly and then pooling these estimates. 
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Now considera model for the data taking account of the two factors. Let 1]1; 

be the mean survival time in the cell which receives the tth treatment and the ith 
poison. Also let Yrij be the jth observation in that ce11. There are four treatments 
(co]umns) and three poisons (rows) and 4 observations per cell for a total of 
48 observations. Jf poisons and treatments act additively, then 1]1; = 1] + -r1 + rr;, 
where r1 is the mean increment in survival time associated with the Jth treatment. 
and rr; is the correspohding increment associated with the ith poíson. If, however, 
there is interaction, an additional increment w1; = 1]1; - 1J - rr - rr1 is needed 
to make the equation balance. The model and the related data breakdown are 
therefore as foUows: 

1],; = r¡ + r, + rr; + w,; 

Yti =Y+ fY,- y}+ U¡- y)+ (Yrr- Yt- Y;+ Y> 

In this decomposition r, and rr; are called the main effects of treatments and 
poisons and the cv1; the interactiorz effects. 

The between-group sum of squares with 11 degrees of freedom can now be 
analyzed as follows:. 

Sum of Squares Degrees of Mean Square 
Source of Variation :X 1000 Freedom x1000 

Poisons 1033.0 2 516.5 
Treatments 922.4 3 307.5 
Interaction 250.1 6 41.7 

Between groups 2205.5 ll 

In this tab1e the interaction stim of squares is obtained by subtracting the poi
sons and treatment sums of squares from the between-groups sum of squares. 
Combinjng the two analyses the complete ANOVA table shown in Table 8.2 is 
obtained. The "total corrected·· sum of squares-the sum of squared deviations 
from the grand average-has 48- 1 = 47 degrees of freedom. 

Table 8.2. Analysis of Variance: Toxic Agents Example 

Source of Sum Of Squares Degrees of Mean Square 
Variation X JOQO Frecdom X 1000 F 

Poisons (P) 1033.0 2 516.5 23.3 
Treatments (T) 922.4 3 307.5 13.9 
P X T interaction 250.1 6 41.7 1.9 
Within groups (error) 800.7 36 22.2 
Total ( corrected) 3006.2 47 
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Exercise 8.3. Make a decomposition of the observations for the poi
sons-treatments example. There should be six tables of elemcnts associated 
with the original observations-the grand average, the poison main effects, the 
treatment main effects, the interaction, and the residuals. Confirm to your own sat
isfaction that (a) the various componenL"\ are orthogonal. (b) the sums of squares 
of the individual elements in the tables correctly give the sums of squares of the 
ANOVA table, and (e) the allocated numbers of degrees of freedom are logical. 

8.2. Sll\IPLIFICATION AND INCREASED SENSITIVITY FROl\·1 
TRANSFORl\IATION 

On the assumption that the model was adequate and in that the errors Etij were 
NIID with, in particular, a constant variance, then using the F table, the effects 
of both poisons and treatments in Table 8.2 would be judged highly significant. 
In addition the F value for the interaction would be suspiciously large. However, 
if you 1ook at Table 8.3b, you will see that the assumption of the constancy of 
variance appears very dubious. 

Now there are two kinds ofvariance inhomogenelty: (a) inherent inhomogene
ity-an example would be the smaller variance in a manufacturing operation 
achieved by an experienced rather than by an inexperienced operator-and 
(b) transfonnable inhomogeneity, which comes about because the untransformed 
observations give rise to a needlessly complicated model which induces variance 
inhomogeneity and unnecessary interaction. A vital·clue that transformation is 
needed to con·ect transfom1able inhomogeneity is when the standard deviation 
increases with the me,m. In Figure 8.1 the plot of the residuals Ytij -y,¡ versus 
the cell averages )'1¡ has a funnel shape, strongly suggesting that, contrary to the 
NIID assumption, the standard deviation increases ·as the mean is increased. 

Variance Stabilizing Transformations 

When the standard deviation av is a function of 1], you can frequently find a 
data transformation Y = f(y) that hali more constant variance. It turns out, for 

Table 8.3. Ccll Averages y and Variances s 2 for the 3 x 4 Factorial 

(a) Cell Averages: y x lOO (b) Cell Variances: s2 x .10,000 

Treatments Treatments 

A B e D A B e D 

1 41 88 57 61 1 48 259 246 127 

Poisons II 32 82 38 67 Poisons 11 ~7 1131 32 734 

111 21 34 24 33 IU 5 22 2 7 
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Figure 8.1. Survival data, plot of wilhin-group residuaJs versus group avcrages. 

example, that if the standard deviation was proportional to the mean, a data trans
formation Y = log y would stabilize the variance. In general (see Appendix 8A 
for details), if a is proportional to sorne power of 17, so that u oc r¡a, then the 
standard devíation of Y= yA. where ').. = l -a will be made approximately con
stant and independent ofthe mean. When a= 1, by taking the mathematicallimit 
appropriately, the value)... = 1 -a= O produces the log transfonnation. Equiva
lently, you may work with the fonn Y = ()'>. - 1 )/A; Iater you will see that this 
Iater fonn has advantages. Sorne values of a with corresponding transfom1ations 
are summarized in Table 8.4. 

For example, the square root transformation is appropriate for Poisson data 
because, for that distribution, the standard deviation is the square root of the 
mean. For an observed binomial proportion. p = yln the mean of p _is denoted 
by rr; the standard deviation is Jn(l - .JT). Consequently, the standard dcviation 
is related to the mean but not by a power Iaw! lt was shown by Fisher that the 

Table 8.4. Variance Stabilizing Transformations \Yhcn u1 ex 'la 

Dependence Variance 
of ay Stabilizing 
on r¡ Ct A.= l-a Transfom1ation 

a ex 1]2 2 -1 Reciprocar 
a ex r¡3/2 q -! Reciproca} SlJUare root 
uexr¡ 1 o Log 
a ex Tlr/2 1 i Square root 1 
a ex const o 1 No transformntion 

Example 

Sample variance 
Poisson frequency 
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appropriate variance stabilizing transformation for the binomial is sin Y = .JYTñ. 
Thus Y= sin- 1 .fYTñ has an approximately <:onstant variance 'independent of 7C. 

Empirical Determination of ex 

For replicated data such as appear in Table 8.1 ~ an es ti mate of a can be found 
empirically. Supposé that for the jth set of experimental conditions cr¡ ex r¡j; then 
Iog cr¡ = const +a log 11i and log C1j would yieJd a straight line plot against log 
11i with slope a. In practice, you do not know cr¡ and 1Jj, but estimates s¡ and y. 
may be substituted. For the toxic agents data a plot of log s¡ versus log }'j for th~ 
12 cells is shown in Figure 8.2a. The slope of the Iine drawn through the pojnts. 
is close to 2. indicating (see Tablc 8.4) the need for a reciproca] transformation 
Y= 1/y. Figure 8.2b shows the corresponding plot for Y = 1/y, demonstrating 
that in this "metric" the standard deviation is essentially independent of the mean. 
Since y is the time to failure. Y = y-1 will be called the failur~ rate. 

Adl·antages of the Transformation 

The mean squares and degrees of frecdom for the ANOVA for the untrans
formed and reciprocally transformed poisons data are shown in Table 8.5. That 
the data have becn used to choose the transfonnation is approximately allowed 
for (see Box and Cox, 1964) by reducing the number of degrees of freedom in 
the within-group mean square by unity (from 36 to 35). Notice that transformed 
and untransfonned data Y and y are in different units; consequently, to show the 
effect of transfonnation. it is the F ratios that must be compared. 
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Figure 8.2. Survival diua, plot of the Jog of the cell standard dcviation versus the log of the cell 
averagcs: (a) before transformation: (b) aftcr the trnnsformation Y= lfy. 
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Tablc 8.5. Analyses of Variance for Untransf'ormcd and Transformed Data: Toxic 
Agents Example 

(a) Unlransformed (b) Trans.formed. Y = y- 1 

Degrees Mean Degrees Mean 
of Square· of Square· 

Effects Frcedom xlOOO F Freedom X 1000 F 

Poisons (P) 2 516.5 23.3 2 1743.9 70.6 
Treatments (T) 3 307.5 13.9 3 680.5 27.6 
PxT 6 41.7 1.9 6 26.2 1.1 
Interaction within 36 

.,., ., ... _ ...... 35 24.7 
groups (error) 

The analysis on the reciproca! scale is much more sensitive and easier to 
interpret. Specifically: 

1. You sce froni Table 8.5 that the F ·values for both poisons and treatments 
are greatly increased. In fact, the increases·in efficiency achieved by making 
the transformation is equivalent to increasing the size of the experiment by 
a factor of almost 3. 

2. The _poison-treatment interaction mean square that previously gave sorne 
suggestion ofsignificance is now very close to the error mean square. Thus. 
in the transformed scale there is no evidence of interaction and the effects 
ofpoison and treatmems measured as rates offailure (Y= 1/y) are roughly 
additive. Thus you obtain a very simple interpretation of the data in which 
the effects of poisons and treatments can be entirely described in terms of 
their additive main effects. 

3. For the untransformed data, Bartlett' s test for variance homogeneity, as 
defined in Appendix 88, gave a x2· value of 44.0 based on 11 degrees of 
freedom.* After transforming the data the value of x2 is 9.7 with á nominal 
significance probability of about 0.60 as compared with the value bcfore 
transformation of less than 0.0001. Thus aH the inhomogeneitv of variances ... . 
seems to have been removed by the transformation and there is now no 
evidence of residual inherent inhomogeneity. 

The greater sensitivity of the analysis in the trt1nsformed metric is further illus
trated in Figure 8.3, which shows reference t distributions for the comparisons 
of poisons l. JI, and 111 before and after transformation. To facilitate comparison, 
the averages are drawn so as to cover the same ranges on both sc~-tles. 

• It is well known that Bartktfs statistic is itself extremely scnsitive to nonnormality. Howevcr. it 
is unlikely that such an extreme signifkancc lcvel coUid be cxplaincd in this way. As indicatcd in 
Appcndix 8B. when thc NilO assumptions are tn1e, for k groups of observations thc mean value of 
M is k - l. In this ex.ample k - 1 = JI, which is e lose to the value 9. 7. 
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Figure 8.4. Lambda plots for (a) F values and (b) Barúeu·s criterion: toxic agcnt example. 

Lambda Plots 

Another way of finding an appropriate transformation is to construct "lambda 
plóts" like those in Figure .8.4. To do this. the computer is set the task of analyzing 
the data for a series of values of the transfonnation parametcr J.. and then plotting 
a relevant statistic, for example the F value, against /... Figure 8.4a . shows >.. 
plot'i of F ratios for poisons, treatments, and their interactions and Figure 8.4b a 
corresponding plot for Bartlett's M' statistic; You will see in Figure 8.4a that. for 
A. = -1 the F ratios for poisons and treatments are close to their maximum values 
while the F ratio for interaction becomes neg1igib1e. Also Bartlett's criterion is 
close to its minimum value. 

Graphical ANOVA 

The graphical ANOVA shown in Figures S.5a and b display the data in both 
thcir original y and transformed 1/y forms. The comparison again illustrates the 



? SIMPLIFlCATION ANO INCRE.ASED SENSITIViTY FROM TRANSFORMATION 8.-

111 11 

• • • Poisons 
A e o B 
• • • • Treatments 1 1 

• .... -·· lnteractions 

~=-~~-.------ Reslduals 

---.,..---1---,---~---.----~-.--..%.---- Treatments 

>r----.,----- Residuals 

325 

Figure 8.5. Survival data, graphical ANOVA for _v and 1/y: (a) untransform~d~ (b) transformcd. 

lo 

greatly increased sensitivíty of the analysis after transfonnation and the disappear-
ance of any suggestion of interaction. To make comparisons easier, the standard 
deviations of the two sets of p1otted residuals have been scaled to be equal. 

Rationale for Using a Reciproca( Transformation for Survival Data 

Figure 8.6 shows why a reciproca! transformation can make sense for life-testing 
data (whether it is the "'life" of an animal, a machine tool, or a computer chip). 
The diagram illustrates a hypothetical situation where the amount of we_ar w of a 
specimen (animal. chip, or tool) is a linear function of time t. lt is imagined that 
the critica} Jevel of wear at which failure occurs has a value close to wo. Now 
suppose that you have three specimens A. B. and C treated in different ways and 
that the amount of wear at any fixed time t has a roughly normal distribution with 
the same standard deviation. Although you do not know the actual rutes of wear, 
if your hypothesis is roughly correct, the rate of wear r (say) will be proportional 
to the reciprocal of the time taken to rcach the critica] level w0 • So r = wolto 
and, by taking the reciprocal of time to failure to~ you are in effect analyzing the 
rate of wear. In this case the distributions for A'~ B'. C' of times to failure will 
be skewed and the spreads of the distributions will increase as the time to failure 
increases, so that treatments yielding longer life will be associated with greater 
Variability, as is the case for this example. In fact, the standard deviation of time 
to failure '! will be proportional to tJ .* 
•tr log w had been u linear function of time with a constarit standard dcviation, then the appropriute 
tran~fom1ation to produce a constant standard dcviation in lo would be log 10• In general, if w" 
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Figure 8.6. Hypotheúcal example of wear versus time relaúonship for three specimens A. B. and 
C with nltes of wear w/t having equal standard deviations. 

\Vhen Does Transformation l\1ake a Diffcrence? 

Look again at the data in Table 8.1. Denote the smallest observation by )'s and 
the largest by)'¿. For these data the ratio of lhe largest to the smallest observation 
YL/.Ys = 1.24/0.18 is about 7. The 1arge value for this ratio is the reason why 
transformation has such a profound effect in this example. For smaller ratios, 
ydys < 2 say, transfom1ation of the data is not likely to affect the conclusions 
very much. The reason is that for smaller values of this ratio the use of power 
transformations approximately corresponds to a linear recoding which makes 
little difference to F and t ratios or to lhe conclusions drawn .. (For example, a 
graph of Y= log y against y over the range YLIYs = 2 is not all that different 
from a straight line.) 

Transformation of Data from a 24 Factorial Design 

The e u be plots Figure 8. 7 a show data from a 24 factorial due to Daniel ( 1976. 
p. 72j. 

There we.re four factors, three quantitative. These were A, the load of a small 
stonc drill: B. the flow rate througb it; C, its rotational speed; and one qualirative 
D, the type of "mud" used in drilling. The response y was the advance of the 
drill. The plot shows that simple response comparisons made along the edges 
of the cube have a clear tendency to increase as their averages increase. As we 

were a linear fuoction of time witb constant standard deviation. thc stabilizing transformation would 
be r". 



8.2 SIMPLIFICATION ANO INCREASED SENSUIVITY FROM TRANSFORMATION 

Type ofmud O 

9.97--- 9.07 

3./al 3.~ 
11.75---16.30 

4.o(:l 4.¿ 

7.77 7943 
1 

2.07----2.44 

t 41 Speed, e 4.98 5.70 
Flow,B4 1 / 

Load, A 1.68----1.98 

-

(a) 

50 

e 

-20 ~-----~r-------.------~ 
-2 -1 

A. 
(b) 

o 1 

327 

Figure 8.7. (a) Original Z' data. (b) The A plots of 1 values for estimated effects with power 
transfom1ations of the data. 

have seen, such nonadditivity can often be removed by a power transformation 
Y ==y>- of the data. Also~ since the largest and smallest observations ha ve a ratio 
YLIYs == 16.30/1.68 of almost 10, this is an example where transformation could 
have a profound effect on the analysis. 

In a very interesting and thorough treatment of these data, Daniel shows how 
such a transformation may be chosen by using normal probability plotting tech
niques. We here consider the appropriate choice of a power transfom1ation by 
plotting the t values against A.. To do thls, we tentatively assume that the mean 
squares associated with the five higher ordcr interactions ABC. ABDJ ACD, BCD. 



328 

y 

togy 

Be 

!f 
-·~· 

a e-.. ..... 

8 FACfORIAL DESIGNS AND DATA TRANSFORMATlO.N 

B 

• 
D 

• 

e 

• 
B 

• 
e 
• 

Be 1 D B e 
• • • • • • • 1ry-=--.---~~~--~---r------~~----~r-------~ 

-10 o 10 20 30 40 
t 

Figure 8.8. Srone dríll data: dot plots for the r varues of estimated effl"cts using thc original data y, 
log y, and ljy. 

and ABCD may be used asan estimate of the error variance having five degrees 
of freedom. In rnaking a Á plot for t values it is best to work with the power
transformation in the form Y = (y;. - 1 )/}.. beca use with this alterna ti ve form, 
t(y;., - 1 )/A.. although the sume in abso]ute val u e, does not change sign for nega
tive values of}.. • Figure 8.7b displays such a lambda plot showing thcse t valucs 
for a series of values for A. for each of the rnain effects and two-factor interactions. 
It will be seen that a value close to}.. = -1 (a reciprocal transfomultion) produces 
the largest values for t. Today's computers make these computations easy. 

Dot plots of the calculated t values for the effects using the data y, log y. and 
1 /y are displayed in Figure 8.8. Using the reciproca} transformation, the estimated 
effects C, B. and D and the interaction BC are more clearly distinguishable from 
the noise. Finding the proper data transformation is much like viewing an object 
using a microscope. The lens must be set to get the clearest image. A rationale 
for using the reciproca] transfonnation in this example might be that the data y 
measured the actual advance of the drill but it was the rare of advance for which 
the data were approximately liD and the model was linear in the effects. 

Ueware Transforming Just to Simplify the 1\lodel 

Transfom1ation of data oftcn leads to model simplification. However, transfonn
ing just to sirnp/ify rhe model can be dangerous. For example, suppose you really 
had liD obscrvations y= r¡ +e and a theoretical modcl like 71 = 1/(a + {3x). 
You míght be tempted to use a reciproca! transfom1ation of the observations 
y because y- 1 =a+ bx is an easy model to fit by ordinary 1east squares. 
(Least squarcs and regrcssion are discusscd in Chapter 9.) But if the original 
data y = 11 + E had constant variance a; and if you made the. transformation 
Y= y- 1 ~ tbc variance of Y would be approximately proportional to u_;¡r¡4

• Thus 

~whatever form of thc transfom1ation is uscd, yA or (yA- 1 )/'A. you will obtain the snme vaJ~es 
of F nnd of Bartlett's M sl:lr.isric. This is becnusc thcsc staristil.-s depcnd upon the squarcs of rhe 
obscrvations and thul; do not change sign for negative values of lambdu. 
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if your data y covcred a range where the largest data value YL was 10 times 
the smallest Ys, transfonnation would change the variance from one end of the 
scale of measurement to the other by a factor of (Y!./Ys)4 = 104 ! By analyzing 
the reciproca! of the data by ordinary least squares, your observation would be 
discounted more and more as you moved across the scale-it would be as if 
you had 10,000 observations at one end and only one observation at the other. 
Clearly, simplification for its own sake can be a dangerous undertaking. 

APPENDIX 8A. RATIONALE FOR DATA TRA..~SFORl\,IATION 

Suppose the standard deviation a, of y is proportional to sorne power of the 
mean 17 of y, that is, rly ex r¡a, and that you make a·power transformation of the 
data, Y =y').. Then to a first approximation 

and 9, the graclient of the graph of Y plotted against y, depends on the mean r¡ 
of y and so might more appropriately be denoted by 0". 

Now, if Y = y>-, tbe gradient e, is proportional to r¡i...- 1• Thus 
. 

ay oc 11i.-1 17a = 1/+u-l 

Thus ay wiU be (approximately) constant if A.+ a- 1 is zero, that is ií' ~ = 
1-a .. 

APPENDIX SB. BARTLETT'S x; FOR TESTING INHOl\IOGENEITY 
OFVARIANCE 

For k groups of n observations Bartlett's statistic may be written as 

M'= k(n-: 1) ln(s
2 1 ~·2 ) 

1 +(k+ l)j3k(n- 1) 

Where s2 is the arithrnetic mean of the estimated variances and s2 is their geo
metric mean so that lns2 = L~=l lns[ .. Given NIID(O, a 2) assumptions, M' is, 
to a el ose approximation, distributed as x 2 with v = k - 1 degrees of freedom 
and the mean value of M' is thus k - l. As mentioned earlier, the distribution 
of M' is greatly affected by nonnormality. However, independent of distribution 
considerations, M' is a convenient comparativ~ measure of lack of equality of 
k variances. 
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QUESTIONS F'OR CHAPTER 8 

l. By looking · at the magnitudes of the data values, whcn might you expect 
data transformation to be beneficia!? 

2. Why should a data transformatlon be considered when (a) the data cover a 
very wide range and (b) the standard deviation increases with the mean? 

3. If you were able to obtain averages and standard deviations for data taken at 
different factor comhinations in a factorial design. how might this help you 
determine whether and what transformation was needed? 

4. What is a J... plot? How might it hclp you choose a data transformation? 

S. \Vhat are the differences between inherent and transformable interaction'? 

6. How tnay the need for interaction terms and data transformation be linked'? 

7. Jn comparing the analyses of data from a factorial design bcfore and after a 
data transformation, what do you look for? 

8. lf y= lj(a + bx1 + cx2). whal might be the advantage or disadvantage of 
using a reciproca] transformation of the data? 

9. When appropriate. why is a data transformation desirable'? 

10. What is Bartlett's test statistic? When is it helpful? 

11. Supposc you have a reason for believing that the nonlinear modcl 17 ;::;: 
kxr' x;1 x~3 might be appropriate. (a) How could the model be transformed 
into a linear model? (b) How might analysis after such a transformation be 
misleading? (e) How could you find out? 
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12. Why is a reciproca( transformatjon sometimes useful in the analysis of sur
vival data (e.g., on tbe useful life of a machine tool)? When might analysis 
with a log transformation be preferable for such data? Not preferable? 

13. What data transfonnations are made by doing the foJlowing? 
(a) Using the Richter scale to measure the intensity of earthquakes 
(b) Transforming the wavelength of a sine wave to a frequency 
(e) Transforming a variance to a standard deviation 
(d) Determining the weight of a solíd spherefrom a measure of it5 diameter 

PROBLEl"IS FOR CHAPTER 8 

1. (a) Perfonrt an ANOVA on the following data and make a graphical ANOVA. 
Comment on any anomalies you find. 

Machines 
A B C 

1 
2 

Materials 3 
4 
5 

382 
151 
182 
85 
40 

427 399 
167 176 
209 320 
123 127 
52 75 

{b) Do you think a transformation might be useful for these data'? Why? 
Do a. X plot and decide. 

(e) ·Make a graphical ANOVA for your chosen transformation. 

2. (a) A 3 x 3 factorial design was used to explore the effects of three sources 
of el ay 1, Il, III and three ceramic molds A, B, C. Fi ve replicates of 
each clay-mold combination were prepared and all 45 randomly placed 
wilhin a fumace before firing. The response is a measure of surface 
roughness: 

Position 1 Position 11 Position III 

A B e .A B e A B e 

0.53 0.58 0.43 1.18 1.31 0.56 0.81 0.95 0.61 
0.68 0.51 0.42 1.52 0.94 0.65 1.14 1.55 0.69 
0.69 0.63 0.39 1.26 0.79 0.66 1.08 1.14 0.62 
0.66 0.44 0.44 1.07 1.69 0.55 1.03 0.72 0.65 
0.64 0.54 0.42 1.26 1.89 0.61 1.01 1.09 0.65 

Might a transformation be useful for these data? Why? 
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{b) Make calculations to show if an appropriate transformation might change 
the interpretation of these data. 

3. Below are data on the treatment of burns. In this experiment six treatments 
A, B, .. . , F were employed on six willing subjects 1, 2, ... , 6 each inflicted 
with a standard bum at six different arm positions 1, n ..... VI. The response 
is a measure of the d~gree of healing after forty eight hours, 100 being a 
perfect score. 

Subjects 
2 3 4 5 6 

1 
1 

A lB e D E F 
32 40 72 43 35 50 

11 8 A F E D e 
29 37 59 52 32 53 

III e D A B F E 
Po si tions on arms 42 56 83 48. 1 37 43 

IV D F E A e B 

1 

29
1 

59 47 56 38 42 

V E e B F A D 
28 50 100 46. 29 56 

VI F E D e B A 
37 42 67 50 33 48 

From an initial inspection of the data and the residuals do you think a data 
transformation might be helpful'? Make a A. plot appropriate for a power trans
formation of these data. Do you find any outliers in these data? What do 
you conclude? 

4. The following are production data for four different machines 1, 2, 3, 4 cutting 
four different types of laminated plastics A, B, C, D: 

Machines 
A B e D 

1 1271 4003 1022 2643 1 

Plastic 2 1440 1651 372 5108 
3 612 1664 829 1944 
4 605 2001 258 2607 

Make an ANOVA and a graphical ANOVA. 
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Make a A plot for 

machine mean square 
F=. . 

mteractton mean square 
and 

type of plastic mean square 
F= . . 

tnteractton mean square 

What conclusions do you draw? Do you find any evidence. of bad values in 
these data? Explain. 

s. What is meant by "transformable" and "nontransfom1able" interactions? Give 
examples that illustrate the difference. 

6. The following 25- 1 fractional factorial design was part of a study to find high-
permeability conditions for fly ash. Analyze these data. Is data transfonnation 
helpful? 

Type of Fly Ash, \Vet/Dry Freezeffhaw Bentonite, Permeability 
Ash % Cycle Cycle % Response 

-1 -1 -1 -1 1 1020 
1 -1 -1 -1 -1 155 

-1 1 -1 -1 -1 1550 
1 1 -1 -1 1 75 

-1 -1 1 -1 -1 1430 
1 -1 1 . -] J 550 

-1 1 1 -1 1 340 
1 1 1 -1 -1 25 

-1 -1 -1 1 -1 1390 
1 -1 -1 1 1 410 

-1 l -1 1 1 570 
1 1 -1 1 -1 5 

-1 -1 1 1 1 2950 
1 -1 1 1 -l 160 

-1 1 1 1 -1 730 
1 1 1 1 1 20 





CHAPTER9 

Multiple Sources of Variation 

9.1. SPLIT -PLOT DESIGNS, VARIA NCE COI\1PONENTS, AND ERROR 
TRANSl\fiSSION 

Data from industry and other sources are frequently affected by more than one 
source of variation, This must be properly taken _into account in planning inves
tigations and analyzing results. In this chapter you will see how to identify and 
exploit multiple components of variation in three different but related ways: 

l. To produce what are called split-plot designs .. These designs have important 
applications in industrial experimentation; they enable comparisons to be 
made with smaller error and are easier to carry out~ compared with arrange
ments previously described. In particular. they are employed in Chapter 13 
for designing robust products and processes. 

2. Estimation of individual compon.ents ofvariance to determine. for example, 
how much ofthe observed variation is dueto testing. how much to sampling 
the product, and how much to the process itself. 

3. Calculating how variability from a number of different sources is transmit
ted to an outcome. (Such calculations are used later in the discussion of 
the design of products to minimize transmitted component variation.) 

9.2. SPLIT-PLOT DESIGNS 

These designs, like so many statistical devices. were originally developed for agri
cultura) field trials by R. A. Fisher and F, Yates. As was suggested by D. R. Cox

1 

because of their usefulness outside the agricultura! context~ they might be better 
called split-unit designs. However, even in this wider context, the term "'sp1it 
plot" has become cornmonplace and is used here. 

Srmistics for f.J.pt•rimemers, Secand E(/ition. By G. E. P. Box, J. S. Hunter. and W. G. Huntcr 
Copyright © 2005 John Wiley & Sons. lnc. · 
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Cuthbcrt Daniel, an enginecr and statistician of great expericnce and originality 
once remarked (perhaps with slight exaggeration) that ••AH industrial.experiments 
are split-plot experiments." Table 9.1 shows the results from a split-plot exper
imcnt designed to study the corrosion resistanée of steel bars treated with four 
different coalings C¡. C2. C3, and C4 at three duplicated fumace temperatures 
360, 370, and 380°C. Table 9.la shows the results as the experimcnt was run 
with positions of the four differently coated bars randomly arranged in the fur
nace within each hcat. Table 9.1 b shows the same data rean·anged in a two-way 
table with six rows and four columns. The positions of the coated steel bars in 
the fumace were randomized within each heat. However, because the fumace 
temperature was difncult to change. the hcats were run in thc systematic order 
shown (although it would have been preferable to randomize the order had this 
bcen possible). 

What was of primary interest were the comparison of coatings C and how they 
interacted with temperature T. The split-plot design supplied this information 
efliciently and economically. The arrangement appears similar to the two-way 
factorial design of Chapter 8 in which the survival times of a numbcr of ani
mals were analyzed. In that experiment, however. the experimental units were 
animals randomly assigned to al/ of the factor combinations of poisons and treat
ments. There was therefore only one source of error infiucncing the differences in 
survival times of animals treated in the same way. By contrast, in this corrosion 

Table 9.1. Split-Piot Design to Study Corrosion Resistance of Stcel Bars Treated 
with Four Diffcrent Coatings Randomly Positioned in a Furnace and Baked at. 
Three I>ifferent Replicated Tcmperaturcs 

(a) Data Arranged 
as Perforrned 

Heats 
(Whole 
Plots), Coating-Position 
ce (Subplots) 

360 c2 c3 c. c4 
73 83 67 89 

370 e, c3 c4 c2 
65 87 86 91 

380 CJ e, c2 c4 
147 155 127 212 

380 c4 C:~ c2 c. 
153 90 lOO 108 

370 c4 c. c3 C-z 
150 140 121 142 

360 c. c4 c2 c3 
33 54 8 46 

(b) Data Rearranged in Rows 
and Columns 

c. c2 C3 c4 Averages 

360 67 73 83 89 78.00 
33 8 46 54 35.25 56.63 

370 
65 91 87 ~6 82.25 

140 142 121 150 138.25 110.25 

380 
155 127 147 212 160.25 
108 lOO 90 153 112.75 135.50 

Average 94.67 90.17 95.67 124.00 101.125 
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resistance experimen~ to have run each combination of temperature and coating 
in random order could have required the readjustment of furnace temperature 
up to 24 times and would have resulted in estimates with much larger variance. 
Also it would have been prohibitively difficult to do and expensive. The split 
plot is like a randomized block design (with whole plots as blocks) in which the 
opportunity is tak.en to introduce additional factors berween blocks. 

In the split-plot design in Table 9.1 the '·whole plots" were the six different 
furnace heats. In each of these heats there were four subplots consisting of four 
steel bars with coatings C¡. C2. C3, C4 randomly positioned within the furnace 
and heated. It would have been quite misleading .to treat this experiment as U 
there were only one error source and only one variance. There were in fact two 
different experimental units: the six different furriace heats, generically called 
wlwle plots, and the four positions, generically called subplots, in which t.he 
differently coated bars could be placed in the furnace. With these are associ
ated two different variances: a~ for whole plots and a] for subplots. Achieving 
and maintaining a given temperature in this furnace were very imprecise and the 
whole-plot variance ad,, measuríng variation from one heat to another, was there
fore expected to be large. However, the subplot variance aJ, measuring variation 
from position to position within a given heat, was likely to be relatively small. 
A valuable characteristic of the split-plot design is that all subplot effects and 
subplot-main plot interaction effects are estimated with the same subplot error. 
This design was ideal for this experiment, the main purpose of which was to 
compare the coatings and determine possible interactions between coatings and 
heats. Thus the effects of principal interest could be measured with the small 
subplot error. 

Two considerations important in choosing any statistical arrangement are con
venience and efficiency. ]n industrial experimentation a split-plot design is often 
convenient and is sometimes U1e only practica} possibility. This is so whenever 
there are certain factors that are difficult to change and others that are easy. 
In Lhis example changing the furnace temperature was difficult; rearranging the 
positions of the coated bars in the fumace was easy. Notice that the cost of 
generating infonnation for these arrangements is not proportional to the total 
number of observations madc as it was for the animal experiment of Chapter 8. 
There complete randomization was convenient and incxpensive, but this would 
certainly not have been the case for U1is corrosion coating experiment. Not only 
would a fully randomized experiment have been much more costly, it also would 
result in the effects of interest having a much larger variance. 

The numerical calculations for the ANOVA of a split-plot design [sums of 
squares (SS). degrees of freedom, and mean squares (MS)] are the same as for 
any other balanced design (you can temporarily ignore the split plotting), and they 
can be performed by any of the excellent computer programs now available. But 
~av~ng made these calculations experimcnters sometimes have difficulty in iden
ttfymg appropriate error terms. Such difficulties are best overcome by rearranging 
the items of the ANOVA table ínto two parallel columns: one for whole plots 
and one for subplots. This has been done in Table 9.2. 
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Table 9.2. Parallel Column Layout of ANOVA Showing How Various 
Combinations Are Associated with Their Appropriate Error 

Wholc Plots-Bctween Heats Subplots-Within Hcats 
(Averaged over Coatings) (lnteractions with Coatings) 

Source df Source df 

Average 1 .1 1 x e 3 
Temperature T 2 TxC 6 
Error E,w 3 Es 9 

In the whole-plot analysis, the contribution from the grand average (somctimes 
called "the correction for the mean" or the "correction factor") is denoted by the 
identity 1 and has one degree of freedom. The contributions from differences 
associated with the tbree temperatures denoted by T ha ve two degrees of freedom. 
The whole-plot error Ew with three degrees of freedom measures the differences 
between the replicated hcats at the three different temperatures. 

In the subplot analysis all the effects can be thought of as "interactions" 
of the subplot factor (C) with the corresponding whole-plot effects. Thus. 1 x 
C. measuring the differences in the corrosion resistances of the four different 
coatings (the main etTccts of C), is positioned opposíte 1 because it shows how 
different are the means for the different coatings. It can be thought of as the 
interaction /C =C. Similarly, TC. which measures the interaction between T 
and C, is shown opposite T. It shows Lhe extent to whkh coating effects are 
different at different temperatures. Also, the subplot error Es can be thought of 
as the interaction of E w with C. It measures to what extent the coatings give 
dissimilar results within each of the replicated temperatures. This analysis is 
shown in Table 9.3. 

Because there are four coatings in each heat, the whole-plot error mean square 
4813 is an estímate of 4a~ +a§. The subplot error mean square 125 is an 
estímate of a.~· Estimates of the individual whole-plot and subplot error variance 

Table 9.3. ANOVA for Corrosion Resistance Data Showing Parallcl Column 
Layout ldentifying Appropriate Errors for \Vhole-Plot and Subplot Effects 

Hcats (Whole Plots) Coatings (Subplots) 

So urce df SS MS Source df SS MS 

Average. 1 1 245430' 245430 e 3 4289 1430 F3•9 == 11.5•"' 
Tcmpcraturc 2 26519 13260 f2.3 = 2.8 TxC 6 3270 545 F6,9 = 4.4• 
Error Eu., 3 14440 4813 Error Es 9 1 121 125 

Note: Thc convention is uscd that a single asterisk indicates statistical significnnce at the 5% lc:vel 
and two asterisk statistical s.ignil'icance at the 1% leve l. 



9.2 SPLIT-PLOT DESIGNS 339 

components are thcrefore 

A 2 - ( 4813 - 125) - 1172 
<rw- - ' . 4 a}== 12s 

and 
ow = 34.2, as= 11.1 

Thus, in this experiment aw. the estimated standard deviation for fu mace heats. 
is thrce times as large as frs. the standard deviation for coatings. 

The whole-plot analysis for differences in tempcrature T produces a value of 
F2.3 = 2.8 with a significance probability of only .about 25%. Thus~ little cán 
be said about the overall effect of temperature. This comparison is~ of course, 
extremely insensitive because of the large whole-plot error and also the very 
small number of degrees of freedom involved. However, what were most impor
tant were the effects of coatings and the possible interactions of coatings with 
temperature. For this purpose, even though it required much less effort thim a 
fully randomized design, the split-plot design produced very sensitive compar
isons revealing statistically significant differences for e and for T x C. 

There are eight observat.ions in each tempeiature (whole-plot) average and 
six in each coating (subplot). The assodated standard errors (SE) are there
fore 

SE(temperature) = 34.2/v'S = 12.1, SE(cmitings) = 1 I.IJ../6 = 4.53 

Since there are only two observations in eacb tempcrature-by-coating combina
tion, these {interaction) cell averages have standard error 

SE(temperature x coating) = 11.1/v'Í = 7.85 

Graphical Analysis 

Table 9.4 shows the original 6 x 4 table of observations in Table 9.1 (b) for the 
three duplicate temperatures T and the four treatments e br.oken into compo
nent tables for the average, temperature, and whole-plots residuals. Below are 
shown the component subplot tables for the coatings, tempemture-by-coating 
interactions, and subplot residuals. As before, the various sums of squares in the 
ANOVA tableare equal to the corresponding sums of squares of the elements in 
these component tables. The graphical ANOVA in Figure 9.1 complcmcnts the 
analysis in Table 9.4 and providcs a striking visual display of what the exper
imcnt has to tell you. For examplc, it shows the much larger spread for the 
whole-plot error in relation to the subplot error. lt also brings to your attention 
that the differences between coatings is almost entirely due to the superior perfor
mance of C4 and that a Jarge interaction with temperature is probably associatcd 
With T3C4. 
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Table 9.4. Corrosion Resistance Data with Component Tables 

Whole Plots 

Corrosion resistance - average + temperature 
67 73 83 89 101.1 lOl.l 101.1 101.1 -44.5 -44.5 -44.5 -44.5 
33 8 46 54 101.1 101.1 101.1 101.1 -44.5 -44.5 -44.5 -44.5 
65 91 87 86 101.1 101.1 101.1 101.1 

+ 
9.1 9.1 9.1 9.1 

140 142 121 150 - 101.1 101.1 101.1 101.1 9.1 9.1 9.1 9.1 
155 127 147 212 101.1 101.1 101.1 101.1 35.4 35.4 35.4 35.4 
108 100 90 153 101.1 101.1 101.1 101.1 35.4 35.4 35.4 35.4 

Subplots 

Coatings + tempcratures x coatings 
-6.5 -11.0 -5.5 22.9 -0.2 -5.2 13.3 -8.0 
-6.5 -11.0 -5.5 22.9 -0.2 -5.2 13.3 -8.0 
-6.5 -11.0 -5.5 22.9 + -13 17.2 -0.8 15.1 
-6.5 -11.0 -5.5 22.9 -1.3 17.2 -0.8 15.1 
-6.5 "--11.0 ..,-5.5 22.9 1.5 -12.0 --12.5 23.1 
-6.5 -11.0 -5.5 22.9 1.5 -12.0 -12..5. 23.1 

+ whofé;.pJot residuals 
21.4 21.4 21.4 21.4 

-21.4 -=-21.4 -21.4 -21.4 

+ 
-28.0 -28.0 -28.0 -28.0 

28.0 28.0 28.0 28.0 
23.8 23.8 23.8 23.8 

-23.8 -23.8 -23.8 -23.8 

+ subplot resíduals 
-4.4 11.1 -2.9 -3.9 

4.4 -11.1 2.9 3.9 

+ -9.5 2.5 ll.O -4.0 
9.5 -2.5 -11.0 4.0 

-0.3 -10.3 4.8 5.8 
0.3 10.3 -4.8· -5.8 
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Figure 9.1. Graphical ANOVA, corrosion data. 

Further Analysis for the Coatings 
-

T\vo factors (not previous]y mentioned) which characterized the four coatings 
were the base treatment B and finish F, both at two levels. The four coatings 
tested in this · experiment thus formed ·a 22 factorial design as shown bcJow: 

F2 c3 c4 
Fr Cr. C2 

B1 B2 

The subplot analysis can thus be further broken down to produce Table 9.51. 

from which it will be see.n that B, F, BF. and BTF pro vide statistically signifi
cant effects. 

Table 9.5. Further Analysis of Suhplots 

SS df SS MS F 

B 1 852 852 F1,9 = 6.9• 
e 4289 F 1 1820 1820 F1,9 = 14.7•• 

BF l 1617 1617 F1,9 = 13.0 .. 

TB 2 601 300 Fz.9 = 2.4 
TxC 3270 TF 2 788 394 Fv1 = 3.2 

TBF 2 1881 940 F1,9 = 15.2*• 

Error E~ 9 1121 125 
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F2 96 124 
Finlsh 

F, 95 90 

81 B.¿ 
Base 

(a) 

65 72 F2 104 118 F2 119 183 

50 41 1 F1 103 117 F1 132 114 

81 ~ 81 ~ 
Temperatura 370°C 380"C 

(b) 

Figure 9.2. Tables of average corrosion resistance: (a) overall avcmges for base and línish~ (h) base 
and tinish averugcs for different tempcratures. 

Exerdse 9.1. Extend the graphical analysis to take account of the B and F 
factors. 

The meaning of these main effects' and interactions is best understood by 
inspecting the app(opriate two-way tables of averages. Figure 9.2a makes clear 
the meaning of the B. F. and BF effects. The base and finish factors act syn
ergistically to produce a coating having a large additional anticorrosion effect 
when level 2 of finish and Jevel 2 of base are used togetller. 

Figure 9.2b~ showing the two-way B-by-F tables for each temperature, exem
plifies the TBF interaction and íllustrates how the synergistk BF interaction is 
greatly enhanced by the use of the high temperature. 

Actions and Conclusions from the Corrosion Experiment 

As always, the actions called for as a result of the experiment were of two kinds: 

1 . .. Cashing in, Oll new knowledge: Coating el- (combination B2F2) with a 
temperature of 3R0°C should be adopted for current manufacture. 

2. Using the new knowledge to /ookfor further possibílities of improvement: 
(i) Coating C4 should be tested at higher temperatures. 

(ii) Since gett.ing the best out of coating C4 depended critically on tem
perature, which was very poorly controlled, considerable effort might 
be justified in getting better control of the fumace. 

(iii) By consulting expert opinio~ possible reasons (physícat, chemical, 
metallurgical) for the discovered effects might be elicited. Specialists 
could gain an appreciation of the size and nature of these effects 
by looking at Figures 9.1 and 9.2. Promising conjectures toutd be 
investigated by further experimentation.* 

• Subject mauer specialists, erigineers, and scientists can almost always rationalize unexpected cffec~s. 
Thcir spe~ulalions may be right or wrong. But in any case, they sh<Juld be further discussed und Wlll 

oftC'n be worth cxplonng cxpcrimen!ally. 
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Comparison of 1\lachine Heads 

As a second example the data shown in Table 9.6a are from an experiment 
designed to seek out the sources of unacceptably large variability which, it was 
suspected, might be due to small differences in five supposedly identical heads on 
a machine tool. To test the idea, the engineer arranged that material from each of 
the five heads was sampled on two days in cach of six successive 8-hour periods 
corresponding to the three shifts. The order of sampling withln each period was 
random and is indicated by the numerical superscripts in the table of data. 

An Unintended SpJit-Piot Design 

A standard ANO VA for these data is shown in Table 9 .6b. It will be seen that 
the F ratio 18.4 j 13.9 = 1.3 suggests that there are no di fferences in: hcad means 
that could not be readily attributed to chance. The investigator thus failed to 
find what had been expected. A partial graphical analysis of the data is shown in 
Figure 9.3, and on further consideration it was realized that the design was a split
plot arrangement with ••periodsn constituting the main plots. The analysis strongly 
suggcsted that real diffcrences in means occurred between the six 8-hour periods 
during which the experiment was conducted. These periods corresponded almost 
exactly to six successive shifts labeled A, B, C for day 1 andA', B', C' for day 2. 
Big discrepancies are seen at the high values obtained in both night shifts C and 
C'. A further analysis in Table 9.6b of periods into effccts associated with days 
(D), shifts (S), and D x S confirms 'that the differences secm to be associated 
with shifts. This clue was followed up and led to the discovery that there were 
substantial differences in operation during the night shift-an unexpected finding 
because it was believed that great care had been taken to ensure the operation 
did not change from shift to shift. 

Exercise 9.2. Complete the data breakdown, the ANOVA table, and graphical 
analysis for the data shown in Table 9.6a. Show that this is a split-plot design 
and rearrange the ANOVA table. Check the analysis and identify the variances 
associated with the "whole plots" and ":mbplots." Do you see anything unusual 
in your analysis? 

Summary 

l. By the deliberate use óf a split-plot design, "it is possible to achieve greater 
precision in studying what are often the effectl) of majar interest
namely the subplot factors and their interactions with whole-plot factors. 
This increase in precision can be obtained even though whole-plot factors 
are highly variable. 

2. A split-plot design can produce considerable economy of effort. Thus, in 
the first example a fully randomized design would require 24 heats testeo 
with one coating in each heat and would have bcen almost impossible to 
pcrform. Also, because of the Iarge value of the whole-plot variance aw2, 
it would have been far less efficient than the spilt-plot design actually used. 



t Table 9.6. (a) Data from a Quality lmprovemcnt Expcrimcnt: Machine Heads (b) Standard ANOVA (e) Additive Basic for the 
Analysis 

S /S 
D/F 

A 

B 

Periods ~' 
B' 
C' 

Data 

20 14 17 12 
16 19 16 17 
25 32 31 24 
18 22 9 15 
21 
19 

22 16 20 
28 22 29 

- --

13,462.0 
30 

Heads 

1 2 3 4 5 

20(2) 14(l) 17(4) 12(5) 22(3) 17.0 
16(2) 19(3) 16(5) 17(l) 21 <4> 17.8 
25(5) 32(2) 31(3) 24(4) 24(1) 27.2 
18(5) 22(4) 9(l) 15(3) 17(2) 16,2 
21 (l) 21 (2) 16(4) 20(5) 17(3) 19.2 
19<4> 19(3) 22(5) 29(1) 29(2) 25.4 
19.8 22.8 18.5 19.5 21.7 20.5 

(a) 

Mean 

22 20.5 20.5 20.5 20.5 20.5 
21 
24 
17 
17 
29 

=1 

= 
= 

20.5 20.5 20.5 20.5 20.5 
20.5 20.5 20.5 20.5 20.5 
20.5 20.5 20.5 20.5 20.5 
20.5 20.5 20.5 20.5 20.5 
20.5 20.5 20.5 20.5 20.5 

12,566,5 
1 

+ 

+ 
+ 

Source D/F SIS MS 
Heads(H) 4 73.5 18.4] r Periods(P) 5 543.1 108.6 1.3 
Residual 20 278.9 13,9 . 

~Days 
Shifts 
DxS 

Heads(H) 

-0.6 2.4 -2.0 -1.0 1.2 
-0.6 2.4 -2.0 -1.0 1.2 
-0.6 2.4 -2.0 -1.0 1.2 
-0.6 2.4 -2.0 -1.0 1.2 
-0.6 2.4 -2.0 -1.0 1.2 
-0.6 2.4 -2.0 -1.0 1.2 

7.3.5 
4 

(e) 

+ 

+ 
+ 

1 1.2 1.2 
2 528.5 264.2:J 
2 13.4 6.7 39.4 

543.1 

(b) 

Periods(P) 

-3.5 -3.5 -3.5 -3.5 -3.5 
-2.7 -2.7 -2.7 -2.7 -2.7 

6.7 6.7 6.7 6.7 6.7 
-4.3 -4.3 -4.3 -4.3 -4.3 
-1.3 -1.3 -1.3 -1.3 ~1.3 

4.9 4.9 4.9 

543.1 
5 

4.9 4.9 

Residuai{H x P) 

3.6 -5.4 2.0 -4.0 3.8 
'-1.2 -1.2 0.2 0.2 2.0 

+ 1-1.6 2.4 5.8 -2.2 4.4 
2.4 3.4 -5.2 -0.2 -0.4 

+ 
+ 

2.4 0.4 -1.2 1.8 3.4 
-5.8 0.2 -1.4 4.6 2.4 

278.9 
20 
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scaled A' A B B' 
perlod deviations 

scaled 3 4 1 
head deviations 

Residuals 

-5 o 

5 2 

l.;.. •• 
1 
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Figure 9.3. Machine heads experimcnt: Partial graphkal anaiysis. 
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C' e 

3. It is important to be on the outlook for a split-plot structure (often zmin
tended, as was the case in the· machine tool experiment) and to take it 
into account in the subsequent data analysi~. You can be seriously misled 
by failure to take into account ''split plotting" (see Fisher, 1925; Daniel, 
1976). 

4. Experimenters sometimes have tiouble in identifying which effects should 
be tested against which error source with designs of this kind. The arrange
ment of the ANOVA table into parallel columns can alleviate this problem. 
Whole-plot effects are shown in one ·column and their interactions wíth 
subplot effects in the other. 

5. The graphical ANOVA provides a visual appreciation of what the experi
ment shows you. 

6. f\.1any of the "inner and outer array" experiments popularized by Taguchi 
(1987) for developing robust processes and products are examples of split
plot designs (Box and Jones, 1992b) but usually have not been recognized 
or analyzed as such. The great value, correct use, and analysis of splil-plot 
arrangements for designing robust industrial products were demonstrated 
in a paper by .Michaels in 1964. 

9.3. ESTIMATING V ARIANCE COl\IPONENTS 

Consider a batch process used for the manufacture of a pigment paste where 
th~ quality of the immediate interest is the moisture content. Suppose a batch 
of the product has been made, a chemical sample taken to the Iaboratory, and a 
Portion of the sample has been tested to yield an estímate of its moisture content. 
The variance of y will reflect variation due to testiizg, variation due to sampling 
the product, and the inherent variation of the process itself. Variance component 
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analysis separates this total variation into parts assignable to the various causes. 
This is important because of the following: 

1. Such analysis shows where efforts to reduce variation should be directed. 
lt teiJs, for ·exampJe, whether you can reduce variation most economically 
by improving the tesling method or modifying the sampling procedure or 
by working on the process itself. 

2. It clarifies the question of what is the appropriate estímate of error variance 
in comparative experiments. 

3. lt shows how to design a minimum-cost sampling and tcsting procedure 
for any particular product. 

First consider a modeJ that can represent the creatíon of the observations. If 
17 is the long-term process mean for the moisture content, then, as ilJustrated in 
Figure 9.4, thc overall error e = y - 1J will contain thrce separate components: 
e= er +es+ ep, where er is the analytical testing error. es is the error in taking 
the chemical sample, and e p is the error due to inherent process. variation. 

Batch 
mean 

Process 
mean 

y 

Process 
variation 

Sampling 
variation 

Testing 
variation 

}'igure 9.4. Process: sampling, and Lcsting sources of varinLion. 
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1\Ioisturc Content Data 

Table 9.7 shows three sets of data a11 from_ the same process: (a) from 10 tests 
made on a single sample, (b) from 10 smnples each tested once. and (e) from a 
single test made on a single sample from each of 1 O different process bate hes. 
Dot pJots of the data are shown in Figure 9.5, from which it ís obvious that the 
variances of the three sets of data are very different. 

The calculated averages and variances 1'r. V~. and Vr for each of these three 
sets of data are shown in Table 9.7. From these you can calculate estimatcs of 
the three variance components u~, a§, and o}, which represent the individual 
variances contributed by the· process alone, by sampling alone. and by testing 
alone, respective] y. Testing error. sampling error. and process error will vary 

......,_.. 
(a) 

• • • .... • • • 
(b) 

• • • • H· •• • • 
55 60 65 70 

(e) 
. 

Figure 9.5. Dot diagrams of proccss, sampting. and testing sources of variation. 

Table 9.7. Data Plotted in Figure 9.5 

Averages 
Variances 
Varían ce 

componcnts 
Standard 

dcviations 

(a) Ten Tests on 
One Sample 

59.6 
59.2 
61.3 
60.4 
59.7 
60.8 
58.8 
59.9 
60.4 
60.1 

(b) Ten Samplcs 
Each Tested Once 

57.0 
63.2 
61.4 
.64.9 
57.9 
62.5 
59.1 
61.3 
60.5 
60.2 

(e) Ten Batches Each 
Sampled and Tested Once 

62.2 
56.8 
64.5 
70.3 
54.1 
53.3 
64.2 
.59.7 
62.4 
71.5 

60.0 60.8 61.9 
Vr ::::: 0.55 -fo aj Vs = 5.81 ~ u}+ aj. V¡. = 37.82- O'~+ a}+ a} 

a-¡.= o.s5 a-¡= 5.st- o.ss = 5.26 a-~= 37.82- s.s1 = 32.ot 

f1r = 0.74 as= 2.29 a1• = 5.66 
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independently. and hence, in Table 9.7, Vr is an estímate of the tcsting variance 
aJone, Vr ~ aj; Vs is an estimate. of the sampling plus testing variance, Vs .,. 
a§+ a:f; and Vp is an estjmate of the process plus sampling plus testing variance, 
Vp ~ a~+ a.~+ aj. Separate variance component estimates shown in Table 9.7 
may then be obtained by subtraction. 

Examínation of records of plant data should always raise the question, where 
does the variation arise? For the data ofTable 9.7, since fr~ = 32.01, a very large 
part of the overall variance was coming from the process itself. The contribution 
a§= 5.26 arising from the mcthod of sampling product was also considerable. 
However, the component dueto testing af. = 0.55 was very small. Thus in this 
example efforts to reduce the overall variance should be directed at reducing 
process and sampling variability. Reduction of testing variance will make very 
little difference to the overall variation of data. 

Getting the Correct Estimate of Error 

An understanding of variance components is important in experimental design. 
Consider the simple problem of comparing two or more averages. The following 
data were supposed to show that a process modification denoted by B gave a 
higher process mean than the standard l?rocess denoted by A: 

A 

58.3 
57.1 
59.7 
59.0 
58.6 

YA= 58.54 

B 

63.2 
64.1 
62.4 
62.7 
63.6 

YB = 63.20 

A test lo compare thc means of these two sets of observations produced a value 
of Student's iv=s = 8.8, which, if there were no reaJ difference, would occur less 
than once in a thousand times by chance. However. this did not demonstrate that 
the mean of process B was higher than that of process A. It turned out that the 
data werc obtained by making five tests on a single sample from a single batch 
from process A followed by five tests from a single sample from a single batch 
from process B. Any difference between the two process averages was subject 
to testing plus sampling plus process errors. But the variation estimated 'trit/¡itZ 
the two sets of five observations measured only testing error. About aJl that you 
could conclude from these data is that the difference between the two averages 
is almost certainly not due to testing error. 

Two Testing Methods. If you wished to compare two testing methods A and 
B, then you would need to compare detemlinations using test rnethod A 
with dcterminations using test method B on the same sample with all tests 
made in random arder. 1 
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Two Sampling fttfetlzods. To compare two different sampling methods, you 
would need to compare detem1inations using sampling method A with those 
made on a set of differcnt samples using mcthod B with samples A and B 
chosen randomJy from the same batcíz. 

T1-vo Processing Metlwds. To compare a standard process A with a modified 
proccss B. you would necd to compare data from nmdomly chosen bate/les 
taken from the standard process A with data from randomly choscn batches 
made by the modified proccss B. 

Variancc Component Estimation Using a Nestcd (Hierarchical) Design 

An altemative experimental arrangement often employed to estimate componerits 
of variance is called a nested or hierarchical design. Suppose you chose B batchcs 
of product with each batch sampled S times and each sample tested T times. You 
would have a híerarchical dcsign. Figure 9.6 i11ustrates a hierarchical design with 
B = 5, S = 3, and T = 2. 

Table 9.8 shows 60 dcterminations obtained from an investigation of pigment 
paste using a hierarchical design. There were B = 15 batches. each sampled 
S= 2 times, and each samp1e testcd T = 2 times. The associated ANOVA table. 
is also shown. 

The multipliers used in the expected mean square column in the ANOVA 
in Table 9.8 are chosen so that, if there were no variation due to batches or 
to samples, each mean square would provide a separate estimate of a;. Thus. 
for examplet the expected mean square for batches is 4a~ + 2a.~ +al- and the 
multiplicr for u~ is 4 because each batch average is based on four tests. Also 
ul is multiplied by 2 because there are two tests for each sample. The mean 
square for tests as it stands provides an estimate of tl1e variance component due 
to testing. 

In this case uj. = 0.9 and the remaining components of variance obtained 
by subtraction are a§= (58.1- 0.9)/2 = 28.6 anda;= (86.9- 58.1)/4 = 7.2. 
The corresponding estimated standard deviations are respectively ar = 0.95, 
as = 5.35, and (¡ p = 2.68. 

For these data the analysis showed that the largest individua] source of vari
ation arase from sampling the product. Two possible causes were as follows: 

l. The standard sampling procedure was satisfactory but was not being car
ried out. 

2. The standard sampling procedure was not satisfactory. 

Figure 9.6. A S >< 3 >< 2 hierarchical dcsign. 
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Table 9.8. Data and Analysis of a 15 x 2 x 2 Hierarchical Design for Components 
of Variam·e 

2 

Samplc 1 2 3 
40 30 26 

Tests 39 30 28 

8 9 

Samplc 15 16 17 
34 29 27 

Tests 34 29 27 

Source of 
Variation 

Averaoe e> 

Bate hes 
Samples 
Tests 

Total 

3 
4 5 6 .,-... , 29 14 

26 28 15 

lO 

18 19 20 
31 13 27 
31 16 24 

Batch 
4 

7 8 
30 24 
31 24 

9 
19 
20 

Batch 

5 

11 12 

21 22 23 
25 25 29 
23 27 29 

10 
17 
17 

24 
31 
32 

Sum of Degrees of Mean 
Squares Freedom Square 

42987.3 1 
1216.2 14 86.9 
871.5 15 58.1 
27.0 30 0.9 

45.102.0 60 

6 7 

11 12 13 14 
33 261 23 32 
32 24 24 33 

13 14 15 
25 26 27 28 29 30 
19 29 23 25 39 26 
20 30 123 25 37 28 

Expected VaJue of 
1\·tcan Square 

4<1"2 + 2a2 +a-~ p .s 1 
20'2 + q'l 

l T 
2• ar 

A batch of pigment paste consisted of approxi.mately 80 drums of material. The 
supposedly standard procedure for taking a sample consisted of (1) randomly 
sclecting five drums of the material from the batch, (2) carcfully taking material 
from each selected drum using a special, vertically inserted sampling tube to 
obtain a represcntatjve ~ample from all layers within the drum. (3) thoroughly 
mixing the five tube-fulls of material. and finally (4) ta.king a sample of the 
aggregate mixture for testing. 

By walking down Lo thé plant, it was discovered that this procedurc was not 
being followed. In fact, the operators responsible for conducting the sampling 
were unaware that there was any such procedure; they believed that all that 
was rcquired was to take a sample from one drum and pul it into the sampling 
bottle. The specia] sampling tube was nowhere to be found. Over a period of 
time. poor communication. Jaxness in supervision, and changes in personncl had 
brought about this situation. When the test was conducted properly using the 
recommendcd sampling proccdure, a dramatic reduction in variance was found. 
The action taken as a result of the study was 

l. to cxplain to the operators what was expccted of them, 
2. to introduce adequate supervision in the taking of samples, and 
3. to initiate studies to discover whether furthcr improvement in sampling 

was possible. 
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Choice of Numbers of Samples and Tests 

In a follow-up investigation a second hierarchical design was run with the correct 
sampling procedure except that each samplc was a specimen from one druni rather 
than five. We denote the corresponding single-drum sample variance component 
drum by a[;. The experiment yieldcd these cstimates: 

o-~= 4.3, a.¡= t.J 

Exercise 9.3. Construct a hierarchical design capable of estimating the three 
f . "'2 "' d "' components o vanance u8 • aü, an u.¡. 

Deciding on a Routine Sampling Scheme 

How can the results of this speciai experiment be used to set up a good routine 
samp1ing procedure? Suppose the procedure cons!sts of taking one sample from 
each of U randomly selected drums and performing T tests on each of these 
samples. Then a total of A = UT analyses will be made. The average of the 
tests performed on the U samples would then have variance 

., 1 
a¡¡ a¡ 

V=-+U A 

A number of altemative schemes are listed in Table 9.8, where the fourth column· 
refers to cost and is discussed later. The third column shows the value of the 
variance V for various choices of U andA. Schemes in which A. the total number 
of analyses, is Iess than the number of samples taken can be physically realized 
if it is possible to use "bulked .. samp1ing. For example, the se heme U = lO and 
A·= 1 can be accomplished by taking 10 samples, míxing them together. and 
perfonning one test on the aggregate mixture. · 

You can see that in this example. because of the large relative size of the sam
pling error to the analytical error, little is gaincd by replicate testing. However, 
a large reduction .in variance can be· obtained by replicat~ sampling. 

l\1inimum-Cost Sampling Schemes 

The fourth column in Table 9.9 shows the cost of each altemative proccdure on 
the assumption that it costs $1 to take a sample and $20 to make an analytical test. 

Let Cu be the cost of taking onc sample and Cr the cost of making one test. 
The cost of the sampling scheme is then 

C = UCu+~Cr 

Minimization of C for fixed variance V leads to the conclusion that any desired 
va] u e of varían ce can be achieved for minimum cost by choosing the ratio U 1 A 
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Table 9.9. Altcrnative Sampling and Testing Schemes: Pigment Paste Example 

Number of 
Samples, U 

10 

lOO 

Number of 
Test Variance of 

Observations, Batch Mean. 
A=TU V= 16.0/U + 1.3/A 

1 17.3 
10 16.1 

100 16.0 
1 2.9 

10 1.7 
100 1.6 

1 1.5 
10 0.3 

100· 0.2 

Tablc 9.10. Variances and Costs Associatcd with 
Alternative Sampling Schemes 

Total 
Number of 

Scheme Number of Tests. Variance, Cost 
Number S<unples. U A V ($/batch) 

1 1 1 17.3 21 
2 5. 1 4.5 25 
.3 8 1 3.3 28 
4 16 1 2.3 36 
5 32 2 1.1 72 

of samples to tests so that 

u 
-= 
A 

Cost of 
Procedure· 

($) 

21 
201 

2001 
30 

210 
2010 

120 
300 

2100 

If. for instance, we substitute the estimates a/; = 16.0 and a}.= 1.3 and Cr/ 
Cu = 20, we obtain U/ A= 15.7. In this case there is no point in making more 
than a single analytical test unless more than 16 samples are to be taken. Results 
of this kind of study are usually best presented tó management in tem1s of a 
series of altemative possible schemes with associated variances and costs. Five 
schemes for the present case are shown in Table 9.10. The table makes clear 
that the previously recommended standard procedure (scheme 2) with U = 5 
andA = 1 would be good if prope.rly executed. lt also appears, however, that by 
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bulking more samples further reduction in variance is possible at Jittle extra cost 
by usíng scheme 3 with U= 8 andA= l. 

9.4. TRANS:\fiSSION OF ERROR 

Section 9.3 was about how the overall variation in a response may be analyzed 
by estimating individual variance components contributing to the overa11 vari
ation. The present section is about how the effects of knm,. .. n component error 
variances may be synthesized to determine their combined effect on the final 
response. 

Transmitted Error in the Determination of the Volume of a Bubble 

Suppose that the volume Y of a spherical bubble is calculated by measuring its 
diameter x from a photograph and applying the formula 

Suppose that the diameter of a particular bubble is measured as x = 1.80 mm and 
the error of measurement is known to ha ve a standard deviation ax = 0.02 mm~ 
Approximately how big will be the consequent standard deviation ay in the· 
estimate Y= 3.05 nun3 of the volume? Figure 9.7 shows a plot of Y against x 

).. 

o) 
j5 
..0 
:::;) 

..0. -o 
Cl) 

E 
:::;) 

o 
> 

.3.2 

3.0 

2.6 

Y= 2!-x3 = 0.524x3 
6 

1.78 1.80 1.82 1.84 1.66 
Diameter ot bubble, x 

Figure 9.7. Plot of thc nonlincar function.: volume Y versus diameter x. 
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over the range x = 1.74 to x = 1.86, that is, over the range x ± 3cr.t which is 
chosen so as to include most of the error distribution. Now x 3 is certainly a 
non linear function of x. yet Ovt•r tlzis narrow range the plot of Y versus x is 
almost linear. Also, since Y increases by about 5.1 units per unit change in x and 
the graph passes through the point x = 1.80, Y = 3.05, their approximate linear 
relation is 

Y- 3.05 = 5.l(x- 1.80), 1.74 <X < 1.86 

But for any linear re1ationship · 

Y - Yo = O (.X - xo) 

in which Yo, xo, anda· are constants. we have for the variance of Y 

Taking the square root of both sides of this equation gives 

CTy = f1ax 

Thus, as illustrated in Figure 9.7, the gradient or sJope e (dY /dx) is the mag
nifying factor that converts a . .: to ay. Since for this example the gradient () is 
about 5.1, crr ""5.1 x 0.02 '"V 0.102. The diameter measurement of 1..80 ± 0.02 
therefore produces a volume measurement of about 3.05 ± 0.1 O. Notice that the 
percentage error in the measurement of volume is about three times that for 
the diameter. 

Exercise 9.4. Given V(x) = 3, find the V(Y) for these two cases: Y= 10x, Y= 
4x + 7.0. Answet: (a) 300, (b) 48. 

Checking Linearity and Estimating the Gradient 

A check on linearity and an estímate of the gradient are conveniently obtained 
numerically from a table of the fo11owing kind:. 

X y Differences of Y 

.ro=- 3rrx = 1.74 2.76} 
0.30 

xo = 1.80 3.06 

3.37} 
0.31 

Xo + 3rrx = 1.86 
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In this table the values of Y are recorded at xo, xo- 3o-x, and xo + 30:t· The 
c)ose agreement between the differences 3.06- 2.76 = 0.30 and 3.37- 3.06 = 
0.31 indicates (without heJp of the graph) that a ~traight line provides a good 
approximation in this particular example. Also, a good average value for the 
gradient 8 is provided by the expression 

Overall change in Y = 3.37-2.76 = 0.61 = S.J 
Overall change in x 1.86- 1.74 0.12 

which is also the value read from the graph. 
The gradient can of course be obtained by differentiating• the function Y = 

0.542x3 with respect to x, but notice that the numerical procedure offers two 
advantages: 

lt can be applied even when the function Y = f(x) is not known explicitly: 
for example, Y might be the output from a complex simulation or numerical 
integration and x one of the variables in the system. 

It provides a convenicnt check on linearity. 

Error in a Nonlinear Function of Several Variables 

Figure 9.8 shows how a nonlinear function of two variables Y= j(x1, x2) [as. 
e.g., Y= 0.366(x1) 0·5(x2)-0·8] can be represented graphically by a cur·ved sur
face. Over a sufficiently small region in the neighborhood of some point O of 
interest {xw. x2o). it may be possible to approximate this surface by a plane 

where 81 and 82 are gradients in the direction of axes x1 and x1• The equation 
Y- Yo= e, (X¡ - xw) + 02(x2- x2o) is referred to as a .. local linearization'' of 
the function Y · j(.tJ, x2). As before, the gradients 01 (a Y ¡ax1) and (h(a Y ¡ax2) 

may be obtained from calculus, but for our purpose it is better to .get them 
numerically. In Figure 9.8 consider the pofnts 1abeled O, l, 2, 3, 4. If d1 and d2 

are the changes in Xt and x2 measured from the center O~ the gradient in the 
direction of axis x1 is approximated by 

• The valuc given by direct diffcrentiation is 5.089. 
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y 

Figure 9.8. Locál Hnearization of the function Y = f(:c 1, X;!). 

and the gradient in the direction of the axis x2 is approximated by 

Also. linearity can be checked in the x1 direction by comparing Y1 - Yo with 
Yo - Y3 and in the x2 djrection by comparing Y2 - Yo with Yo - Y4• 

Very conservatively. the approximating plane will cover the region of interest 
if dt and dz are set equal to 3o-1 and 3o-2• respectively, where cr~ and ai are the 
error variances of x1 and x2. Then if the linear approximation is adcquate and if 
x1 and x2 varying iridependently~ the variance of Y is approximated by 

The method is readily generalized to more than two variables, as is illustrated in 
the following example.• 

• In most applications componcnt errors vary independently. Howcver. if the errors were correlated, 
the error transmission formula would need to take into account these corrclations. Thus for two 
components V(Y) ~ fJ~of + ofoi + 28¡fJ2CTJ02PI2• where Prz is the correlatlon cocfficicnt between 
x 1 and x2. 
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A Nonlinear Example with Four Variables: Molecular \Veight of Sulfur 

The following problem appeared in the St. Catherine's College Cambridge Schol
arship Papers: 

A sample of pure prismaric su.lphur melted iriitially at 119.25QC; but in thc course of 
a few moments the melting point fell to 114.50°C. When the sulphur had completcly 
melted at this temperature, the liquid sulphur was· plunged into ice water: 3.6 percent of 
the resullant salid sulphur was then found to be insoluble in carbon disulfide. Deduce 
the molecular fonnula of the type of sulfur insoluble in carbon disulfide. The latcnt 
hcat of fusion of sulphur ís 9 cals. per gram. • 

Denote the initial melting point of the pure sulfur in degrees Kclvin by xh 
the value in degrees Kelvin to which the meJting point fell by x2, the percentage 
in the result of the allotropic form (the part insoluble in carbon disulfide) by x3, 

and the latent heat of sulfur (in calories per gram) by x4• 

The molecular weight Y of sulfur in the allotropic fom1 is then given by the 
nonlinear expression 

Substituting the values x 10 = 392.25. x2o = 387.5, x3o = 3.6, and x4o = 9, we. 
obtain 

}'; 0.02 X (392.25)2 X 3.6 X 96.4 
0 = 9 X 4.74 X lOO = 249

'8 

from whlch the answer required for this question can be deduced. 
This equation is typical of nonlinear functions that occur in practica} work, 

and we use it to illustrate the transmission of eiTor formula. Suppose the standard 
deviations of x 1, x2, XJ, and x4 to be a 1 = 0.1, a 2 = 0.1, a 3 = 0.2, and a 4 = 0.5. 
Calculation of the required gradíents is shown in Table 9.11. 

There is evidence of sorne nonlinearity. As we ha ve said, howevcr, checking 
linearity over so wide a range as ±3o- is a conservative procedure, and Jin
earization should yield a reasonably good approximation for V(Y) even in this 
exarnple. If nonlínearity were very serious, the computer could, by sampling from 
distributions of x1, x2, XJ, and x 4, numerically estímate V(Y). 

Assuming, as might be expected, that Xt. x2, x3, and x4 vary independently. 
we have 

V(Y) ~ {-51.5)2(0.01) + (52.7)2 (0.01) + (66.8)2 (0.04) + (-28.6)2 (0.25) 

= 26.52 + 27.77 + 178.48 + 204.50 = 437.27 

• Quoted by pcnnission of the Cambridge University Press. 
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Table 9.11. Numerical Computation of Gradients and 
Check for Linearitv for Four Variables: .Molecular . 
\Veight Example 

Numerical 
Val u e Value for 
of Y Difference Gradieilt 

xw +3rr¡ 392.55 235.3 

-14.5 } 
Xto 392.25 249.8 e,~ -s1.s 

-16.4 
xw- 3a¡ 391.95 266.2 

x2o + 3a2 387.8 266.6 

16.8 } 
X20 387.5 249.8 02-52.7 

14.8 
.t2o- 3rrz 387.2 235.0 

X3o + 3('13 4.2 289.6 

39.8 } 
X3Q 3.6 249.8 03-.66.8 

40.3 
X3(1- 3C7J 3.0 209.5 

x40 + Ja4 10.5 214.1 

-35.7 } 
X4Q 9.0 249.8· e4 ~ -28.6 

-50.0 
X4o- 3a4 7.5 299.8 

whence 
u(Y) = 20.9 

Thus the estimated molecular weight, Y= 249.8. would be subject toa standard 
deviation of about 21. 

Where does most of the variation come from? It is seen from the size of 
the individual contributions in the equation for V (Y) that the greater part of the 
variation arises beca use of uncertainty in X3 and x4• If substantial improvemcnt in 
the estimation of Y were required, it would be essentiaJ to find ways of obtain.ing 
more precise measurements of Lhese quantities. No great improvement in V (Y) 
can be expccted by detemlining temperatures x1 and x2 more precisely since their 
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contribution to V (Y) is only 26.52 + 27.77 = 54.29-only about one-fifth of 
the total. Notice that the main contributors to V (Y) are not necessarily variables 
having large variances. Error transmission depends critically on the values of 
the gradients. 
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QUESTIONS FOR CHAPTER 9 

l. What is a split-plot design? 

2. Do you know or can you imagine circumstances in which split plotting might 
be overlooked? 
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3. When is a split-plot design likely to be most useful? 

4. What are variance components? 

5. Can you tind or imagine an example from your own field of a system with 
four different components of variance? 

6. How might a variance component analysis be helpful in an investigation 
directed toward reducing variation as economically as possible? 

7. What is meant by transmission of error? 

8. Consider a 20-cm by iO-cm rectangle. If both dimensions have a standard 
deviation of O. 1 cm. what is the standard de\·iation of the area of the rectangle? 

9. Consider the function Y= f(xt. x2) = [x¡]j[x2] with standard deviations o-1 
and a2. respectivcly . .Approximately. what is V(Y) at the point x 10 and x20? 

PROBLEl\IS FOR CHAPTER 9 

l. (a) Analyze the resuhs from the hierarchical dcsign: 

Batch Sample 
Number Number Tests 

1 41 40 38 
") 32 31 33 .... 
3 35 36 35 

2 4 26 27 30 
5 25 24 23 
6 35 33 32 

3 7 30 29 29 
8 14 16 19 
9 24 23 25 

4 10 30 31 31 
1 1 25 '14 ..... 24 
12 24 26 25 

5 13 19 18 21 
14 16 17 17 
15 27 26 29 

(b) Criticize the experiment. 

2. \Vith appropriate assumptions the number of moles of oxygen in a fixed 
volume of air is given by the formula Y= 0.336xdx2, where Y= moles 
of oxygen, x 1 = atmospheric pressure (centimeters of mercury). and x2 == 
atmosphcric temperature (degrees Kelvin). Supposc that average laboratory 
conditions are x 10 = 76.0 c'entimeters of mcrcury and x2o = 295 K. 
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(a) Obtain a linear approximation for Y at average laboratory conditions. 
(b) Assuming a 1 = 0.2 cm and a2 = 0.5 K, check the línearity assumption 

over the ranges x 1 ± 3a1 and x2 ± 3a2. 

(e) Obtain an approximate value for the standard deviation of Y at average 
laboratory conditions. 

3. The following data were collected in a study of error components: 

Five Tests in . Five Samples Ea eh 
One Sample Tested Once 

9.7 
10.4 
11.3 
9.2 
9.6 

7.9 
14.9 
11.4 
13.2 
7.0 

Five Batches Each Sampled 
and Tested Once 

4.1 
20.3 
14.5 
6.8 

12.2 

Make dot plots and estímate components of. variance for testing, sampling, 
and process variation. 

4. Suppose you had three machines A, B, and e and you were asked to com
pare them using seven data values which had been obtained for each of the 
machines. What questions would you ask about the data? What answers would 
you need to justify the required comparisons? 

S. Eight subjects 1, 2, 3, 4, 5, 6, 7, and 8 are tested with six different hearing 
aids A, B, e, D, E, and F. Two subjects were tested in each category of 
hearing loss denoted by "seYere," "marked," "sorne," and "light" The data 
are the number of mistakes made in a hearing test using the various hearing 
aids. Analyze these data. What do you conclude? What type of experimental 
design is this? How many component variances are there? 

Hearing Aids 

Subjects A B e D E F 

Severe 1 7 16 13 19 14 11 
2 4 15 14 26 12. 10 

Marked 3 o 9 10 15 2 3 
4 3 6 12 13 3 o 

Sorne 5 4 3 9 8 2 1 
6 7 2 1 4 6 8 

Slight 7 2 o 4 3 o l 
8 3 l o 5 2 ] 



362 9 MULTIPLE SOURCES OF VARIATION 

6. The following formula was used in the estimation of a physical constant: 

Assuming that xw = 1 O. xzo = 40, X3o = 7, and x40 = 70, calculate y. Esti
mate the approximate standard deviation of y given that the standard devi
ations of the x's are u 1 = 5. a!= 7. a3 = 4, <14 = 10. Obtain the necessary 
derivat.ive (a) algebraically and {b) numerically. Using the numerical method, 
check the linearity assumptions. 

7. ~To estimate the height of a vertical tower, it is found that a telescope placed 
l 00 ± 1.0 meters from the foot of the tower and focused onthe top of the tower 
makes an angle of 56° ± 0.5° with the horizontal. If the numbers following 
the ± signs are standard deviations. estimate the height of the tower and its 
standard deviation, 
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Least Squares and Why We Need 
Designed Experiments 

Objectives . 
These days the computer can make least :squares* calculations almost instan-
taneously. This chapter then will not concentrate on computational details. but 
rather will show how these calculations may be used correctly and appropri
ately. The explanation that follows contains simple examples to illustrate essential 
points in both the theory and applications of least squares. lt also shows what 
assumptions are being made, which are innocuous, and which are not. 

We ha ve another intention. Sorne least squares (regression) computer programs 
fail to include all of the essential items and sorne times produce other output that is 
redundant a confusing. Also, sorne make automatic .and invisible decísions about 
matters that you yourself should make. Discussions in the chapter should enable 
you to choose a program wisely and to inform :software suppliers _ when their 
products are inadequate. Most importan4 you must have sufficient knowledge so 
that you, and not the computer, are in charge of the calculations. The study of 
least squares and an awareness of what can go wrong will also enable you to 
see why you need to design experiments. Discussing first sorne simple examples. 
you will see how to apply least squares and the design of experiments toa wide 
class of problems. 

• For reasons long since irrelcvant, lcast squares analysis is often called regressíon analysis and least 
squares computer programs are callcd regression programs. 

Sratistics for Experimelllers. Second Edition. By G. E. P. Box, J. S. Hunter. and W. G. Hunter 
Copyright lt'> 2005 John Wiley & Sons, lnc. 
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l\lodels Linear in the Parameters 

A very important dass of modeis• you will want to be able to fit to data are of 
the form 

(1 o.]) 

In this equation the fJ's are unknown constant" to be estimated, and the x's have 
known val u es. One common example is where Xt, x2, ••• are the levels of k 
factorst say tempera tu re X¡, line speed x2, concentration X3, and so on, and y is 
a measured response such as yield. Suppose data on n runs are available (not 
necessarily in any particular design) in each of which the k factors have been 
set at specific levels. The method of least squares is used to o~tain estimates of 
the coefficients f3o. {3¡, ••• , fh and hence to estimate the model of Equation lO. l. 
The computer can handle the analysis for any value of k, but you can fully 
understand Jeast squares analysis by studying the case where k = 2. Here is the 
first example. · 

10.1. ESTil\'IATION \VITH LEAST SQUARES 

The Development of an lmpurity 

Table 10.1 shows a smaut illustrative set of data from an experiment to detennine 
how the initial rate of formation of an undesirable impurity y depended on two 
factors: ( 1) the concentration xo of monomer and (2) the concentration of dimer 
x1• The mean rate of fonnation y was zero when both components x0 and x1 wcre 
zero, and over the relevant ranges of x0 and x 1 the _relationship was expected to 
be approxírnated by 

(10.2) 

Now consider the equation for the su m of squares of the discrepancies, between 
the data values of the values calculated from the model 

S(P) = L (y - f3oxo- /3tXJ )
2 (10.3) 

• If in Equation 10.1 the quantity x0 is set equal to l. thcn {30 wiiJ be a constant. If you have n 
observ:.uions the averaging of the corresponding , equations each having the fonn of 10.1 produces 

By subtracting. we get 

whcre the y's and thc x's are now rclatcd as deviations from their respccted avcrngcs. In this fom1 

the equation is often refcrrcd to as a regression equarion. Howcver for a general understanding of 
linear Jeast squarcs it is best lo stay for the time being with the fundamental model of Equation 1 0.1. 
t For clarity the examples in this chapter use much smallcr sets of data than would usually be 

encountcred. ' 
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Table 10.1. Initial Rate of Impurity Investigation 

Observed Order in Concentration Concentration Initial Rate of 

Run Which Expcriments ofMonomer, of Dimmer, Fonnution 

Number Were Pcrformed xo Xt of Impurity y 

l 3 0.34 0.73 5.75 
2 6 0.34 0.73 4.79 

3 J 0.58 0.69 5.44 
4 4 1.26 0.97 9.09 

5 2 1.26 0.97 8.59 
6 5 1.82 0.46 5.09 

Quantities needed in subsequent calcutations: L: x,~ = 1.0552. L: xr = 3.6353, 

Ex0x1 = 4.1782,L:xoy = 38.2794, L:x1y = 30.9388, 'L:Y2 = 267.9245 

You will see that for any particular set of trial values of the parameters f3o and 
{3¡ you could calculate S(/3). For example~ for the data of Table 1 O .l. if you set 
{30 = 1 and fJ1 = 7 ~ yo u would get 

S(l. 7) = L<Y- Lro -7xt)2 = 1.9022 . 
Thus in principie you could obtain the mínimum value of S by repeated calcu
lation for a grid of trial values. lf you did this, you wou]d eventually be able to 
constmct Figure 10.1. a 3D plot of the sum of squares surface of S(/3) versus 
fJo and fJ¡. The coordinates of the mínimum value of this surface are the desired 
least squares estimates 

bo = 1.21 and b¡ =7.12 (10.4) 

Thus the fitted least squares equation 

y = boxo + bt.Xt 

IS 

y= J.2lxo + 7.12xt 

Wilh Smin = 1.33. This fitted equation is represented by the salid diagram of 
Figure 10.2. Contours of the fitted equation in relation to the data are shown 
in Figure 1 0.3. Contours of the p1ane. shown in Figure 1 0.3. are obtained by 
substitution in the prediction equation. For example, sclting y = 6 produces the 
equation of the con tour line l.21xo + 7 .12x1 = 6 in the x0 , x1 coordinate system. 
All values of x0 and x1 that satisfy this equation provide the contour 1ine for 
"' y= 6. 
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Figure 10.1. Sum of squarcs surface: S(jj) = í:CY- {J0;co- fJI.v1 )2• 

The Normal Equations 

You would not of course need to carry out this tedious calculation because the 
minimum can be found by setting the first derivatives of S(/3) with respcct toPo 
and {:3¡ equal to zero. This gives the t\vo simultaneous equations 

éJS(/3) -( ) a {Jo = -2 L.\'- f3oxo - fJI:rl xo =O 

.éJS(fJ) ( ) fJ/3
1 

= -2 LY- f3oxo- {3¡X¡ X¡ =O 

After simplífication these become what are caiJed the normal equations 

bo I:xa + b1 l:xox1 = LYXo 

bo :L:xox1 +bt I:xr = LYXJ 

(10.5) 
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Substituting the sums of squares and cross products shown in Tab1el0.1~ you 
obtain 

7 .055b0 + 4.178b1 = 38.279 

4.178b0 + 3.635b2 = 30.939 

So)ving this pair of linear simultaneous equations for bo and b1 gives the Ieast 
squares estimates bo = 1.2 I and bt = 7.12 as before. lt is best to carry a Iargc 
numbct of digits in solving the normal equations, which are sometimes "ill
conditioned," meaning that the solutions are greatly affected by rounding errors. 
111 condüioning and the possibility of adequately checking the forro of the model 
depend very much on whcre the observations are located (on the experimental 
design). In this example the experimenter might feel uneasy at the absence of an 
observation close to the origin. 

Residuals 

There is of course no guarantee that the tentative model you ha ve chosen to fit to 
the impurity data can provide an adequate approximation to the true response. It 
must be checked. One way to do this is by careful examination of residuals, that 
is, the differences y- _v between thc value of y actually obtained and the value y 
predicted by the fittcd model. The idea is much as when you buy yourself a suit. 
The salesperson will ask you to try on a suit she thinks is about the right size. 
Her choice of size depends of course on her experience and prior knowledge. 
She will then look at the .. residuals;· the difference between your dimensions 
and those of thc suit. Are thc sleeves too short, the trousers (or skirt) too long? 
By considering such questions, she will know whether her first choice was right 
and~ if not, how she should modify the suit. In Lhis analogy~ you are thc data and 
the suit is the model. The model can be modified, but the data are fixed (unless 
you go on a diet.) To illustrate, the impurity data residuals are shown in the last 
column of Table 1 0.2. 

Table 10.2. Calculation of Estimates j and Residuals y - j for the lmpurity Data 

Run Observed, Predicted, Residuals, 
" 

,. 
Number X o. Xt 1.207xu 7.123x1 y y y.,-y 

0.34 0.73 0.410 5.200· 5.75 5.61 0.14 

2 0.34 0.73 0.410 5.200 4.79 5.61 -0.82 

3 0.58 0.69 0.700 4.915 5.44 5.62 -0.18 

4 1.26 0.97 1.521 6.909 9.09 8.43 0.66 

5 1.26 0.97 1.521 6.909 8.59 8.43 0.16 

6 1.82 0.46 2.197 3.277 5.09 5.47 -0.38 

Sums of squares Sr= 267.92 SM = 266.59 SR= 1.33 
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With so few data only gross inadequades of the fitted model would be 
detectable and none such appear, but if you had more data, you could run checks 
on residuals similar to those discussed in Chapter 4. Most important is whether 
the fitted model is useful for the purpose you have in 111ind. As has been men
tioned, if you wanted to use it for points close to the origin then you should first 
make one or two further experiments in the appropriate region. 

Analysis of Variance and a Check of Model Fit. 

At the bottom of Table 10.2 are shown the sums of squares for thé observed 
values y, the estimated values y, and the residuals y- .v. Thc sum of squares 
of the residuals L(Y- y)2 obtained from the least squares fit and the sum of 
squares of the fitted values I:.Y2 have the following important additive property: 

(10.6) 

which may be written Sr = SM +SR· For these particular data Equation 10.6 
beco mes 267.92 = 266.59 + 1.33, and the components are shown in the form 
of an ANOVA in Table 10.3.* \Vhen sorne of the experimental runs have been 
genuinely replicatedt as are runs 1 and 2 and nms 4 and 5, we can make a further 
analysis, checking the adequacy of the model. To do this, you extract from the 
residual sum of squares that portion associated wlth replicated runs called the 
"error'' si.lm of squares Se. Thus Se = (5.75- 4.79)2 /2 + (9.09- 8.59f/2 = 
0.59 and has two degrees of freedom. The remaining part of the residual sum of 
squares, called the "lack-of-fit" sum of squares St. is therefore 

St =SR- SE= 1.33-0.59 = 0.74 

and measures any contribution from possible. inadequacy of the model. A check 
of Iack of .fit can be made in an extended ANOVA as shown in Table 10.4. 

Estimating Variances, Standard Errors, and Confidence lntervals 

In this example the mean squares for error and for lack of fit are not very different. 
and we conclude that the data support the adequacy of the model. (Altbough with 

Table 10.3. The ANOVA Table for Least Squares 

So urce 

Model 
Residual 

Total 

Sum of Squares 

SM = 266.59 
SR= 1.33 
Sr= 267.92 

Degrees of 
Freedom 

2 
4 
(> 

• Remcmber that the distribution of derived criteria such as F and 1 referred to later are bascd on 
~e assumption that errors are distributed nonnally and indepcndently with contestant deviation. 

Recall what we mean by "gcnuine replicates .. ; these are repetitions which are subject to all the 
Sourccs of error that affcct unreplicated observations. 
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Table 10.4. The Lack-of-Fit Test 

So urce Sum of Squares 

Modcl SM = 266.59 

Degrees of 
Frecdom 

2 

Mean Square 

Residual S == 1.331lack oftit SL = 0.741 
R pure error SE= 0.59 

mR = 0~33 {m¡. = 0.371 
me= 0.30 

so few data such a test would, of course, be very insensitive.) On the assumption 
then that the model provides an adequate fit, lhe residual mean square may be 
used as an estímate of the error variance a 2• If there is lack of fit, this estimate 
will give an inflated estímate of a 2• 

For this two-parametcr model, wilh m R = s2 = 0.33 supplying an estimate of 
a 2, the variances of bo and b¡ may be written a~ 

" 1 s2 1 0.3309 
V(bo) = (1- p2) Lx5 = 0.3193 7.055 = 0.1469 

... 1 s2 0.3309 
V<ht) = o- p2> Lxr = o.3I93 3.635 = o.2s51 

(10.7) 

where p, which measures the correlation* between bo and bt, is 

- Lxoxl 
p= = -0.8250* 

JLx5Lxf 
In this example, the standard errors of b0 and b1 are thus 

SE(bo) = 0.383, SE(b¡) = 0.534 

The best fitting equation is often convcniently writtcn with standard errors at
Jached as follows: 

y= 1.2lxo + 7.12.tt 
±0.38 ;i:O.S3 

Individual 90% confidence limits for the regression coefficients fto and fJ1 are 
therefore 

For Po: 

For fJt : 

1.21 ± (2.132 X 0.38) = 1.21 ± 0.83 

7.12 ± (2.132 X 0.53) = 7.12 ± 1.13 

• Notice that this is the llegative of the correlation betwccn xo and x1• As is· discussed in greater 
detail later. if Exnx1 =O. thcn p =O and the :c's are ~id to be orthogonal. In that c&tse, as you 
will see. considerable !>implification occurs. : 
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Figure 10.4. Sum of squares contours. confidcnce rcglon, and marginal lntervals: impurity examplc. 

where 2.132 is the point on the t distribution~ with four degrees oLfreedom. 
that leaves S% in each tail of the distribution. The individual confidence Jimits 
are associated with the horizontal and vertical margins of Figure 10.4 and. may 
therefore be called marginal intervals. 

A Joint Confidence Rcgion for /Jo and /31 

Confidence regions for diffcrent probabilities are given by areas (volumes) con
tained within specific sum of squares contours. On the a~sumption that the model 
fonn is adequate, a 1 - a joint confidence region for p fitted parameters is 
bounded by a sum of squares contour S such that 

S= SR [1 + p Fa(p, ll- p)J. 
n-p 

(10.8} 

Where SR is the sum of squarcs of the residuals and Fa(p, n- p) is the a 
significance point of the F distribution with p and n - p degrees of freedom. 
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In the present case. for a 90% confidence region we wou'ld have SR = 1.3308. 
p = 2, n - p = 6- 2 = 4, and Ftuo(2, 4) = 4.32. Thus 

S= 1.3308[1 + (2/4) X 4.32] = 4.2053 

The boundary of this confidence region is thus the sum of squares contour 
for Po and f3t given by S(/3) = _L)y - f3oxo + f3tXt) 2 = 4.2053. Expanding this 
quadratic expression and substituting the sums of squares and cross products 
shown in Table 1 0.1 supplies the required 90% confidence region-the. ellipti. 
cal con tour enclosing the shaded region in Figure 1 0.4. Its oblique orientation 
implies that the estimates are (negatively) correlated. The formal interpretation 
of this confidence region is that, if you assume the exactness of the model and 
imagine the experiment repeated many times and regions calculated in the above 
manner each time, 90% of these regions will include the true parameter point 
(/30• {3 1) and 10% will exclude it. 

lndhidual (1\·larginal) Limits and Joint Confidence Regions 

You may ask what the relation is between the shaded joint confidence region 
in Figure 10.4 and the individual marginal confidence limits also shown in the 
figure. Consider the point P with coordinares {30 =O. 75 and f3t = 6.50. The 
value /30 = 0.75 lies well within the marginal 90% confidence limits for f3o, and 

., the value {3 1 = 6.50 lies well within the marginal confidence limits for {J1, but 
the point P does IZO! Iie within the joint confidence region. This means. for 
example. that although the value {30 = 0.75 is not discredited by the data, if 
any value of the other parameter {3 1 is allowed, the hypothesized pair of values 
({Jo. f:h) = (0.75, 6.50) is discredited by thc data. 

Fitting a Straight Line 

In the first two·parameter example discussed above xo and X¡ were the concen
trations of two chemicals. lf you make x0 a column of 1 's, the theoretical model 
y= f3oxo + f3tXl +e becomes 

y= fJo x 1 + {3 1x1 +e 

or simply 
y= f3o + f3tXt +e {10.9) 

and the fitted Ieast squares model is 

y= bo + b1x1 

This represents a straight line with b0 its intercept on the y axis (when X¡ ==O) 
and bL iL" slope (see Figure 10.5). The "variable" x0 = l is introduced to indicate 
the presence of the constant f3o and is called an "indicator'' variable. 
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Figure 10.5. Least squares fitted straight line: welding data examplc. 

Table 10.5. Welding Experiment Data with lndicator Variable xo = 1 

lndicator Observed Estimated 
Variable, Velocity, Slrength. from Model, 

Run. Number xo(-: 1) .t1 (= x) 
~ 

y \' .. 

1 1 2.00 89 88.66 
2 1 2.50 97 94.49 
3 l 2.50 91 94.49 
4 1 2.75 98 97.40 
5 1 3.00 100 100.32 
6 .1 3.00 104 100.32 
7 1 3.00 97 100.32 

A \Velding Experiment 

373 

Residual. 
y-51 

0.34 
2.51 

-3.49 
0.60 

- -0.32 
3.68 

-3.32 

The data Iisted in Table 10.5 and plotted in Figure 10.5 are from an inertia 
welding experiment. One part of a rotating workpiece was brought to a standstill 
by forcíng it into contact with another part. The heat generated by friction at the 
interface produced a hot-pressure weld. Over the experimental region studied the 
breaking strength of the weld was expected to have a nearly linear relationship 
to the velocity ~ of the rotating workpiece. 

Your computer will tell you that the fitted least squares straight line is 

y = bo + bx = 65.34 + 11.66x (10.10) 
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(Here computed values have been rounded to two places.) Also from Figure 10.5 
you see that bo. =y- bx SQ an equivalent fom1 of the fitted model is 

y =y-bx+bx or 5· =y+ b(x- x)' 

that is 
y = 96.57 + 11.66(x - 2.68) 

where 96.57 = y is the .. intercepC' at x = x and b = 11.66 is tl1e slope of the 
line. (Every .stnüght Iine fitted by least squares passes through the point y • . t). 

Referring the fitted line to the origin x is useful because it serves to reminds us 
that the fitted line is only expected to apply over the range ofthe x actual/y used, 
v.~hich is centered at x and is shaded in Figures 10.5 and 10.6, 

The value b0 = 65.34, the intercept at x1 = O, can only be regarded as a 
construction point for the purpose of drawing the line. In general, then, the model 
for the straight line 'is most conveniently written with the average :X clearly in 
mind as 
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~ 90 ..... 
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lnterval tor n 
when x=2.25 

~ 

2 2.5 
Veloclly (ftlmin) x 

3.0 

Figure 10.6. Confidence limits for ji = bo + bx = 65.34 + 1 J .66.r. 
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and the fitted equation as 
y = ll + b(.t - X) (lO.J l) 

where a = )' is the value of the response When X is at itS avemge value. 
If it could be assumed that the model provided an adcquate approximation 

over the range of the data, an est.imate of a 2 would be 

s2 = SR = 43.6170 = 8.7234 
n-2 5 

On the same assumption, the standard errors for a, bo, and b would be 

S 
SE(a) = r.: = 1.12 ....,n 

[ 

l ~2 ] I/:! 
SE(b0) =s - + ~.. = 8.71 

11 LJ(x- x/ 

S . 
SE(b) = = 3.22 

JL<x -.r)2 . 

(10.12) 

Exercise 10.1. Construct an ANOVA table and test the goodness of fit of the 
straight line using the data in Table 10.5. (Hint: Refer to Tables 10.4 and 10.5.) 
The ratio of the lack of fit and pure error mean squares ís 0.48/14.22 = 0.03. 
Lack of fit would be indicated by a significantJy large value of this ratio. 

The observed value is actually unusually small. Can you think of reasons that 
might explain this fact? 

Variance of an Estimated Value and Confidence Interyals 

Now look at Figure 10.6. lf the model is assumcd adequate, we can caJculate 
.Y. the estimated breaking strength of the weld, for any given velocity x in the 
relevant range. Also using the fom1ula y =y+ b(x0 - x). since y and b are 
uncorrelated, the variance of the prediction V(vx) at some specified value X of 
x is 

Thus 

(10.13) 

For the welding example 

... ·, [ 1 (X - 2.679)2] 
V (yx) = 7 + 0.8393 8.7234 
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A 1 -a confidence interval for the response at sorne particular X is now given by 

.rx ± la¡zJV(yx) (10.14) 

where t has five degrees of freedom. Confidence bands calculated by this formula 
are shown by dashed lines in Figure 1 0.6. Such limits are, of course, meaningful 
only over the range (shadcd) of the data itself. 

The Geometry of Least Squares and Its Extension to Any Number 
of Variables 

A deeper understanding of least squares can be gained from its geometric rep
rescntation. ln general y, y, y- 5', Xth and x1 can represent vectors in the 
n-dimensional space of the 11 observations. However, basic ideas can be under
stood by studying the case where n = 3, that is, in the 3D space you can actually 
visualize. (lf you need lO brush up on vectors and coordinate geometry, there is 
a brief review in Appendix lOA.) 

For two parameters and three observaÜons the fitted model can be writtcn in 
vector fonn as 

y= boXo + b,x1 

[ A] [ ] [ ] 
Yl Xot XJ t 

{ 2 = b0 xo2 + b 1 x 12 

Y.t XoJ .t13 

In Figure 10.7, "<l and x1 are vectors of specific lengths and directions which 
define the coordinates of a plane. The above equation says that y must lie in 
this plane. Noticc thut the two vectors define a plane whose coordinates are not 
in general orthogonal (at right angles) to one another. Thus what delineates the 
plane in Figure 10.7 are twt the squares of ordinary (orthogonal) graph paper but 
parallelograms. 

Since the squared Iength of a vector is the sum of squares of its elements, 
the principie of least squares says the best value for y is the point in the planc 
which is closest to the point y representing the actual data. Thus y is obtained 
by dropping a perpendicular from y onto Lhe plane fom1ed by Xo and Xt· Thus 
Jooking at Figure 10.7 you will see that the least squares estimates bo and b1 
in this example are the coordinates 2.2 and 0.8 of y measured on the plane in 
units of Xo and x1 and the fitted least squares equation is y= 2.2xo + 0.8.t.t• Also 
since the vectors y~ y, and y- y fom1 a right triangle, 

which is thc busic cquation in· the ANÓVA. 
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" Y- Yo1 

Figure 10.7. Geomctry of two--pnramcter least squares. 

The Normal Equations 

The reason for the name nonnal equations now becomes clear. A vector normal to 
aplane is normal to every 1ine in the plane. [When two n-dimensional vectors, 
say p and q, are at right angles (normal, perpendicular) to one another, the 
"inner'producf' of their elements must equal zero, that is, I:7=1 p;q¡ = 0.] Thus 
the inner products of the vector y - y with both x0 and x 1 must be zero. * The 
normal equations thus express this fact that y- y is normal to Xo and x1 and 
L(y - y)xo = O and í)Y - y)x1 = O. 
That is, 

L<Y- boxo- b,x,)X¡ =O 

Thus, as before in Equation 10.5, 

A convenient notation is to write [ij] for L: x¡x i and (yi] for E y¡ so that the 
nonnal equations become 

[yO] = bo[OO] + bt [01] [yl] = bo[Ol] + b1[11] 

•tn general matrix nOlation (J- j) T Xo = O and (y- j) T x1 =O. 
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These equations may be generalized to encompass any k-parameter linear model. 
Thus for k = 3 the fitted model is y= boxo + b1x1 + b2x2 and the nonnal equ
ations are 

[OO]ho + [O 1 ]b1 + b2[02] = [yO] 

[Ol]bo + [ll]b¡ + b2[12] = [yl] 

[02]bo + [ l2]b1 + b2[22] = [y2] 

Your computer will fit least squares models so you do not need to know all the 
details of the calculations. For those who are interested, a matrix summary of the 
mathematics is given in Appendix IOB. · 

10.2. THE VERSATILITY OF LEAST SQUARES 

Least Squares for Estimating Any 1\Iodel Linear in lts Parameters 

Least squares estimates may be obtained for any model linear in the w1knon·n 
parameters f3o, {31 ••••• Such a model can in general be written 

As mentioned earlier, this model is written in the equivalent and sometimes more 
convenient form in which the variables are the deviations from their average 
values· thus 
. ' 

· and a = y. To fit thcse models by ordinary Jeast squares, it only needs to be 
assumed that the .\~·s are quantities known for each experimental run and are 
not functions of the unknown f3 parameters. In particular, the derivative of Y 
with respect to any of the unknown ¡rs, dy/dfJ, must be a function with aU {3's 
absent. Some examples of models linear in their parameters which can be fitted 
by least squares are as follows: 

l. Polynomial models of the form 

y= /3o + f3tx + /hx2 + {13x3 + · · · + fikxk +e 

This is of the same form as the general model with xo = 1, X¡ = x, x2 == x2
' 

and so on. 
2. Sinusoidal models such as 

y= {30 + {31 sine+ f32cosB +e 

where x 0 = 1, x1 =sin 9, x2 = cos9. 
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3. Models such as 

where xo = 1, x 1 = log~" x2 = e~z¡g3,_ and ~'' ~2· and ~J are supposed 
known for each experimental run. 

An example of a norzlinear model (i.e~. nonlinear in its parameters) is 

where ~ is known for each experimental run. This exponential model is not a 
linear model since it cannot be written in the fom1 of Equation 10.1 and its 
derivatives· with respect to the unknown f3's contain the unknown parameters. 
for example dy /df30 = 1 - e-P~~. However,the idea of least squares still applies 
and the model may be fitted by numerical search to find the rninímum residual 
sum of squares. 

An illustration (a biochemical oxygen demand example) anda short discussion 
of the fitting of a nonlinear model are given later The subject is, however, a 
specialized one and interested readers are ref~rred, for example, to Bates and 
Watts (1988). 

1\'lore on Indicator Variables 

In the model 

as you have seen, the variables (factors) x0, x 1, •••• . tk are simply quantities that 
are known for each obsen'ation. They need not be measured variables. 1ndicator 
variables taking the values O or l can, for example. indicate the presence or 
absence of sorne factor. 

The Welding Experiment with Two Suppliers 

For illustration consider again the welding experiment for the data shown in 
Table 10.5 but suppose you ha ve obtained \vorkpieées fróm two different sup
pliers and you wished to find out whether the material from each supplier gave 
equally strong welds. For exampt.e. suppose that runs l, 3. and 6 were made 
with product from supplier 1 and runs 2, 4. 5, and 7 from supplier Il. Then the 
data could be characterized as in Tab1e 10.6a. Now consider the three-parameter 
modcl 

lf you write out the rows of Table 10.6a line by line, you wilJ see that the model 
says that for runs made with supplier I material the estimated intercept consrant is 
bot but for runs made with supplier n material it is b02. Thus bo2 - b01 represents 



380 JO LEAST SQUARES ANO WHY WE NEEO DESIGNED EXPERIMENTS 

Table 10.6. \Velding Data with Two lndicator Variables xo1 and xo2 

(a) (b) 

Run lndicator Indicator Observed 
Numbcr Supplier 1, Xo1 Supplier Il, xo2 Velocity, x Stl'ength, y Xc)J xo2 X 

l 1 o 2.00 89 1 o 2.00 
2 o ] 2.50 97 1 1 2.50 
3 1 o 2.50 91 1 o 2.50 
4 o l 2.75 98 1 1 2.75 
5 o 1 3.00 100 l 1 3.00 
6 1 o 3.00 104 1 o 3.00 
7 o 1 3.00 97 l J 3.()() 

the difference of weld strengths associated with the two suppliers. The data can 
be ana1yzed as an ordinary regression to give least squares estimates and their 
standard errors as foiiows; 

ho¡ = 64.9 ± 1 0.2. bo2 = 64.5 ± 11.4, b = 11.9 ± 4.0 

Thevariance ofthe observations is estimated by s 2 = í)Y- )·)2/4 = 43.41/4 = 
10.85 

An Alternath·e Fonn for the l\1odel 

There is usually more than one choice for expressing the indicator (dummy) 
variables. Thus you might use the altemative arrangement shown in Table 10.6b 
with .to1 a series of 1 's and x02 having a l only for material from supplier ll. In 
this model bo2 now represents the added contribution of supplier 11, that is, the 
difference in weld strength for the two supplier materials 1 and ll. The analyses 
are equivalent but the second allows for the estimation of the difference and 
its standard error directly. The estimates and standard errors are bo1 = 64.9 ± 
1 0.2, b02 = -0.4 ± 2.8, b = 11.9 ± 4.0. In this forro of the model the estimated 
difference b02 for suppliers is -0.4 ± 2.8, and you can see at once there is no 
reason to prefer one supplier over the other. 

Exercise 10.2. Redo the analysis for the welding example supposing that a third 
supplier contributed work pieces for runs 6 and 7. 

Exercise 10.3. Suppose that two operators A and B work at the job of pack.ing 
boxes. You have records of the number of boxes packed on the days when A 
is working, indicated by x0 = 1, when B is working, indicated by XJ = l, and 
when A and B ate working together, indicated by x2 = 1: 
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xo XI X2 Number Packed 

l o o 32 
1 o o 35 
1 1 l 67 
1 1 1 69 
1 l 1 72 
o 1 o 29 
o 1 o 25 
o 1 o 31 

Estímate the number of boxes packed for .A for iJ and for A and 8 together. 
Do you think that there is any evidence that when A and B work together they 
individually pack more boxes or fewer? 

Does lt Fit? Does It matter? Gro\\1h Rate Example 

The data in Table 10.7 is for the growth rate of rats fed various doses of a dietary 
supplement. From similar investigations it was believed that over the range tested 
the response would be approximately linear. Once the data were in hand. a plot 
such as that in Figure 10.8 would ha ve shown that a straight line was clearly an 
inadequate model. Nevertheless~ suppose that on routinely emp1oying a standard 
software program a straight line was fitted to the data. This would give 

~Y = 86.44 - 0.20x 

Inadequacy of Straight Line l\fodel 

A method for checking model adequacy using the ANOVA was gi\'en earlier 
in Tables 10.3 and 10.4. If you apply this method to the growth rate data, 

Tablc 10.7. Growth Rate Data 

Observation Amounr of Supplement, 
Number x (g) 

1 10 
2 lO 
3 15 
4 20 
5 20 
6 25 
7 25 
8 25 
9 30 

10 35 

Growth Rate, 
y (coded units) 

73 
78 
85 
90 
91 
87 
86 
91 
75 
65 



382 

90 

:::.._. 

<ti 80 -e 
s=. 
i 
E 
C) 

• 
70 

:tO LEAST SQUARES AND WHY WE NEED DESIGNEO EXPERL\1ENTs 

......... -. ............. 

• • 

................ ................ ---

Amount of supptement, x 

Best fitting 
--- straight line --... 

Best fitting 
quadratic 
curve 

Figure 10.8. Plol of data. bcsJ fitting .straight line, and bc~t fitting quadralic curve: growth rate 
example. 

Tablc 10.8. Analysis of Variance for Growth Rate Data: Straight Linc Model 

SQurce 

Straight lioe model 

Residual 

Total 

Sum of Squar~ 

SM = 67.428.6 { mcan(/1¡,) = 67.~.1 }
extra for b = . _-4.5 

s11 = 686.4 { lac" of lit SL = 659.4 } 
pure error SE = 27.0 

ST = 6&, 115.0 

Oegrces of 
Frccdom 

Mc:an. 
Square 

{ 
67,404.1 } 

24,5 

{ 
164.85 } R ti = 24.4 

. 6.75 a 0 

you obtain Lhe ANOVA for the fitted straight line model y= bo + bx shown 
in Table 10.8. The model sum of squares S,.,, = L .Y2 hás been split into two 
additive parts: a su m of squares Ny2 = 67,404.1 associated with the simple 
model y= bo representing a horizontal Iine and an extra sum of squares for 
b = SM- N'y'1 = 67,428.6- 67.404.1 = 24.5 due to the linear (slope) tenn in 
the model~ 

The value. 24.42 for the mean square ratio. lack of fit/pure error: is large and 
significant at the 0.005 Ievcl. From the data plot in Figure 10.8 it is obvious that 
the inadequacy arises from the curvilinear nature of the data. Increasing amounts 
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of the additive up to about 20 grams produces increasing growth rate, but more 
additive reduces grov.-1h rate. 

A better approximation might be expected from a quadratic (second-order) 
model 

)' = f:Jo + p,x + fhx1 +e 

where /h is a measure of curvature. This model fitted to the data gives the 
equation 

y= 35.66 + 5.26x- 0.128x2 

The ANOVA (Table 10.9) for this quadratic model shows no evidence of lack 
of fit. The model sum of squares SM is now split into three parts. the third 
being the extra sum of squares obtained by including the quadratic tenn fhx 2 in 
the fitted model. Its large mean square (641.2) relative to the error mean square 
(6.75) refiects the important contribution that this tem1 makes in providing an 
adequate explanation of the data. The residuals plotted in Figure 10.9 now appear 

Table 10.9. Analysis of Variance for Growth Rate Data, Quadratic (Sccond-Ordcr) 
l\lodel 

So urce 

Quadrntic 
modcl 

Residual 

Total 

Degrees of Mean 
Sum of Squ~s Freedom Squarc 

lm<an!ho) = 67,4ll4.1 ¡ 3{H ¡ 67,4~.1 ¡ S.tt = 68,071.8 extra for linear b1 = 24.5 .:.4.5 
cxtr3 for quadratic b¡ = 641.2 641.2 

SR.= 45.2 { lack of lit ~1. = 18.2} 7{!} { 6.07} Rl1. 9 
purc error S E = 27.0 6.75 llO =U. 0 

Sr = 68,115.0 

• 
<~ • 
~ o~----------------------~~~----------------~-------------

<~ 

-2 
-4 

4 
2 

~~--------~----~--------~--------~----~----------------
10 15 20 25 30 

Amount of supplement, X. 
(a) y- y versus x 

35 

1 0~----~--------~--------L-----~--------~~~L_ ____ __ 
·::O,. 

-2 
-4 

Estimated value, y 
(b) y- yversus y 

Figure 10.9. Plots of residuals from quadratic model: (Cl) y - y versus .t; (b) y - S· versus y. 
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to display no systematic tendencies in relation to either x or y. Taken together, 
the plottcd data, the fitted secónd-ordcr curve in Figure 10.8, the residuals plot~ 
and the ANOVA table suggest that the quadratic equation supplies án adequate 
representation over the region studied. 

A Closer Look at Lack of Fit 

Since all models are wrong but somc models are useful. consider whal action you 
mjght take after you have made a test of goodness of tit. _On the one hand, the 
fact that you can dctect a significant lack of fit frorri a particular modcl does not 
necessarily mean that the model is useless. On the other hand, the fact that you 
cannot detect any lack of fit does not mean that the fitted model is correct. The 
result you get depends largely on the size of the experimental error in relation to 
the bias, estimated by 17- S•, the difference between the actual response of the 
fitted value y. 

Loo k at Figure 10.10: 

Figure IO.lOa shows the actual but unknown relationship 17 = f(x). 

Figure 10.1 Ob shows the generation of the data y = 11 + e; thus the true value 
plus error produces the observed value y of the response. Notice that the 
error e is negative in the case illustrated. 

Figure 1 O. 1 Oc shows the es ti mated response y obtained by fitting a straight 
line by least squares to the data with the residual r = .'l- y. 

Actuality 
'1 

(a) 

Data 
y=q +e 

(bl 

Residual 
r=,}-P+e 

/_,. .. --·· 
f 

-· 

least squares straight line 
~=a+ bx 

(e) 

~-·/ r=y-9=(q-9)+e 

.•' 

.. 
/ 

/ Q 

(d) 

Figure 10.10. Plots of (ll) the actual response 'l = /(x), (b) the obscrved responses y. (e) the firted 
straighl line, and (el) th~ structure of the residual r = )'-y. 
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Figure lO.lOd compares the actual and the estimated response and shows the 
structure of the residual. 

Thus the residual r is given as 

r =y- y= 1J +e- y= (TJ- y)+ e 

the difference between the tme value and the model's least squares estimate plus 
random error. Whether you can de"tect lack of fit depends on how large is the 
error e relative to the difference (7]- y) due to lack of fit. Whether you should 
be greatly concerned about Jack of fit depends on the purpose to which lhe 
approximating function is to be put. lf you had a calibration problem in which 
the experimental error e was small, it would be important that the fitted function 
be close to realüy. But a straight line approximation such as that illustrated in 
Figure 10.1 Oc would be good enough for sorne purposes whether you could detect 
lack of fit or not. 

Orthogonality of Regressors: Experimental Design 

The factorial, fractional factorial. and PB designs discussed in Chapters .5, 6. 
and 7 were orthogonal designs. The very profound effect of orthogonality can be 
understood by studying once again just two regressors .tó and x1 in the fitted two
parameter model y = boxo + b1x1• \Vhen the regressors are orthogonal, L x0x1 = 
O. Earlier in this chapter you saw that estimatcd variances for the coefficients b0 
and b¡ in a two-parameter model were 

and 

with p =- "'Lxoxt!/I:x5 :Lxr and with s2 an estímate of the error variance 

u 2
• It will be seen that the greater is the correlation, p between the x's and hence 

between bo and bt the larger will be Lhe variances of thé estimates. For example. 
if P = 0.9, then the variance of the estimates b0 and b1 would be five times as 
great as they would be if p were zero. Thus, other things being equal, when the 
sum of the cross products L:x0x 1 is zero so that vcc.tors x0 and x1 are orthogonal, 
P = O and the estimates of bo and b1 will have smallest possible variances and 
will be uncorrelated. Thus one of the reasons why orthogonal designs such as 
the factorials, fractional factorials, and PB designs are so valuable is that. given 
L.x'f and 'Lx] are fixed, the variances of the estimatcs are minimized. Further, 
the nonnal equations 

LYXo = bo 'Lx(¡ +b,.Lx0x1 

LYx1 = bo I:xox1 + bl l:xr 
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I: )'Xo = bo I:xJ +O 

I:Yxl =O +b1 I:x~ 

so that bo = LYXo/ L:x~ and b1 = ¿yxJ! L:xr and each estimate can be cal
culated as if the other were not present. 

The basis for the ANOVA is the identity 

and if the x's are orthogona], the regression sum of squares is 

L~v2 = L<hoxo + b1x1)
2 

.. 

= h5Lx3 + bt I:xr 
·= bo I: yxo + b1 I: yx¡ 

The regression su m of squares can then be split into two independent components 
each showing the separate contributions of x0 and x 1• 

Ifxo is sct equa] to l for all observations, then 

When in addition to x0 there are k regressors all mutually orthogonal, the 
sum of squares of predictions ¿y2 can be partitioned into the k+ 1 indepen
dent components 

the basis for the ANOVA for orthogonal designs. You sce that, in general, when 
lhe x's are orU10gonal, calculations and understanding are greatly simplified. Thus 
orthogonality is a property that is still important evcn in this age of computers. 

Extra Sum of Squares Principie and Orthogonalization 

Table 1 O. J Oa shows the percentages x1, x2, X3 of three ingredients and lhe hard
ness y of 20 samples of a mineral ore. The Jeast squares linear regression 
equation and associated anaJysis are shown in Table IO.IOb. From the ANOVA 
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Tablc 10.10. Analysis for Twenty Hardness Samples 

(a) (b) 

Xt XJ XJ y 

y =24.2 + 5.9(.tt -9.1) - 6.4(xz-- 3.{)) + 3.7(.\)- 15.7) 

1 10.2 3.5 16.0 27.6 SE 5.9 ± 1.9 -6.4±2.5 3.7 ± 1.8 

2 9.2 3.3 15.2 14.8 l 3.1 -2.5 2.0 

3 8.3 2.5 15.5 17.1 

4 7.7 2.2 15.2 13.9 

5 7.5 2.4 15.5 20.0 (e) ANOVA 

6 8.0 1.3 14.6 26.6 

7 6.9 1.9 16.0 20.3 So urce SS df MS F Probability 
8 9.9 3.6 15.9 19.7 

9 .8.6 2.3 15.6 25.7 
Regression (x¡, x2, x3) 393.9 3 131.3 6.34 0.005 

JO 9.7 3.0 16.0 23.2 
Residual 331.6 16 20.7 

11 11.1 5.0 15.2 25.8 
12 11.0 4.3 16.8 33.6 Total SS ~)y - Yf 725.6 19 
13 10.1 4.2 15.5 24.2 
14 10.1 3.2 16.5 28.6 
15 9.5 3.3 16.0 29.3 
16 8.5 3.0 16.8 26.0 
17 8.6 2.6 14.9 18.0 
18 10.3 3.2 16.4 39.2 
19 9.7 3.4 16.0 25.9 
20 6.9 1.3 14.6 25.3 

table 10.1 Oc it is evident that this relationship allows you to make an estima te ~Y 
of hardness for any combinalion of the three ingredicnts within Lhe ranges tested. 

Suppose now that the chemical analyses that were needed to obtain x1, x2. 
X3 were successivcly more difficult and time consuming and the experimenter 
wanted to know whether x2 and x3 were adding information about the hardness 
response not already supplied by x1• An equation containing only x1 fi.tted to the 
druag~e · -

y= 24.2 + 2.50(x1 -- 9.1) 

with a su m of squares for regression using x 1 alone of 191.8 and residual su m 
of squares of 533.7. For x1 and x2 together Lhe fitted equation was 

.Y= 24.2 + 6.6(x¡- 9.1)- 6.l(x2- 3.0) 

with a regression sum of squares of311.4, that is, 191.8 for x1 andan additional 
119.6 for x2. The residual su m of squares is now 414.1. Tablc 10. JOb gives the 
equation with all three regressors X¡, x2, and x3• The regressor .\'3 adds 82.5 to 
the rcgression su m of squares and reduces the residual sum of squares to 33 J .6 
as before.• 

• Computcr programs can rcadily supply for each added regrcss<>r the additional onhogonal (indc
pendent) sum of squares that accrues to thc regression sum of squares. 
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Table 10.11. Analysis of Variance for Regression Components 

SS df MS F Probabi lity 

{DuelO XJ 191.8} 
3 {¡} { 191.8 } { 9.26 0.008 

Rcgrcssion 393.9 Extra duc m .\'2 119.6 131.3 119.6 6.34 5.77 0.029 
Extra due to .t3 82.5 .82.5 3.98 0.063 

Residual 331.6 16 20.7 

¿cy- YJ! 725.6 19 

Table 10.12. AYerage Variance of j for Various 1\lodels 

Yl = ho +b1xJ Y2 = bo + b¡.t¡ + b2x2 5'3 = bo + b¡ X¡ + b2X2 + b3x3 

SS X¡ 191.8 SS X2.1 119.6 SS XJ.21 82.5 
L(Y- )·¡)2 533.7 

1 

í:<Y- .Yz>1 414.1 ¿(y- Y3P 331.6 
df 18 df 17 df 16 
MS 29.7 MS 24.4 MS 20.7 
pjn 2/20 p/n 3/20 pjn 4/20 
V(.v¡) = pu2/n 2.97 vcrz> = pu 2/n 3.66 l' (v3) = pa 21 n 4.15 .. 

1.72 " 1.91 
A 

2.04 u.l-1 a.h a.h 

Table 10.11 provides a convenient arrangement for considering the queslion 
about the need for x2 and X3. The regression sums of squares for x1 alone, extra 
due to x2, and extra. due to X3 are all distributed índependently. The ANOVA 
table using the residual mean square 20.7 with 16 degrees of freedom and the 
5% level ofF as a convenient reference point tells you therefore that xz provides 
significant additional information to lhat supplied by X¡ but XJ does not. 

Statistical significance does not imply necessarily that you shou]d include x2 

in a predictive model. The objective is to make an estimate y of the hardness of 
a specimen of mineral ore with a predictíon equation over the ranges of values 
of X¡. x2, X3, and y covered by the ex.periment. To answer the question whether 
you need x2 and X3 once you have x1, a criterion to consider, as discussed 
earlier, is the average valu.e of the variance of the ri = 20 prediclions ji, that is, 
pa2/n. where p is the number of regressors. Table 10.12 shows the values of 
Vy = pa 2/n for the various fitted models. On this argument, since the average 
variance increases with x2 and x3 , nothing is gained by using more than the 
single regressor x 1• 

Exercise 10.4. Repeat the ANO VA in Table 10.1 1 using the regressor sequence 
x 1 fo.llowed by XJ followed by x2. 

Orthogonali7..ation 

The independence of the extra sums of squares is tbe resull ofwhat may be called 
orthogonalization. For example, to determine that part of the vector x2 that is 
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Table 10.13. Orthogonalized x's 

X¡ X2 XJ X¡ X2.1 .tJ.:!t y 

1 Lll 0.53 0.29 1.11 -0.22 0.04 27.6 

2 0.11 0.33 -0.51 0.1 1 0.25 -0.56 14.8 

3 -0.79 -0.48 -0.21 -0.79 0.05 -0.02 17.1 

4 -1.39 -0.78 -0.51 -1.39 0.16 -0.19 13.9 

5 -1.59 -0.58 -0.21 -1.59 0.49 0.13 20.0 

6 -1.09 -1.68 -Lll -1.09 -0.94 -0.76 26.6 
7 -2.19 -1.08 0.29 -1.19 0.39 0.78 20.3 
8 0.81 0.63 0.19 0.81 0.08 -0.01 19.7 
9 -0.49 -0.68 -0.11 -0.49 -0.35 0.04 25.7 

10 0.61 0.03 0.29 0.61 -0.38 0.18 23.2 
11 2.01 2.03 -0.51 2.01 0.68 -1.05 25.8 
12 1.91 1.33 1.09 1.91 0.04 0.63 33.6 

l3 1.01 1.23 -0.21 l.Ol 0.55 -0.50 24.2 
14 1.01 0.23 0.79 1.01 -0.45 0.59 28.6 
15 0.41 0.33 0.29 0.41 0.05 0.19 29.3 
16 -0.59 0.03 1.09 -0.59 0.42 1.19 26.0 
l7 -0.49 -0.38 -0.81 -0.49 -0.05 -0.69 18.0 
18 1.21 0.23 0.69 1.21. -0.59 0.45 39.2 
19 0.61 0.43 0.29 0.61 0.02 0.14 25.9 
20 -2.19 1.68 -1.11 -2.19 -0.21 -0.56 25.3 

orthogonal to XJ, you regress x2 on x.1 to get b = _L(.r 1x2/ Lxr>· Then x2 

can be represented by two orthogonal components x2.t (read as x2 given x 1) and 
bx1, where the residual component x:u = x2 - bx1 is mthogonal to x1• [Note that 
E<x2- bxt)XJ = _L.tzxt- b Ex1 2 =O since b _Lx1

2 = [_L(x¡).\'2/L.t¡ 2
] 

L x¡2 == L X¡X2~l In a similar way you can regress X3 on X1 and X2 to get 
the residual component x3.21 = x3 - c,x, -c2x2.J· The vector X3.21 (read as x3 

given x2 and x1) then represents the part of x_1 which is orthogonal- to (inde
pendent ot) both x, and x2. Table 10.13 displays the orthogonal vectors X ~o x2.1, 

and x3.21· In terms of the orthogonalized regressors X¡, x 2.1, and x 3.21 the least 
squares equation is 

y= 24.2 + 2.5XJ - 6.lX2J + 3.7XJ.21 

This equation produces the same estimates 5~ as that given earlier in Table 10.1 Oh. 
but since Xt, x2.1t and x3.i1 are now orthogonalt the coefficients are differcnt. 
Notice that when regressors are orthogonal their coefficients may be calculated 
individually (as if the other X

1

S were not present) Thus, for example, b2.1 = 
L.t2.LY/L:xi. 1 = -19.67/3.23 = -6.1. 

Allowing for Block Effects and Concomitant Factors 

The extra sum of squares principie can be usefuJ in other contexts. 
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The importance of blocking was emphasized earlier in this book. However~ 
thcre the experimental designs used blocking factors orthogonal to the other 
factors. This produced considerable simplification since block factor sums of 
squares were then distributed indepcndently of the other factor sums of squares. 
To illustrate how allowance can be made for blocks in the more general case, 
suppose in the example of the hardncss of 20 samples of ore that the analyses 
had been carried out in three different laboratories. The first eight detenninations 
were made in laboratory 1, the next five in laboratory 2, and the Iast se ven in 
laboratory 3. Suppose now you ask the same question as before after allowing for 
possible block effects (differences between laboratories): Are x2 and x 3 supplying 
additional infonnation not provided by x1? 

You can répresent the blocks by dummy variables as shown in Table 1 0.14. 
The modd for the predicted values is .v = CtZI + c2z2 + c3Z3 + b1x1 + bp:2 + 
b3x3• Reading across rows in Table J 0.14 yo u will see that the coefficient c1 
is lhe estimated mean and c2 and c3 are the amounts by which laboratories 
2 and 3 differ from laboratory l. Thus fitting thc n1odcl first for z1 and then 
for z2• z3 you will obtain first the sum of squares due to the mean and then 
the extra sums of squares due to blocks. If you now flt the model with z1, z2• 

z3 and x 1• yo u can get the extra su m of squares for x 1 allowing for block
ing. After fitting with z¡, Z:h Z3, Xt. x2 you can get the extra sum of squares 

Table 10.14. Hardness Data from Tbree Diffcrent Laboratorics 

Sample 
Number Zt Z2 Z3 .Tr X.2 .\"3 >' y-y 

1 1 o o 10.2 3.5 16.0 27.6 7.60 

2 1 o o 9" ·- 3.3 15.2 14.8 -5.20 

3 1 o o 8.3 2.5 15.5 17.1 -2.90 
4 1 o o 7.7 2.2 15.2 13.9 -6.10 
5 1 o o 7.5 2.4 15.5 20.0 0.00 

6 1 o o 8.0 1.3 14.6 26.6 6.60 

7 1 o o 6.9 1.9 1.6.0 20.3 0.30 

8 1 o o 9.9 3.6 15.9 19.7 -0.30 

9 1 1 o 8.6 2.3 15.6 25.7 -0.80 

10 1 1 o 9.7 3.0 16.0 23.2 -3.30 

1 l 1 1 o 11.1 5.0 15.2 25.8 -0.70 

12 1 1 o ll.O 4.3 16.8 33.6 7.10 

13 1 l o 10.1 4.2 15.5 24.2 -2.30 

14 1 o 1 10.1 3.2 16.5 28.6 1.13 

15 1 o l 9.5 3.3 16.0 29.3 1.83 

16 J o 1 8.5 3.0 16.8 26.0 -1.47 

17 1 o 1 8.6 2.6 14.9 18.0 -9.47 

18 ] o 1 10.3 3.2 16.4 39.2 11.73 

19 1 o 1 9.7 3.4 16.0 25.9 -1.57 

20 J o 1 6.9 1.3 14.6 25.3 -2.17 
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for x2• Finally by fitting the entire model with Z¡, Z2. Z3. Xt, x2 and x3 you can 
get. the contribution of x3 clear of block effects and al so the residual su m of 
squares. 
Similar to that in Table 10.11 the ANO VA is now as follows: 

Analysis of Variance for Regression Components Adjusted for Blocks 

SS df MS F Probability 

Blocks Extra due to Z2. ZJ 242.4 2 121.2 6.74 0.009 

{Extra due to x1 } r6.8
1 
1 r·B l r-82 1 

0.045 
Regression Extra due to x., 87.7 1 77.1 87.7 4.28 4.87 0.044 

Extra duc lo X3 56.8 1 56.8 3.16 0.097 
. . 

Residual 251.7 14 17.98 

E (y- )i)2 725.6 19 

Corresponding to table 10.12, we get Table 10.15. 
To <mswer the question whether you nced Xz and X3 lo estímate .Y. once you 

have Xt, after allowing for blocks, Y<?U use results in Table 10.15b. Making the 
same calculations as befare, you see that for this data nothing is gained by using 
the additional variable x2 and XJ. 

The Geometry of the Extra Sum of Squares Principie 

Suppose there were just n = 3 observations and you contemplated two linear 
models, one with only x0 and the other involving both x0 and xr. In Figure 10.11 
Lhe observations are presented by the vector y and the variables x0 and .t1 by the 
vectors Xo and x1• For the fitted least squares model 

Table 10.15. Average Variance of j for Various 1\lodels 

YJ == bo + b1x1 Y2 = bo + b¡X¡ + b2x2 .V3 = bo + btXl + b1x2 + b3.X3 
Adjusted for Blocks Adjusted for Blocks Adjusted for Blocks 

SS XJ 86.78 SS X2,1 87.74 SS XJ.21 56.85 
L(V- )'¡)2 396.33 I:<Y- Yz)2 1 

L(Y- .V3)2 308.59 251.74 
df 16 df 15 df 14 
Ms 24.7 MS 20.6 MS 18.0 
pln 4/20 pln 5/20 p/n 6/20 
"?<.Y.>= pa 2fn 4.95 VCy2) = pa 2¡n 5.14 VtrJ) = pá2/n 5.39 
rr_y, 4.98 

A 

4.53 
A 4.24 U\ .. Uyl .. 
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y 

Y-Yot 

Figure 1 0.11. GcomeU)·: exlrJ sum of squares principie. 

containing Xo only, a perpendicular y- S·o is droppcd onto the line of the x0 axis. 
The intersection is .5.4 units along the x0 axis. Thus 

Yo= 5.4xo 

is the model of best fit. Now denote the squared length of the vector y0 by S0• 

For thc fitted least squares model containing both x0 and x1 a perpendicutar 
y- Y01 is dropped onto the plane generated by the vectors x0 and x 1• This 
·intersects the planc at the point (1.2, 3.4) that is 1.2 uníts along the x0 axis and 
3.4 units along the x1 axis. Thus 

S'm = 1.2Xo + 3.4x1 

is the model of best fit. Now denote the squarcd length of the vector Yol by Sot· 
The extra sum of squares is the squared length of the vector Yo1 -Yo and by 
the theorem of Pythagoras is Sol - So. Since S·o¡ - s·o is órthogonal to YO· The 
ANOVA can then be written in terms of the two additive components So and So1 
and on NIID assumptions they are indcpcndently distributed. 

Othcr Applications 

The same device may be employed to eliminate effects of any other regressors 
(concomitant variables). For example, suppose you wished to eliminate possi
ble etTects due to weather conditions. The anaJysis could be uscd with Z¡, the 
barometric pressure; z1, the temperature; and so on. Similarly~ if you believed 
there might be a linear trend to your experimenL~, you could use ú1e sequence 
1, 2, 3, ... as the concomitant variable. 

Do Not Introduce Concomitant Variables Hcedlcssly 

Remember when the liD assumptions are true, the average variance of the pre
dictions y is pa 2 jn; tilerefore eaclz time you add a ne1-v 1·egressor the value of P 
increases and so does the average variance of the j's. 
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Orthogonal Polynomials 

Sometimes you need to fit a polynomial y = box0 + b1x + b 11 x2 + b11 ¡x3 + ... 
(where x0 = 1) in which y has been observed at a number of Ievels of x and 
you have to answer the question uwhat is the appropriate degree of the fitted 
polynomial?" Least squares can of course be applied in the usual way, but the 
question can be answered more directly. Instead of employing the regressors x0

, 

xl, x2, x3, orthogonal functions x0~ xL0, x 2·10, x~·210 are used where the x's 
are successively orthogonalized in the manner described in the previous section. 
\Vhen the levels of x are equidistant. the problem can be further simplified by 
working with orthogonal components already available, for example, in the Fisher 
and Yates tables (Table XX lll). The idea may be illustrated by an exa.mple. 

Suppose the expansion of a workpiece has been determined at three equally 
spaced levets of temperature. A sample of 12 items all believed to be of the 
same Iengtb have been randomly allocated in groups of four and their lengths 
measured at 100°C, 150°C, and 200°C with the results shown in Table 10.16 (the 
measurements are in millimeters). A linear effect of temperature is anticipated, 
but is there any evidence of curvature? If we code the three levels of temperature 
as x = 1, 2, 3, the necessary data and calculations are shown in Table 1 0.16a; 
Lhe ANOVA is shown in Table IO.l6b. Over the range of temperature studied, 
no significant curvature effect is found. · 

Tablc 10.16a. Example of the Application of Orthogonal Polynomials: Equally 
Spaced Data 

100°C (1) 150°C (2) 200°C (3) 

6.213 7.541 7.794 
6.724 7.372 7.013 
7.086 7.075 7.189 
6.649 6.923 7.889 

6.668 7.228 7.889 Average, y 
Variance, s2 0.1284 0.0784 0.1894 Pooled .f2 = 0.1321. v = 9 

Model to be fitted: y= hox1 + bLx2.1 + boXJ.lt 

Original Vectors Ortbogonal Vectors 

xo ') 

Mean Linear Quadmtic X x-
Temperature (°C) [X¡ X2 XJ} X¡ X2 .. 1 XJ.21 v 

lOO J 1 1 1 -1 1 6.692 
150 1 2 4 1 o -2 7.295 
200 1 3 9 1 1 1 7.436 

L:xy=21.367 0.803 -0.317 

b="'Lxyj}:x2 = 7.122 0.402 -0.053 
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Table 10.16b. ANO VA for Three Levels of Temperature 

ss=bE.(v 
bo= 152.1~29 
bt. = 0.3224 
bQ= 0.0167 

Error SS=· 

Total SS= 

b2::ry 
608.7316 

J .2896 
0.0670 
1.1892 

611.2774 

df 
1 
1 
1 
9 

12 

Using Least Sc¡uares to Analyze Designcd Expcriments 

MS 

1.2896 
0.0670 
0.1321 

F 

9.8 
0.5 

The estimates of the main effects and interactions discussed earlier for factorials 
and fractional factorials are all least squares estimates. For example, suppose 
you were studying two factors A and 8 each at two levels in a 22 factorial 
design. If you fitted the model .v = boxo + b¡x¡ + b2x2 where Xo is the indicator 
variable for the constant tcrm b0 and .t 1 and x2 are the usual coded factors, you 
would have 

X o Xt X2 

1 -1 -1 
1 1 -1 
1 -1 1 
1 1 1 

Since the regressors are mutually orthogonal the sum of all the cross-product 
terms between the x's are zero, and the normal equations reduce to 

Lx5ho+0+0= Lyxo 

O+ Lxib1 +0 = LYXt 
0+0+ Lx~b2= LYx2 

Thus the coejficients of the tltted model y = bo:~:o + b1x1 + b2x2 are 

LYXt> LY -
bo = '"" .2 ·= -4- =Y 

L., Xo 

L JX[ L )'X¡ 1 
b = = =-A 

I l:xf 4 2 

LY·\'2 L .vxz 1 
b2= = =-B í:xi 4 2 
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where A and B are the estimated effects <Y+ - y_) as they were calculated 
earlier in Chapter 5. The multiple of 112 comes about because, for example, 
the effect A represents the change in y when XJ changes from -1 to +1. that 
is, over two units. The coefficíent b¡, however, measures the. change in y as 
Xt changes by one unit. A similar argument applies to interactions. In general. 
the Ieast squares coefficienrs for the two-Ievel orthogonal designs are always 
one-half the corresponding effecrs. Thus b = 1/2(y+- y_), where Y+- y_ is 
the contrast associated with the main effect or intcraction. Correspondingly, the 
standard error of the coefficient b1 calculated by the regression program would 
be half that of the A effect. 

You can, of course, use a "dummyn model that is not intended to approximate 
any physical reality but that simply includes terms you want to estimate. For 
example, jf you were analyzing a 23 factorial, you could obtain the estimates of 
all the main effects and two factor interactions by fitting the model 

As an approximating polynomial this fitted model is incomplete since quadratic 
terms buXf, b22xi, b33xj of the same order as the interaction terms are absent. 
and since you only have two levels for each factor, you cannot estímate them. 
Nevertheless, the 2l factorial is a good way-station that allows you to see whether 
you should perhaps simplify the model or elaborate it. 

Analysis of Automobile Emissions Data 

The following example uses ieast squares to analyze a 32 factorial used to study 
the emissions from a new automobile engine design. The three coded levels ( -1, 
O, + 1)' for X¡ and x2 represent three equispaced levels of added ethanol and 
air-fuel ratio, respectively. The response y was carbon monoxide concentration 
in mkrograms/per cubic meter. The data are gi ven in Table 10.17. A plot of the 
data displayed considerable nonplanarity and the model 

Y= Po+ {J¡x¡ + P2x2 + f311xf + fJ22xi + fJ12XJX2 +e 

in factors X¡ and x2 was employed. The fitted model and corresponding ANOVA 
are as follows: 

y= 78.6 + 4.4x¡ - 6.9x2- 4.6x¡- 4.1xi - 9. Lr1x2 

SS df MS 

Regression { First-otder tcrms 
1604 7 

· Second-order terms 
795.9} 
808.8 ~{i} 320 9 { 398.0 } 

. 269.6 Fs.12 = 50.1 

Residual 16.5 { Lack of fit 
Error 

31.7} 
44.8 12 { ~} 6.4 { ~~í} FJ.9 = 2.1 

Total 1681.2 17 
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Table 10.17. A 32 .Factorial Design Repeatcd, All 
Eighteen Runs in Random Order 

Xt 

o 
+ 

o 
+ 

o 
+ 

Observatious 

o. 
o 
o 
+ 
+ 
+ 

y 

61.9 
80.9 
89.7 
72.1 
80.1 
77.8 
66.4 
68.9 
60.2 

65.6 
78.0 
93.8 
67.3 
81.4 
74.8 
68.2 
66.0 
57.9 

There was no detectable lack of fit and over the studied ranges of x1 and x2 
and the fined model was effective in predicting the CO concentration in terms 
of addcd ethanol and air-fuel ratio. The implications of this model are studied 
further in Chapter 11. 

Advantages of Taking the Least Squares Route for the Analysis 
of Experimental Data 

l. The experimental arrangernents you may use may not be orthogonal 
designs. 

2. Sornetimes it is difficult to run the required conditions exactly. For instance, 
the design may require a run at temperature 60"C and time 2 hours. but 
because of experimental difficulties. the ncarest yóu were able to get is 
temperature 63°C and time 2 l/2 hours. Using least squares. you can esti
mate the parameters from the actual levels you ran rather than those you 
intended to run. 

3. E ven simple two-level factorial designs are often botched: You discover, for 
example, that run 7 that should ha ve been made at the ( + + - +-) levels 
was actually made at the ( + - - + +) level. lt will often still be possible 
to estimate the effects you need, although the botched experimental design 
will give estimates with somewhatlarger variances (though often not much 
larger). In any case, least squares gives you the appropriate estimates and 
tells you what their variances are. 

4. You can use Ieast squares for estimaÚng tlie parameters in more sophistf
cated modcls, whcre the designs do not nccessarily follow a simple pattern. 

5. When you add additional runs. you can readily combine the new data with 
that from the initiating design. 
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6. Some runs may be missing or there may be certain runs that are almost 
. certainly bad values. Using least squares you can readily check (run an 
analysis with and without the suspect values) the inftuer1ce of bad values. 
Also you can estimate the missing values. 

In every case you wil.1 get a correct analysis by employing valid runs as they 
were performed and using a least squares computer program. 

10.3. THE ORIGINS OF EXPERIMENTAL DESIGN 

This book is primarily about experimental design-choosing the values of the 
Ievels of the factors (the x's) and conducting the cxperiment so as to produce 
required information with the least amount of effort. It is interesting to consider 
how experimental design came to be invented. 

At the beginning of the last century the agriculturalists at Rothamsted Agri
cullural Experiment Station had records extending over decades for crop yields 
from extensive plots of land each of which had been treated every year with 
the same particular fertilizer. Thcy also had records of rainfall, temperature, and 
so on, for the same periods. In 1918 the director of the staüon brought in R. 
A. Fisher (originally as a temporary employee) to see whether he could extract 
additional information from these records by statistical methods. Thus Fisher had 
to deal with happenstance data and he attempted their analysis by fitting various 
models by least squares (regression analysis). In spite of many original develop
ments"' which he introduced a long the way, he became aware that sorne critical 
questions could not be answered from such data, however ingenious the analysis. 
With the encouragement of W. S. Gosset he invented the design of experiments 
specifically to overcome the difficulties encountered when attempting to draw 
conclusions from such happenstance data. 

Analyzing Happenstance Data by Least Squares 

All this work predated experimental design, so let us look at some of the dif
ficulties Fisher found (and so will you) in analyz.ing unplanned "happcnstance" 
?ata. In industry happenstance data often take the form of hourly or daily read
mgs on various process variables, as illustrated in Table 10.18. The computer is 
a wonderful device for compiling such data arrays-for storing one's ·'autumn 
leaves" -although it may not tell you what to do wilh them. Table 10.18 shows 
the first six rows of such a data array. Here there are four separately recorded 
factors and only one response. In practice, there could be a much larger number 
of factors and responses and observations. 

• Devclopments such as thc distribution of the muhiple corrclatiun coefficicnt leading dircclly to 
the distribution of t and F. the examination of residuals, the use of distributcd ·lag models, and Lhe 
analysis of variance. (See Fbher, R.A.. Srudics in crop variution. 1921, 1923.) 
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Table 10.18. Sorne Typical Happenstance Data 

(Input) Factor Levels (Output) Response 

Temperature, Prcssurc, Concentmtion, Air Flow, Plant 
T (°C) P (psi) e(%) F ( 105 m3 / m in) Yield, y 

159 173 82.1 10.3 86.2 
161 180 89.5 10.4 84.7 
160 178 87.9 10.3 85.9 
162 181. 83.4 10.3 85.3 
166 179 85.4 )0.2 84.5 
164 181 85.3 J0.3 85.4 

In such regression applications the input factor levels (the regressors) are 
often called the "independent variables" and the output responses the "dependent 
variables." The word indepemfem has other important connotations and it is 
best not to use this confusing nomenclature. As with designed experiments it is 
usually most convenient to code the data; for example, you may prefer to arialyze 
x1 = (T- T)Jsr, where sr is sorne suitable scale factor. In particular, this will 
lead lo Iess trouble with rounding errors and simplify calculations. Often, without 
much thought, happenstance data are fitted using the linear regression model 

ln favor of such a model it is sometimes argued that. over the comparatively 
small changcs of the factors x1, x2, ••• that typically occur, the model should be 
approximately linear in the x's. 

1f happenstance data are real/y all you can get, such analyses may be bet
ter than nothing. But they can be downright misleading, as is reflected by the 
acronym PARC (practica] accumulated records computations) and its inverse. \Ve 
consider so me of the reasons for this below. 

l. ltzconsisteflt Data.. lt is quite rare that a long record of data is consistent 
and comparable. For example, for data from an industrial process, standards are 
often modifled ovcr time, instruments change, calibrations drift, operators come 
and go. changes occur in raw materials, and processes age and in some cases are 
affccted by weather. We can try to .take sorne of these effects into account by 
using dummy variables, blocking, and so on, but much that ís relevant is usuaiiY 
unknown and not recorded. 

2, Rcm~e of Factors Limited by Control. Figure 10.12 shows a plot of yield 
against temperature as it might appear if temperaturc were freely varied. Suppose, 

1 
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Figure 10.12. Plot of yield versus tcmpcraturc whcrc pcrmissible rangc of variation in terupcraturc 
is restricted. · 

however, that during normal operation temperature was controUed to say 160 ± 
2°C. Over this more limited range (open dots) it could well be that no relationship 
was apparent, either visuaiJy or statistically. The variance of the slope of a fitted 
line to such restricted data can be many times what it would have been for 
unrestricted data. lf you fit a regression equation to the available restricted data 
and tell the process engineer that temperature has no (statistically) signifkant 
effect on yield, you may well be Iaughed to scorn and told, .. But of course it has 
an effect, that's why we control temperature so carefully." (Here, of course, the 
engineer misunderstands the meaning of "statistically significant".) 

3. Semiconfounding of Effects. Processes often operate so that a particular 
change in one input variable is usually (sometimes invariably) accompanied 
by a change in another. Such dependence may be produced by. for example. 
~ automatic controller or operating policy. Suppose that a process operator·s 
rnstructions are that whenever lhe temperature increases by 1"' he must increase 
the fiow rate by one-tenth of a unit. This will produce a highly unsatisfactory 
design in temperature and flow rate, such as that in Figure .10.13a. At the five 
dif'ferent conditions shown there is a marked increase in yield as temperature 
~nd flow are increased. But assuming sorne kind of casual relationship, is the 
Increase produccd by higher temperature, by faster flow rate. or by both? Com
mon sense rightly says that the question may be impossible to answer. So does 
statistics. 
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The quantities in parentheses below the coefficients are the standard errors. Look
ing at these you might at first conclude that there was no relationship betweGn 
y and x1 and x2. The reason this happens can be understood by looking at the 
fitted plane shown in Figure 10.13b. Now look at the 95% confidence limits and 
regions for the estimated coefficients in Figure 10.13c. Notice first that the point 
(f3t == O, fh = O) shown by a circle with cross falls outside the joint region rep
resented by the diagonally placed ellipse. The hypothesis that neither factor is 
related to yield is obviously not acceptable. However, as the standard errors for 
the cocfficients in the fitted model suggest~ both rrwrginal confidence intervals 
cover zero. That is, the data can be readily explained by either a plane with zero 
slope in the x1 direction or a differenl plane with zero slope in the x2 direction. 

This state of affairs arises because the factor levCis x1 and x2 are almost Iinearly 
related. The fitted plane in Figure 10.13b sits unstably on the obliquely situated 
points provided by the '"design·~ and has therefore a great tendency to wobble. A 
whole range of planes in which increase in the slope b1 is compensated for by a 
corresponding decrease in slope b2 would fit the data almost equally well. Thus 
highly correlated estimates for b1 and b2 are produced with correspondingly large 
standard errors. These standard errors would be infinite if X¡ and Xz were exactly 
linearly dependent, that is. if the design points la y exactly along astraight line. In 
that case the estimates b1 and b2 would be perfectly confounded and you could 
estímate only sorne linear combination k1f31 + k2fJ2 of the two coefficients. 

Think how much better off you ~ould be if you had a "four-legged table'' 
on which to balance the plane as provided by a 22 factorial design. For such an 
arrangement small errors in the length of the "legs'' would have mínimum effect 
on the stability of the tabletop. The unstable tendency of the prcsent design 
is reflected in the oblique contours of the sum of squares surface shown in 
Figure I 0.13c. Notice that. although neither b1 nor b2 is significantly different 
from zero when both temperature and flow rate are included in the regression 
equation, when only one is included, it appears to have a highly signilkant 
effect. The reason for this corresponds to fitting a straight line representing y 
versus XJ alone or altematively a line representing y versus x2 alone. Fitting 
Y== f3o + /JtXt +e to the data gives 0.21 ± 0.02 for the 95% confidence limits 
for fJ¡ and fitting y= /Jo+ fJ2x2 +e gives 1.94 ± 0.22 for the /32 interval. In 
Figure 10.13c these are called conditiona/ intervals because omission of one of 
the factors is equivalent to the assumption that its effect is exactly zero. On this 
assumption the effect of the other factor is then precisely estimated. 

In summary. it will be impossible to identify the separate contributions of x1 

~d x2 if the data points in the (X~t x2) plane form a highly correlated pattem, 
Ylelding a poor experimental design. 

4. Nonserzse Correlation-Beware the Lurking Variable. Inevitably you can
not observe all the variable factors that affect a process. You tacitly admit this 
~act as soon as you write a model containing the error tenn e. The error tenn 
ts a catchall for all the other "lurking" variables that affect the process but are 
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not observed or even known to exist. A serious difficulty with happenstance data 
is that. whcn you establish a significant correlation between y and factor x 1 
this does not provide evidence that these two variables are necessarily causal!~ 
related. (The storks and population example of Figure 1.4 il.lustrates the diffl
culty.) In particular, such a correlation can occur if a change in a "lurking'' 
factor X2 produces a change in both )' and Xt. 

Impurity, Frothing, and Yield 

For illustration consider the hypothetical reactor data in Figure 10.14a relating 
yield y and pressure x,. The 95% confidence interval for the slope of the regres
sion line in Figure 10.14a is -1.05±0.17, so thereis little question asto its 
statistical significance. However. the cause (unknown to the investigator) might 
be as follows: 

1. There exists an unknown impurity x2 (a lurking variable) which varies from 
one batch of raw material to another. 

2. High levels of the impurity cause low yield. 

3. High levels of impurity also cause ji·othing. 

4. The standard op.erating procedure is to reduce frothing by increasing the 
reactor pressure. 

5. Over the relevant range. pressurc does influence frothing but has no influ
ence on yield. 

6. Only yield and prcssure are recordcd. 

First look at Figure 10.14a. where the recorded yield and pressure data are 
plotted anda straight line is fltted to the data. Nextlook a Figure 10.14b, where 
the true relationships are shown schcmatically. The actual but unknown casual 
rclationship between yicld y and the level of the unsuspected impurity x2 (the 
lurking variable) is shown in Figure 10.14c. But increases in x2 also cause 
increased frothing and management requires the process operator to increase 
pressure to reduce frothing. Figure 1 0.14c(i) represents the real functional depen
dence of yield on both pressure x 1, pressure, and x2 impurity where the plane 
has no slope in the X~t direction (pressure)-changing pressure with a fixed level 
of impurity does not change yield. Management operating policy thus produces 
the nonsense corre1ation between y and X¡ sh0\\11 in Figure 10.14a. 

Correlations of this kind are sometimes called nonsense correlations because 
they do not imply direct causation. Just as shooting storks will not reduce the 
birth rate, dccreasing pressure in the present example will not increase yield. The 
happenstance data that provided the relationship shown in Figure 10.14a are seen 
as gossip begging for an explanation. 

5. Two Ways to Use Regression Equations. It is important to understand what 
can be and cannot be done with regression relationships. 

1 
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Figure 10.14. Gcneration of a nonscnse COITelation: (i'J) fiuc<,iline; (b) causal links; (e) actual yicld 
depcndcnce. 

Use for Prcdiction 

Even though there is no casual relationship .in the above example between yield 
and pressure .tr, ifthe system conrinues to be opera red inthe samefashion as ·when 
ilze clara ,vere recorded~ then the regression equation can still be used to predict 
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the yield )' from the pressure x1• It would be true that, for example, on days 
when high pressure was recorded the yield would tcnd to be low. However, y 
could not be changed by changing x 1• To manipulate a factor x so asto influence 
a response y, one needs a casual relationship. The monthly sales x of fue] oil in 
Madi son. Wisconsin, is a good predictor of the monthly temperature y during the 
winter months, but experience has shown that it is not possible to induce warm 
weather by canceling the order for oil. 

With the introduction of various types of "best subsef' regrcssion programs for 
the analysis of happenstance data, it remains important to keep a clear head about 
the difference between correlation and causation. Suppose there are q regressors 
in all and p < q in the subset used for prediction. Then, as has already been 
discussed, the average variance of the predicted value y taken over the n points 
of the design will always equal pC1 2/ n. So far as prediction using happenstance 
data is concerned, the questions are hWhat should be the size p of the subset.?" 
and "Whích regres~ors should be included to provide a prediction that is most 
closely connected with the outcome y?" 

But for a well-dcsigned experiment the question is "Do changes in x cause 
changes in y?" You hope to answer the critical question "What does what to 
what?" The ideas of prediction and of seeking cause relationships must be clearly 
separated. For example, the most important factor for prediction (e.g., pressure 
in the last example) rnay not be importan~ or even be present, in a causal model. 

Nced for Intervention 

To safely infer causality, the experimenter cannot rely on natural happenings to 
choose the design. She must intervene, choose the factors, design the experiment 
for herself, and, in particular, introduce randomization to break the links with 
possible lurk.ing factors. 

To find out what happens when you change sometlzing, it is necessary to 
clzange it. 

Autocorrelated Errors 

Estimation with the method of least squares and the calculation of associated 
conlldcnce limits is appropriate if the assumed NJID model for the errors e is 
adequate. The most important element of the NIID assumption is not the ~ 
(nonnality) part but the 11 part. That is. the errors are identica/ly distributed (tn 
particular have constant variance*) and are independenrly distributed. For sets 
of data that occur as a sequence in time it should be expected that the errors 
will be dependent, not indepcndcnt. 'f\.1ost often successive errors are poshively 

• An important way jn which thcy may not be identicaJly distributcd is that thcy have diffcrent 
yariances. lf these are knowfl (or can be estimatcd), Gauss providcd thc necessary extensions W the 
thcory with what is now callcd "weighted .. least squares discussed in Appendix. 10.0 . . 
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autocorrelated-when the error e, is high. the. error er+l also tends to be high: 
although very occasionally, as was the case with the industrial data discussed 
in Chapter 3, successive errors are negatively correlated. In a designed experi
ment randomization breaks these links. But without it, when such dependencies 
occur, the use of ordinary least squares is inappropriate ánd can be disastrous. In 
particular, the estimates of the standard errors of the regression coefficients can 
be wrong by an order of magnitude. For example (Coen, Gomme and Kendall, 
1969), in an study of a possible relationship between current stock prices and 
Jagged data on car sales X¡ anda consumer price index x2. ordinary least squares 
produced an apparent relationship in which the regression coefficients were more 
than eight times their standard en-ors and hence tremendously significant. On the 
basis of this regression equation it was argued that current car sales and values 
of the consumer index could foretell stock prices. However, from a subsequent 
study of the data in which the model allowcd for dependence bet\veen the errors 
(see Box and Newbold~ 1971) it was clear that no such relationship existed. 

Notice also that the detectability of departures from assumptions and sensitivity 
to these assumptions are unrelated concepts. Thus, autocorrelation between errors 
of a magnitude not. easily detectable can seriously invalidate least squares calcu
lations. Conve.rsely, large and detectable departures from distributional nonnality 
may have little effect on tests to compare rneans. (See, e.g., Table 3A.2). 

Dynamic Relationships 

Another problem that arises in the analysis of serially collected data concems 
the proper treatment of dynamic relationships. Consider a simple example .. The 
viscosity of a product is measured every 15 minutes at the outlet of a continuous 
reactor. There is just one input causative factor, temperature, which has a val u e x1 

at Lime t anda value Xr+l at time r. + l one interval Iater, and so on. lf we denote 
the corresponding values of viscosity by y1• Yr+l· .•• , Lhe usual regression model 

Yr = a + f3x, + e 

says that the viscosity y, at time 1 is related onJy to the tempcrature at that 
same time r. Now in this situation the viscoshy at time t is in fact likely to be 
dependent, notjust on thc current temperaturc, but also on thc recent past history 
of temperature. lndeed, for the output from a stjn-ed tank reactor you can justify 
the model 

Yr =a+ {3(Xr-l + 8xr-2 + 82
Xr-3 + 83

xr.-4 +···)+e 

~vhere 8 is between zero and unity. Thls is a dynamk model in which the output 
rs related via a down-weighted "exponential memory'' to recent past inputs. If 
such a model is appropriate, standard least squares (regression) can produce 
lotally misleading results. See, for example, Box, Jenkins, and Reinsel (1994), 
Who discuss such memory functions and how to deal with thcm. 
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Feedback 

Quite frequently data arise from processes where feedback control is in operation 
For example, suppose that, to maintain the level of viscosity Yt at sorne desired 
level L. the temperature x, is adjustcd every 15 minutes with thc following 
"control equation": 

x, = e + k (y, - L) 

where e and· k are constants. Turníng this equation around you will see that such 
control guarantees a linear relationship bctween y, and x, of the form 

1 
y, = L +k (x, -e) 

Thus, under feedback control this exact relationship would occur in the data 
whether or 1101 ·a change in temperature really atTected viscosity .. The regres
sion equation would reftect information about the (known) control cquation and 
nothing about the relation bctween viscosity y, and temperature x1• 

Experimental Dcsign Procedures for Avoiding Sorne of the Problcrns That 
Occur in the Analysis of Happcnstance Data 

What can be done to avoid the problems associated with happenstance data? 
Fisher's ideas for experimental design solved many of these problems: 

Problems in the Analysis 
of Happenstance Data 

lnconsistent data 
Range Iimited by control 

Semiconfounding of effect 

Nonsense correlations due to 
lurking variables 

Serially correlated errors 
Dynamic relations 

Feedback 

Experimental Design l)rocedures 
for AYoiding Such Problems 

Blocking and randornization 
Expcrimcnter makes own choice of rangcs 

for the factors 
Use of designs such as factorials that provide 

uncorrelated estimatcs 
Randomization 

Randomization 
Where only steady-state characteristics are of 

interest, it may be possible to allow 
sufficient time between experimental 
successive runs for the process to settle 
down. If not, specific dynamics must be 
incorporated into the model (Box, Jenkins, 
and Rcinsel, 1994 ). 

In sorne cases it rnay be possible to 
temporarily disconnect the feedback 
system. Otllerwise the introduction of a 
.. dither signar can makc estimation 
possible (Box and MacGregor, 1 974). 



10.4 NONLINEAR MODELS 407 

1-¡01e Series Analysis 

Many historical data records are necessarily happenstance in nature, for example, 
"arious economic time series such as unemploy.ment records. Here the use of 
experimental design (particularly randomization) is impossible, but frequently 
the investigator can cope with serial correlation by including an appropriate time 
series model for the errors which allows for estimation of the autocorrelations. 
some aspects of this topic are discussed in Chapter 14, but the general analysis 
of dynam.ic and feedback relationships is beyond the scope of this book (see, 
e.g .• Box, Jenkins, and Reinsel, 1994). 

10.4. NONLINEAR 1\IODELS 

Biochemical Oxygen Demand Example. 

All the models so far discussed in this chapter have been linear in tlze patame
rers and appropriate analysis was possible by standard least squares (regression) 
methods. The following example shows how the method of ]east squares can al so 
be used to fit mode1s that are nonlinear in the paramcters. 

Biochemical oxygen demand (BOD) is used as a measure of the pollution 
produced by domestic and industrial wastes. In this test a small portian of thc 
waste is mixed with pure water in a sealed bottle and incubated usually for 5 days 
at a fixed temperature. The reduction of the. díssolved oxygen in the water allows 
the calculation of the BOD occurring during the incubation period. The data 
given in Table 10.19 were obtained from six separate bottles tested o ver a range 
of incubation days. Physical considerations suggest that Lhe exponential model 

1] = {3¡ (1 - e-fhx) 

should describe the phenomenon. The. parameter {32 would then be the ovcrall 
rate constant and {31 would be Lhe ultimate BOD. 

Sum of Squares Surface 

As before, the problem can be understood by calculating Lhe sums of squares for 
a grid of values of {31 and {32 and plotting the contours in the (fj1, {32) plane of 

Table 10.19. Biochemical Oxygen Demand Data 

Observation BOD incubation, 
Number, u (mg!L) y x (days) 

1 109 1 
2 149 2 
3 149 3 
4 191 5 
5 213 7 
6 224 10 
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the sum of squares surface 

n 

S= L)y, _ {3¡ (1 _ e-fi2x")]2 

u=l 

as in Figure 1 0.15. The minimum of the su m of squares surface yields the 
least squares estimates bt = 213.8 and h2 = 0.5473. Substituting these values 
in· y = b1 ( 1 - e-b2.r) alJows the calculation of thc fitted least squares line shown 
in Figure 10.16. The residuals listed in Table 10.20 provide no reason to suppose 
the model is suspect. Thc sum of squares of these residuals is SR = 1168.01. In 
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f'igurc 10.15. Comour ot' the sum of "'JUarcs sur(ace with approximatc 90% confidl!ncc region: 

biochemical oxygen demand ,example. 
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Figure 10.16. Plot of data and fittcd lcast squarcs line: biochcmical oxygcn dcmand e;(ample. 

Table 10.20. Calculation of the Predicted Values Yu 
and the Residuals Y u - Yu: BOD Data 

,.. 
y,.= 

213.8( J - e-0.5471,·.) A 

ll X u y, Yu- Yu 

1 1 109 90.38 18.62 
2 2 149 142.53 6.47 
3 3 149 172.62 -23.62 
4 5 191 200.01 -9.01 
5 7 213 209.1 J 3.89 
6 JO 224 212.81 11.19 

general, a 1 - a joint confidence region for f31 and fh may be obtained approx
imately using Equation 10.8. which is appropriate for linear models: 

S= SR [1 + p Fcx.(p.n-pl] 
n-p 

where the contour S endoses the region. In this fonnula, p is the number of 
Parameters and Fa.(p,11 -p) is the upper IOOa% point of the F distribution with p 
and n - p degrees of freedom. For the BOD data the shaded area in Figure 10.15 
is an approximate 90% region for f3t and f12. In this case SR = 1168.01. p = 2~ 
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n = 6, and Fo.tó.(2.4) = 4.32, so the boundary ofthe region shown in Figure 10.15 
lies on the contour for which S = 3690.91. 

Ohviously, drawing contour diagrams such as in Figure 10.1.5 is impracticat 
for modcls wilh a number of parameters greater than 2. However. computer 
programs exist specifically to cmTy out iterative minimization calculations for 
nonlinear mode.ls in many parameters. Using these programs; you supply the 
data, the model, and inüial guesses for the parameter values. The computer then 
sels out to .search for the sum of squares mínimum. Some programs also obtain 
approximate standard errors and confidence regions which should, however, be 
treated with some reserve. 

Simplifying Calculations 

A method that can be used in other contexts of breaking these calculations 1nto 
.. bite-size" pieces is to take advantage of the fact that in this example, when f32 
is fixed, you have a simple linear model. Thus calculating the sum of squares 
graph for a series of fixed values of /h is equivalent to calculating the surface in 
Figure lO. J 4 in horizontal sections. It is often possible to simplify by splitting 
nonlinear models into linear and nonlinear.parts and to procced accordingly as 
was done in the .. ).. plots" of Chapter 8. 

APPENDIX lOA. VECTOR REPRESENTATION OF STATISTICAL 
CONCEPTS 

In this section a vector representation least squares was used. Here is a brief 
review of vectors and the corresponding coordinate geometry é.Uld their use in 
explaining statistical tests. 

Three-Dimensional Vectors and Their Geometric Representation 

l. A set o.f n = 3' numbers [y1, y2• y3] arranged in a row or column that 
might, for example, be three data values can be regarded as the elements 
of a vc-.cror in an n = 3 dimensional space. A vector may be rcpresented 
by a single letter in boldface type; thus y= [y¡, yz, YJ]. 

2. A vector has maKnitude and dir(;'ction and can be represented geometrically 
by a Iine in space pointing from the origin to the point with coordi
nates ()'t, y2, y3}. Thus, if the coordinates are labeled as in Figure IOA.l 
and you set y 1 = 3, y2 = 5, and Y3 = 4, the Iine y represents the vector 
y= [3. 5, 4]. However, a vector holds no particular position in space and 
need not originate at the origin. Any other Iinc having the same 1ength 
and pointing in the same direction represents the same vector. A vector 
multiplied by a constant has its elements multiplicd by the same constant; 
thus -2y = [ -6,-10, -8]. 

3. The /ength of a vector is the square root of the sum of squares of its 
elements~ For examplc, the length of the data vector y= [3, 5, 4] in Figure 
lOA.l is J9 + 25 + 16 = .J56 = 7.07. 
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(2) 

4 

Coordina tes 
Figure lOA.l. Geomeuic rcprcscntalion ofy, x. ami y+ x. 

4, Two vectors having the same number of dimeitliions are summed by sum
ming their corresponding elements. For exampJe, 

[y]+ [x] = [y+ x] 

The geometrical representation of this addition is shown in Figure 1 OA.I. 
The origin of the vector x is placed at the end of vector y; the vector from 
the origin of y to the end of x. signed as shown and the line completing 
the triangle, now represents y + x. 

5. The inner product (somctimes ca11ed the "dot .. product) of two vectors y 
and x is the sum of the products E }'X of their corresponding elements. 
Thus the inner product of the vectors y= [3, 5, 4} and x = [l. -2,. -3] is 
{3 x 1} + {5 x (-2)} + {4 x (-3)} = -.19. The normali::ed inner product 
E yx 1 (L y 2 L x 2)0·5 = -191 (50 x 14 )0·5 = -0.72 is the cosine of the 
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angle between the two vectors. Thus in Figure 1 OA.l the angle between 
y and x is 136° whose cosine is -0.72. Notice in particular that when 
LYX =O the cosine of the angle betwecn the two vectors is zero. and 
consequently they are at right angles. The vectors are then said to be 
"orthogonal" or "normal:' 

Extensions to n Dimensions 

Although it is not easy to imagine a space óf more than three dimensions, 
aJI the properties 1istcd above can be shown to have meaning for vectors in 
n-dimensional space. As was first demonstrated by R. A. Fisher, vector represen
tation can provide striking insights into the nature of statistical procedures such 
as the t test and the ANOVA. Again. however. demonstration must be limited to 
three dimensions. 

The t Test 

Suppose that a random sample of thrce manufactured items is measured for con
fomlance with a certain standard and the data [3. 5, 41 are recorded as deviations 
in micrometers from specifications. Can you say these are chance deviatiqns? 
To test the hypothesis that their mean t¡ equaJs zero~ we might calculate the t 
statistic 

Y - 1Jo 4 - O r,; 
to = sfv'ñ = l/~ = 4v3.= 6.9 

where s 2 = L(Y- YP/(n- 1) = 1.0. The t table with v = n- 1 = 2 degrees 
of freedom gives Pr(t > 6.9) ""0.01, which discredits the null hypothesis that 
17 = O. If the mean could equally well have deviated in either direction, the 
appropriate two-sided significance level would be Pr(ltl > 6.9)::::: 0.02. 

Altematively, the hypothesis could be tested using the ANOVA table shown 
in Table lOA. l. The significance Ievel Pr(F > 48.0):::::: 0.02 is exactly the same 
as that for the two-sided t. For when the F rJtio has a single degree of freedom 
in the numerator, t 2 = F. 

Table IOA.l. Analysis of Variance for Conformancc Data 

Sum of Degrees of Mean. 
Squares Frccdom Square 

Average Sy == i1y2 == 48 1 ~8} F == 48.0 
Residuals Sy-y = L(Y- Y)2 = 2 2 

Total S y == E y2 ==50 3 
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Specifically 

Thus 
Pr(F > 48.0) = Pr(t2 > 6.92

) = Pr(Jtl > 6.9) 

Orthogonal Vectors and Addition of Sums of Squares 

Table 10A.2 shows tl1e relevant analysis of Lhe observation vector into an average 
vector and a residual vector. Figure 1 OA.2a shows the same analysis geometri
cally. Since LY(Y -Y> = O, the vectors y and y - y are orthogonal, and as is 
indicated in the diagram, the three vectors y, y, and y - y form a right triangle. 
Now the length of the vector y, indicated by lyj, is 

and tlle length of the vector y - y is 

The algebraic identity 

S y= Sy +S-'·- "Y 

may be written as 

From Figure 10A.2a it is seen that this is merely a statement of Pythagoras' 
theorem. 

Table 1 OÁ.2. Data for lllustration 

Observation Vector - sample average vector + residual vector 

[n - [:] + [ +i] 
Sum of squares 50 - 48 + 2 

Degrees of frcedom 3 - l. + 2 
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Figure 10A.2. (a) Geomctric dccomposition of [3. 5. 4]. (b) Relation to t and the ANOVA. 

Geometry of the t Test 

Asan early examp1e of the use that Fisher made of vectors and geometry, below 
is his derivation of the distribution of thc t statístic. The expression for to can be 
written as 
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NoW (sce Fig. IOA.2a), the Iength of the vector y divided by the length of the 
vector y- y is the cotangent of the angle e (theta) that y makes with y. Thus 

to =-Jicote or in general t0 = v'n- 1 cote 

Now cot e gets larger as e gets smaller, and wc see that the quantity tu~ which 
we routinely refer to the t table, is a measure of how sma/1 the angle is between 
y and y. In general, the .smaller the angle between y and its best represcntation 
y in the model's plane or hyperplane, the more we would disbclieve the null 
hypothesis according to which y and y could lie in any direction with respect to 
each other. 

The data vector y= [3, 5, 4] strongly suggests the existence of a consistent 
nonzcro component because this vector makes an angle of only 11.5° with the 
sample average vector [4, 4, 4] on the equiangular line, that is, [coc1 (6.9/ 
Ji1 - 1) = coc1 (6.9/...fi) = 1 1.5°]. In this case the angle is small, t0 is large, 
and so the significance level is smalL 

On the other hand, an inconsistent vector like [ -6, 14, 4] would ha ve the 
same average and hence the same vector y= [4, 4, 4] but the angle beh\•ecn 
these two vectors is 63.9° 9 yielding a much smaller value for t0 and a much 
larger probability. 

Exercise lOA.l. Obtain t0 , e, and the significance Jevel for the data sets [3.9, 
4.1, 4.0] and [ -6, 14, 4]. 

Answer:. (69.3, 1.2°, < 0.0005), (0.69, 63.9°, 0.28) .. 

Significance Tests 

From the geometry of t it is seen that a test of the hypothesis that the mean 1J = ü 
against TJ > O amounts to asking what the probability is that a vector y would, 
by chance, make so small an angle as fJ with the equiangular line. · Now (see 
Fig. 10A.2b), if 1} =O and the elements of the vector y are a set of independent 
nom1ally distributed errors, the vector y has the property that its tip would be 
equally likely to lie anywhere on a sphcre drawn with its center at the origin and 
radius IYI· 

Now consider the shaded cap shown in the figure on the surface of the sphcre. 
and included in the cone obtained by rotating y about the equilatcral line, thc 
vector representing y. The required probability is evidently equal to the surface 
area of this cap, expressed as a fraction of the total surface arca of the sphere. For 
a two-sided test we must include the surface area of a second complcmentary cap 
?n the other si de of the sphere, shown ¡·n the figure~ These are the probabilities 
1n the t table. 

Exercise 10A.2. Using the data in TabJe 10A.2 for mustration. show geometri
cally the generatíon of a 95% confidence interval. 
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Analysis of Variance 

You have seen that the sums of squares of the various elements in Table 10A.l 
indicating the square.d lengths of the corresponding vectors are additive because 
the components y and y- y are orthogonal and consequently Pythagoras' theory 
applies. The degrees of freedom indicate the number of dimensions in which the 
vectors are free to move. The vector y is unconstrained and has three degrees of 
freedom; the vector y, which has elements (Y, y, Y.]. is constrained to lie on the 
equiangular Iine and has only one degree of freedorn; and the vector y - y whose 
elements must sum to zero has n- 1 = 2 degrees of freedom. The ANOVA of 
Table 1 OA.2 conveniently summarizes these facts. 

ln general, each statistical model discussed in this book determines a cenain 
line. plane, or space on which, if thei·e were no error. the data \·vould have to 
lie. For the example above. for instance, the model is y = '1 +e. Thus, were 
there no errors s the data would have to .líe on the equiangular line at sorne 
point [17, 1], rJ]. The t and F criteria measure the angle that the actual data 
vector, which is subject to error, makes with the appropriate line, plane, or space 
dictated by the módel. The corresponding tables indicate probabilities that angles 
as small or smaller could occur by chance. These probabilitics are dependent on 
the dimensions of the model and of the data through the degrees of freedom in 
the table and, of course1 on the crucial assumption that the errors are nonnal and 
independent. 

The geometry and resulting distribution theory for the general case are essen
tially an elaboration of that given above. 

APPENDIX lOB. l\1ATRIX VERSION OF LEAST SQUARES 

~1atrices provide a convenient shorthand method for writing the important equ
ations used in least squares calculations. In rnatrix notation the mode] at the n 
distinct sets of conditions can be written as 

'1 = X{J 

where 71 is the n x 1 vector of expected values for the response, X is the n x 
p matrix of independent variables (regressors}, and {J is the p x l vector of 
parameters. 

Since x1• x2, •.•• , Xp are the columns of X, the nonnal equations 

can be written succinctly as 
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where T stands for transpose (exchanging the rows and columns of the matrix to 
allow for matrix multiplication). U pon substitution of y = Xb 

or 

If we suppose that the columns of X are linearly independent, XTX has an 
inverse and 

The variance-covariance matrix for the estimates is 

If (J 2 is not known. assuming the model fonn is appropriate, we can substitute 
the estimate s 2, where s 2 =(y- y)T (y- y)j(n- p) = SR/(n- p). 

Example 

To illustrate this use of matrices, consider the problem of fitting the quadratic 
model TJ = f3o + f31x + f32x2 to the growth data in Table 10.7. The matrices 
needed are as fo11ows: 

1 10 100 73 
1 10 100 78 
1 15 225 85 
l 20 400 90 

b= [:n X= xo. x x2 1 20 400 91 
1 25 625 

,y= 
87 • 

l 25 625 86 
1 25 625 91. 
1 30 900 75 
1 35 1225 65 

XTX= [ ix 
L:x Lx

2
] [ 10 

215 5,225] 
L:x2 L:x3 = 215 5,225 138.125 

Ex2 L:x3 Ex4 5,225 138, 125 3,873, 125 

[ LY J [ s2r] XTy = L:xy = 17,530 
L:x2y 418,750 
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[

boJ [ 4.888449 -0.468434 
b¡ = -0.468434 0.04823 
b2 0.010111 -0.001088 

0.010111 ] [ 821] [ 35.66 ] 
-0.001088 17530 = 5.26 

0.00002542 418750 -0.128 

that is, bo = 35.66, b, = 5.26, and b2 = -0.128, and the fitted model is 

y= 35.66 + 5.26 x- 0.128 x 2 

APPENDIX IOC. ANALYSIS OF FACTORIALS, BOTCHED 
AND OTHER\VISE 

As already noted, the calculation of main effects and interactions for factoria1 
and fractional factorial designs in the manner discussed in Chapters 5 and 6 is 
equivalent to thc use of least squares. \Vhen the runs are not perfectly carried 
out. as in the example shown in Table 1 OC.1, analysis can still be perfonned 
using least squares. 

Suppose that the first-order model 

(lOC.l) 

is to be fitted. The in tended design is shown in Table 1 OC.l a, but the design 
actually carried out appears in Table lOC.lb. · 

The normal equations for the botched design are 

yielding 

.8.00bl) + 0.40h, + l.60b2 + 0.00b3 = 445.50 

0.40b0 + 1.36b1 - 0.16b2 - OAOb3 = 30.06 

1.60b0 - 0.16b1 + 8.82bi + OAOb3 = 123.68 

0.00b0 - 0.40b1 + 0.40b2 + 8.00b3 = 445.50 

(10C.2) 

bo. = 54.831! b¡ = 1.390, bl = 3.934. b3 = -3.685 (lOC.3) 

• Specifically, the normal equations are 

lObo+ 215b, + 5,225b2 = 821 

215b0 +5,225b1 + 138, 125~ = 17.530 

5,225bo + 138, l25b1 + 3,873,125~ = 418,750 
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Table IOC.t. Two Versions of a Factorial Dcsign 

Nmural Units Coded Units 

Numbcr Run Temperature (°C) pH Water (gm) .l'J X2 X3 Resiliency, y 

(a) As Planned 

1 100 6 30. -1 -1 -1 
2 150 6 30 +1 -1 -1 
3 100 8 30 ~t +1 -1 
4 150 8 30 +1 +1 -1 
5 100 6 60 -l -1 +1 
6 150 6 60 +1 -1 +1 
7 lOO 8 60 -1 +1 +1 
8 150 8 60 +1 +1 +1 

(b) As Executed 

1 lOO 6.3 30 -1 -0.7 -1 55.7 
2 150 65 30 +1 -0.5 -1 56.7 
3 lOO 8.3 30 -1 +1.3 -1 61.4 
4 150 7.9 30 +1 +0.9 -1 64.2 
5 110 6.1 60 -0.6 -0.9 +1 45.9 
6 150 5.9 60 +1 -1.1 +1 48.7 
7 100 8.0 . 60 -1 +1.0 +l 53.9 
8 150 8.6 60 +1 +1.6 +1 59.0 

If the factorial design had been actuaiJy carried out as planned, lhe entries in 
Equation .10C.2 would have been 

n 

n 

Lx;u =O, 
u=l 

i = 1,2,3 

Lx;uXju =O, i f. j 
11=1 

11 

I:xlu = 8 
u=l 

Thus but the diagonal tenns in the normal equations would have vanished, and 
the design would have been orthogonal. Suppose now it was assumed that the 
design in Table IOC.I a had becn executed perfectly and the same data obtained. 
In that case you would have had equations and estimates as follows: 

445.5 
bo = = 55.688; 

8 
b¡ = ll.? = 1.463 

8 
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31.5 
b2 = -8- = 3.938; 

-30.5 
bl = = -3.813 . 8 

Thesc estimates differ somewhat from those obtained previou~ly, although per
haps not so muchas you might have anticipated. 

APPENDIX lOD. UN\VEIGHTED AND \VEIGHTED LEAST SQUARES 

The ordinary method of least squares produces paramcter estimatcs having small
est variance* if the supposedly independent observations have equal variance. In 
sorne instances, however, the variances may not be cqual but may differ in 
sorne known manner. Suppose that the observation y¡, Y2, .•. , Yn have variances 

2¡ "¡ '! .,. . b a WJ, a'" w1, ••• , a- Wn, where a- ts unknown ut the constants w 1, w2 •••• , 

Wn lhat detennine the relative predsion of the observations are known. These 
constants W¡; wz, .... , Wn are then called the ~·.;eiglus of the observations. They 
are proportional to the reciprocals of the variances of the observations. t If 
the observations are distributed independently, Gauss showed that the proce
dure yielding estimates with smallest variance is not ordinary least squares but 
weighted /east squares. 

Assume lJu = rJ(fJ, x) is the mean (expected) value of the response at the 
uth set of experimental conditions. The weightcd least squares estimates are 
obtained by minimizing the weighted sum of squares of discrepancies between 
the observations observed Y u and the predicted values 5·u, 

instead of the corresponding unweighted su m of squares S = .L(Yu - S·ui. lf 
the model is nonlinear in the parameters p, thcn Sw can be minimized just as in 
the unweighted case by iterative search methods. 

In the particular case of a modellinear in the parameters the minimum can be 
found algebraically by substituting the weighted sums of squares and products 
in the nonnal equations. For example, for the fina model 

the nonnal equations are 

b1 E lJ) 11 Xf11 + bz E WuXJuX2u =E WuYuX!" 

b¡ E W 11 X1uX2u + b2 L Wuxiu = L Wu.YuX2u 

• Strictly, smaUcst variance among aU unbiased estimates lhat are linear functions of the data. . 
'Y<IU will sce in Chapter 11 how they are mea.;un..~ of the amount of rclative .. information" supphed 

by each observat.ion. 
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Also the variances and covariances of the estimates are obtained by substitut
¡0g weighted for unweighted sums of squares and products in the fonnulas for 
ordinary least squares, 

For examp1e 

Finally, with p fitted parameters the estimate of a 2 is provided by substituting 
the mínimum weighted sum of squares of the weighted residuals in the formula 

for s2• Thus 

n-p 

Some examples follow. 

Example 1: Replicated Data 

Suppose you had some data for which the variance was constant but in which 
certain observations were genuine replicates of each other, as in the following 
example. 

Observations 
Averages .... 
Number of observations 

Experimental conditions 

1 

63, 67, 62 
64 
3 

2 

71. 75 
73 
2 

3 

87, 89, 83, 85 
86 
4 

The three experimental conditions could be thrce levels of temperature to which 
it was believed that the response was linearly related or three different treatments. 
In either case, for any given values of thc modcl parameters, consider Lhe mean 
va]ue for each replicated sct of experimental conditions. Let it be 1J 1 for thc 
first set, 112 for the second, and 173 for the third. Then, (correctly) usíng ordinary 
least squares for the individual observations, we estimate the model paramcters, 
171. 112, 173 by minimizing 

S= (63- y¡)2 + (67- y,) 2 + (62- y¡)2 + (71 - Y2)2 + (75- Y2) 2 

+ (87 - .YJ>2 + (89 - Y3>2 + (83 - j3)2 + (85 - YJ)2 
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Alternately you can regard the data as consisting of only the three averages 
64. 73. 86. and since these averages have variances a 2/3, a2!2~ a 2/4, appropriate 
weights are w1 = 3, wz = 2. and WJ = 4. Fitting these by weighted least squares 

.. . . ' you mmuntze 

For any fitted model this will givc exactly the same parameter valucs as mini~ 
mizing S with the individual data points. 

Consider for example thc first three tem1s in S; the~e have an average 64 so 
that 

(63 -1]1}
2 + (67- r¡¡)1 + (62 -r¡¡f = [(63- 64)2 + (67- 64)2 

+ (62- 64)21 + 3(64- '11 )
2 

The right-hand side of the expression consists of the within-group sum of squares 
in brackets nor containing 1JJ (hence not containing the parameters of the model) 
and a second part that is the first tem1 in Su.·· If the pooled within-group sum of 
squares is denoted by Sw. the total sum of squares is therefore 

S= Sw +Sur 

Since Sw contains only the deviations from group averages that are independent 
of the model used, minimization of S implies minimization of Sw and vice versa. 

This example shows that weighted lcast squares is like ordinary least 
squares, in which observations were replicated in proportion to their 
weights w1, w2, ••• , W11 • Suppose, say, that a straight line is fitt.ed to data 
(x1, y1), (x2, )i2), •• .-, (x 11 , Yn) and the weights are W¡. w2, ... , W 11 • This is 
equivalent to fitting ordinary Ieast squares to the averages from runs replicated 
W¡, w2 •••• , W 11 times. 

If the weights do not greatly differ~ the weighted estimates will not be greatly 
different from unweighted estimatcs. The Example 3 illustrates what can be a 
contrary situation. 

Example 2: Weightcd Least Squarcs by thc Use of Pseudovariatcs. 

Consider any model that is linear in the parameters 

p 

Yu = Í: t1;x;" +tu 
i=l 

and suppose the weight of thc uth observation is W 11 , that is~ V (yu) = a 2 fwu.lt is 
somctimes convenient to perform the weighted analysis by carrying out ordinary 
Jeast squares on a constructed set of pseudovariates; 

Yu = .jüi;;yu, 
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Thus the model becomes 
p 

Yu = L {3;X;u + eu 
i=l 

423 

in whiCh the errors e11 have a constant variance since t!u = ..¡u;;e,, and V(e~) = 
a2. An ordinary unweighted least squares analysis using Yu and X u will now 
yield the correct »··eighred least squares estimates and their standard errors. 

Exercise IOD.l. Conflrm the above statement by substituting Y,, = ..jW;yu and 
X¡

11 
= ..¡w;x;11 in the ordinary Ieast squares formulas and noting that they cor

rectly give the weighted least squares formulas. 

Example 3: How \Veighting Changes the Estimate of Slope of a Straight 
Line Passing Through the Origin 

The effect of moderate changes in weight$ is usually small. Thus, however, is 
not true for major changes in weighting as the following examples show. 

Considera model expressing the fact that the mean response is proportio11al 
to x: 

y= {3x +e · 

with the errors e independently distribLUed. Then, if the variance of e is a constant, 
we know that the least squares estímate of f3 is b = L xy / L x2

• It quite often 
happens, however, that u; increases as the mean value 11 increases; or, for this 
particular model, as x increases. As you see profound differences then occur in 
the lea<;t squares estimates 

Relationship 
Between q and }1 

1: ui constanL 

TI: ('/; (X TJ (X X 

111: u; ex r¡2 ex x2 

Least Squares Estimate, 
\Veighting b = L wxy / E wx 2 

w = const b1 = ¿xy/ Ex2 

w oc x-1 bn = y/x 

w ex x-2 bm = "'L<.v/x)/n 

!he estimate b¡ is the usual least squares estimate, appropriate if the variance is 
Independent of the level of the response. lf. however, the variance is proportiona} to 
1J (and hence to x), substitution in the appropriately weighted least squares model 
gives bn is yjX. Thus the best fitting Iine is obtained by joinjng the origin to the 
Point (x = x and y = }'). Finaily, ü the standard dcviation is proportional to '1~ so 
that the variance is proportional to TJ2 and hence to x2, then bm = L (y 1 x) 1 n. The 
?~st. fitting straight Iine has a slope that is the average of all the slopes of the fines 
JOmmg the individual p<>ints to the origin. 

Exercise 10D.2. Justify the statements made above. 
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QUESTIONS FOR CHAPTER 10 

1. What is an example of a model that is linear in the parameters and one that 
is not? 

2. What is meant by an ANOVA obtaincd from a least squarcs fit? 

3. What is meant by a test of goodness of fit? -

4. What is mcant by a confidence region? 

5. What is meant by a confidence band about a fitted line? 

6. What is meant by an indicator variable? Give an example in whích thcre are 
two indicator variables. 

7. What are sorne of the advantages of Ieast squares analyses of experimental 
d . ? . estgns. 

8. What is meant by nonsense correlation? 

9. Might you be able to employ a nonsensc correlation to make a prediction? 
· Explain. 

10. What is meant by orthogonality? 

11. What are some of the advantages of orthogonal designs? 

12. Give a graphical representation of the fitting the model y = f3x +e to the 
data Yt. Y2, Y3 and XJ, x2. x3• 

13. What is meant by the extra sum of squares principie? How may it be used? 

PROBLEMS FOR CHAPTER 10 

Whether or not specifically asked, the reader should always (1) plot the data in 
any potentially useful way, (2) state the assumptions madc, (3) commcnt on the 
appropriateness of thcse assumptions, and (4) consider altemative analyses. 

l. In a physics laboratory experiment on lhennal conductivity a student col
lected the following data: 

Time, x (sec) y= log 1 

300 0.79 
420 0.77 
540 0.76 
660 0.73 
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(a) Plot these data. fit a straight line by eye~ and determine its slope and 
intercept. 

(b) By a least sqmtres fit the mode1 y = fio + {Jx +e to these data. Plot the 
least squares line y = bo + bx with lhe data. 

{e) Compare the answers to parts (a) and (b). 

2. (a) An electrical engineer obtained the following data :from six randomized 
experiments: 

Dial Setting, x I\teasured Voltage, y 

1 31.2 
2 32.4 
3 33.4 
4 34.0 
5 34.6 
6 35.0 

Suggest a simple empirica} formula to relate y Lo x. assuming that the 
standard deviation of an individual y value is a. = 0.5. 

(b) Would your answer change if a = 0.05? Why? 

3. A metallurgist has collected the following data from work on a new a!loy: 

Amount of Iron 
x Temperature (°F) Oxidized (mg) 

1 1100 6 
2 1200 6 
3 1300 10 
4 1400 30 

The first column gives 

temperature - 1000 
X=-------

100 

lf the prediction equation y = bx2 is used (whcre y is the predicted value 
of the amount of iron oxidized). what is the least squares estímate for the 
amount of iron oxidized at 1500°F'? Comment on theassumptions necessary 
to vaJidate this estimate. 

4. (a) Using the method of least squares. fit a straight line to the following 
data. What are the leasl squares estimates of the slope and intercept of 
the line? 

X lO 
y 2.7 

20 30 40 
3.6 5.2 6.1 

50 60 
6.0 4.9 

(b} Calculate 99% contidence intervals for the slope and intercept. 
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(e) Comment on the data and analysis and carry out any further analysis 
you think is appropriate. 

S. Fit the model y = p tX + fhx2 + e to these data, which were collected in 
random order: 

X 

y 

(a) Plot the data. 

1 
15 

1 
21 

2 2 3. 3 
36 32 38 49 

4 4 
33 30 

(b) Obtain least squares estimates b 1 and b2 for the parameters f3t and fh. 
(e) Draw the curve y:_ b¡x + b2x 2• 

(d) Do you think the model is adequate? Exp]ain your answer. 

6. Using the method of least squares, an expcrimenter fittcd the model 

11 =Po+ f:J¡x (1) 

to the data bclow. lt was known that a wa~ about 0.2. A fliend suggcsted it 
would be better to fit the following modcl instead: 

(11) 

Where X is the average vaJue of the x's. 

X 1 0 12 14 16 18 20 22 24 26 28 30 32 
y 80.0 83.5 84.5 84.8 84.2 83.3 82.8 82.8 83.3 84.2 85.3 86.0 

(a) Is a = Po? Explain your answer. (The carel indicates the Ieast squares 
estímate of the parametcr.) 

" ... 
(b) Is f3 = {31? Explain your answer. 

(e) Are y1 and ))h the predicted valUes of the responses for the two models, 
idcntical at x = 40? Explain your answer. 

(d) Considering thc two models above, which would you recommend the 
experimenter use: 1 or II or both or neithcr? Explain your answer. 

7. The residual mean square is often used to estimate a 2• There are circum
stances, however, in which it can produce (a) a serious undcrestimate of 
u 2 or (b) a serious overestimate of u 2• Can you give examples of such 
circumstances? 

8. The following dat~ which are given in coded units, were obtained from a tool 
Jife-testing invcstigation in which xa = mcasure of the feed, x2 = measure 
of the speed, and y = measure of the tool life: 
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Xl X2 y 

-1 -1 61 
1 -1 42 

-1 1 58 
1 1 38 
o o 50 
o o 51 

(a) Obtain the least squares estimates of the parameters /30 , {11, and fh in 
the modcl 

11 = f3o + /J¡XJ + /hx2 

where 11 = the mean value of y. 

(b) Which variable influences tool life more over the region of experimen
tation, feed, or speed? 

(e) Obtain a 95% confidence interval for fh, assuming that the standard 
deviation of the observations u = 2. 

(d) Carry out any further analysis that you think ís appropriate. 

(e) Is there a simpler mode) that will adequately fit the data'? 

9. Using the data beJow, dctem1ine the least squares estimates ofthe coefficients 
in the model 

where r¡ is the mean value of the drying rate. 

Temperature Feed rate Humidity Drying Rate 
e e) (kg/min) (%) (coded units) 

300 15 40 3.2 
400 15 40 5.7 
300 20 40 3.8 
400 20 40 5.9 
300 15 50 3.0 
400 15 50 5.4 
300 20 50 3.3 
400 20 50 5.5 

Coding for the variables is as follows: 

i= 1 i= 2 Feed i=3 
X; Temperature ec) rate (kg!min) Humidity (%) 

-1 300 15 40 
+1 400 20 50 
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The coding equation for temperature is 

temperature in units of °C - 350 
X¡= 50 

(a) What are the coding equations for feed rate and humidity? 

(b) The design is a 23 factorial. What are the relations between bo. b" b1, 
b3 and the factorial effects cakulated in the usual way? 

10. Suppose that the first seven runs specified in problem 9 had been pcrformed 
with the results given but in the eighth run the temperature had been sct at 
350°C. the feed rate at 20 kg/min, and the humidity at 45% and the observed 
drying rate had been 3.9. 
(a) Analyze these data. 

(b) Compare thc answers to those obtained for problem 9. 

11. An experimenter intended to perform a fu1123 factorial design. but two values 
were lost as follows: 

XJ Xl XJ ·y 

-1 -1 -1 3 . 
+1 -1 -1 5 
--1 +1 -l 4 

+l +1 -l 6 

-l -1 +l 3 

+1 -1 +I Data missing 

-1 +1 +1 Data missing 

+1 +l +1 6 

He now wants to estímate the parameters in the model 

With the data above, is this possible? Explain your answer. If your answer 
is yes, set up the equation(s) he would have to solve. 1f your answer is 
no, what is the rninimum amount of additional information that would be 
rcquired? 

12. Mr. A and Ms. B, both newly employed, pack crates of material in the base
ment. Let x 1 and x2 be indicator variables showing which packer is on duty 
and y be the number of crates packed. On 9 successive. working days these 
data were collected: 
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Day, t 1\tr. A, x11 1\fs. B, xu Yt 

1 l o 48 
2 l 1 51 
3 1 o 39 
4 o l 24 
5 o 1 24 
6 ] 1 27 
7 o 1 12 
8 1 o 27 
9 1 1 24 

Denote by Pt and fJ2 the numbcr of cratcs packed per day by A and B, 
rcspectively. First entertain the model 

Carefully statíng what assumptions you make. do the following: 

(a) Obtain 1east squares estimates of {3 1 and fJ2· 

(b) Compute the residuals y, - Yr· 
(e) Calculale L~=t Xtr(y,.- Yz) and L~=t XzrÜ't- .v,). 
(d) Show an analysis of variánce appropriate for contemplation of the hypo

thesis that A and B pack at a rate of 30 era tes per da y, thl! rate laid 
down by the packers' union. 

(e) Split the residual sum of squares into a lack-of-fit tenn SL = L~=• 
3(y, - y11 )

2 and an "error'' tem1 L~=l L:=l (Yui - Y11 )
1

• 

[Note: The above design consists of three distinct sets of conditions. 
(x 1, x2) = (0. 1 ), (l, 0), (1, 1 ), which are designated by the subscripts 
u = l. 2. 3, respectively. The subscripts i = 1, 2, 3 are u sed to designate 
the three individual observations included in each set.] 

(f) Make a table of the following quantities, each having nine values: :X¡, 

x2, y,¡, .V11 , Y u, Y u - y 11 , and y11; - Y u. Make rclevant plots. Loo k for a 
time trend in the residuals. 

(g) At sorne point it was suggested that the presence of B might stimulate A 
todo more (or less) work by an amount f3 12 whilc the presence of A might 
stimulate B to do more (or less) work by an amount {311 • Furthennore, 
there might be a time trend. A new model was therefore tcntati\'ely 
entertained: 

that ís. 
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The P12 and fJ21 terms cannot be separately estimated, but the combined 
effect fJ12 + fJ2 1 = fJ3 can be estimated from this model: 

whcre x1x2 = x3• Fit this model, examine the residuals, and, if the modcl 
appears adequate, report least squares estimates of the parameter together 
with their standard errors. 

(h) What do you think is going on? Consider other ways in which the original 
model cou.ld have becn wrong. 

13. (a) Fit a first-order model to the following data on the strength of welds: 

Ambient 
Temperature, x 1 (°C) 

\Vind Velocitv, . 
x2 (km/hr) 

Ultimate Tensile 
Stress, y (coded units} 

5 
20 
5 

20 

2 
2 

30. 
30 

83.4 
93.5 
79.0 
87.1 

(b) Plot contours of the fitted surface in the region of experimentation . . 
, (e) Stating assumptions, say how ultimate tensile stress might be increased. 

The standard dcviation of an individual y reading is approxímately one 
uní t. 

14. Using least squares, fit a straight line to the foJlowing data: 

X 

y 
12 13 14 

404 41.2 413 
15 16 

415 422 

Carefully stating all assumptions you make, obtain a 95% confidence 1nterval 
for the mean valuc of thc response at x = 10. 

15. The following results were obtaincd by a chemist (where aii the data are 
given in coded units): 

Temperature, X¡ pH, Xl Yield or Chcmical Reaction, y 

-1 -1 6 
+1 -1 14 
-1 +1 13 
+1 +1 7 
-1 -1 4 
+1 -1 14 
-1 +1 10 
+1 +1 8 



432 10 LEAST SQUARES ANO WHY \VE NEED DESIGNED EXPERlMENTS 

(a) Fit the model 11 = fJo + f3(x 1 + {32x2 by the method of least squares (1] 
is the mean value of the yield). 

(b) Obtain an cstimate of the experimental error variance of an individual 
yjeld reading, assuming this model is adequate. · 

2' ., 
(e) Try to fit the mode1 17 =Po+ {J¡.\'t + /hx2 + f3ux 1 + fJ22X]. + f3t2.t 1x2• 

What difficulties arise? Explain these. \Vhat parameters and linear com
binations of parameters can be estimated with this design? 

(d) Consider what experimental design is being used here and make an 
analysis in tenns of factorial effects. Relate the two analyses. 

16. An engineer wants to fit the model r¡ = {Jx to the following data by the 
method of least squares. The tests were made in the random ordcr indicated 
below. Do this work for him. First make a plot of the data. 

Test Order, ll Tempera tu re, X u (°C) Surface Finish, y 

1 51 61 
2 38 52 
3 40 58 
4 67 57 
5 21 41 
6 13 21 

(a) Obtain the least squarcs estimate for the parameler {3. 

(b) Find the variance of this estimate (assuming that the variances of the 
individual y readings are constant and equal to 16). 

(e) Obtain a 90% confidence interval for /3. 
(d) Make any further analysis you think appropriate and comment on your 

rcsults. State any assumptions you make. 

17. Which of thc following models from physics, a'i written, are linear in the 
parameters? 

(a) s = ~at2 (a is the parameter) 

(b) d = (lfY)(FL3jl2nr4 ) (1/Y is the parameter) 

(e) d = CLn (C and n are parameters) 

(d) In d =In C + n In L (In C and 11 are parameters) 

(e) log 1 = Jog /0 - (K .A L/2.303J.-f LS) (log /0 and K are parameters) 

(0 [)./p = gm[).Eg (g, is the parameter) 

(g) N = N0e-i..t (A. is the parameter) 

(h) log T = -kn (k is the parameter) 

18. Which of thc following modcls are linear in the parameters? Explain your 
answer. 
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(a) r¡ = {J¡x, + lh logx2 
(b) r¡ = fJd32xJ + fJ1Iogx2 
(e) r¡ = {3, sin x2 + fh cos x2 

(d) rJ = {J¡log {J¡Xt + fJ2X1X2 

(e) r¡ = f3t (log .t 1 )e-xl + f32ex3 

433 

19. State whether each of the following models is linear in {31, linear in /32• and 
so on. Explain your answers. 
(a) T} = f3té1 + fJ2e:c::. 

(b) 17 = f3t fhx1 + {J3x2 
' (e) r¡ = fJ1 + fhx + f33x-

(d) r¡ = /31 (1 - e-Pl:c) 

(e) r¡ = f31xfa x';! 
20. Suppose t11at a chemical engineer uses. the method of least squares with thé 

data given below to estímate the parametcrs f3o. /31, and /h in the model 

T} = f3o + f3,x, + fhx2 

where r¡ is the mean response (peak gas temperature 0 R). She obtains the 
following fitted equation: 

y = 1425.8 + 123,3x¡ + 96.7x2 

. whcre y is. the predicted value of the response and Xt and .x2 are given by 
the equations 

Xt = 
compression ratio - 12.0 

2 
and 

cooling water temperature - 550°R X.,= .. 
I0°R 

Compression Cooling \Vater Peak gas . Residual, 
Test Ratio Temperature (0 R) Tempera tu re, y (0 R) 

.... y-y 

1 10 540 1220 14 
2 14 540 1500 48 
3 10 560 1430 41 
4 14 560 1650 4 
5 8 550 1210 31 
6 16 550 1700 29 
7 12 530 1200 -32 
8 12 570 1600 -29 
9 12 550 1440 14 

10 12 550 1450 24 
11 12 550 1350 -76 
12 12 550 1360 -66 
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The tests were run in random order. Check the engineer·s calculations. Do 
you think the model fonn is adequate? 

21. (a) Obtain lcast squares estimates of the paramcters in the model 

given the data 

x (day) 1 
y (average BOD, mg!L) 4.3 

2 3 
8.2 9.5 

4 5 
10.35 12.1 

6 
13.1 

(b) Construct an appt:bximate 95% confidence region for the parameters. 
[Source: L. B. Polkowski and D. M. Marske (1972), J. Water Pollut. 
Cotztrol Fed., 44, 1987.] 

22. The following data were obtained from a study on a chemical reaction 
system: 

Tri al Temperature Concentration 
Number (o·F) (%) pH Yield 

1 150 40 6 73.70 
2 160 40 6 75, 74 
3 150 50 6 78,80 
4 160 50 6 82, 82 
5 150 40 7 75 
6 160 40 7 76, 79 
7 150 50 7 87. 85, 82 
8 160 50 7 89, 88 

The 16 runs were perfom1ed in random order, tria! 7 being run three times, 
trial 5 once, and all the rest twice. (The intention was to nm each test 
twice. but a mistake was made in setting the concentration level on one of 
the tests.) 
(a) Analyze these data. One thing you might wish to consider is fitting by 

weighted least squares the following model to them: r¡ = f3o + {3¡x, + 
fhx2 + fhxJ, where x1, x1. and XJ (prcfcrably, though not necessarily, 
in coded units) refer to the variables temperature, concentration, and 
pH~ respectively, and r¡ is thc mean value of the yield. Altematively, a 
good indication of how elaborate a model is needed will be obtained by 
averaging the available data and makjng a preliminary factorial analysis 
on the res u lts. 

(b) Compare these two approaches. 
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23· If suitable assumptions are made, the following model can be derived from 
chemical kinetic theory for a consecutive reaction with 1] the yield of inter
mediate product, x the reaction time, and /31 and /h the rate constants to be 
estimated from the experimental data: 

(a) A chentist wants to obtain the most precise estímates possible of {3 1 and 
p2 from the fol1owing data and asks you what he shou1d do. What would 
you ask him? What might you tell him? 

Reaction Time, 
x (min) 

10 
20 
30 
40 
50 
60 

Concentration of 
Product, y (g-moi/L) 

0.20 
0.52 
0.69 
0.64 
0.57 
0.48 

The reaction is this type: reactant ~ product ~ by-product; /3 1 is the 
rate constant of the first reaction and fJ2 of the second reaction. 

(b) Obtain the least squares estimates for ¡J1 and /32. 

24. As part of a pollution study, a sanitary engineer has collected sorne BOD data 
on a particular sample of water taken from a certain stream in Wisconsin. 
The BOD equation is 

where 1J = mean value of BOD~ t = lime, and La and k are two parameters 
to be estimated. Her data consist of one BOD reading for each of severa! 
times t. S he wants to es ti mate the parametcrs in the · equation. 
(a) Under what circumstances would it be appropriate to use the method of 

least squares? 
(b) Why might it be inappropriate to use the ordinary method of Ieast squares 

in this situation? 
(e) Assuming that appropriate circumstances exist, explaiil how the method 

of least squares could be used to solve this problem. Your explanation 
should be undcrstandable toan engincer who has had no experience with 
statistical methods. 
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25. {a) Fit a suitable model to the following data: 

Coded Values of Three Adjustable 
Variables on Prototype Engine 

!vleasured Noise 

Xt xz X2 (coded units) 

-1 -1 -1 10 
+1 -1 -1 11 
-] +I -1 4 
+1 +1 -1 4 
-1 -1 +1 9 
+1 -1 +1 10 
-1 +1 +1 5 
+1 +1 +1 3 
o o o 6 
o o o 7 
o o o 8 
o o o 7 

(b) Draw any conclusions that you consider appropriate. State assumptions 



CHAPTERll 

Modeling, Geometry, and 
Experimental Design 

Chapter 12 will discuss the application of response surface methods (RSM). The 
present chapter is a preliminary discussion of the· basic tools of RSM. Sorne 
readers with previous experience may prefer to read Chapter 12 first and refer 
back to whatever they may need in this chapter. 

Graphical Representation 

Our minds are such that graphical representation can greatly help understanding 
anq stimulate discovery. The so lid line in Figure ll.la is a graph displaying the 
relationship between the mean va1ue YJ of a response such as yield and a single 
quantitative factor temperature. The inftuence of a second factor, concentration, 
may be shown by displaying additional graphs such as those indicated by the 
dotted lines in the same figure. Such a relationship can also be reprcsented by a 
curved surface such as that in Figure 1 1.1 b for which the graphs in Figure 11.1 a 
are sections at various levels of concentration. Alternatively~ the same relationship 
may be represented by Figure 1 1 .le, which shows yield contnurs .. that is, sections 
of Figure 11.1 b for various levels of the response r¡. The relationship between 
the response 7J and tlzree quantitative factors such as temperature, pressure, and 
concentration may be represented by a series of contour surfaces such as those 
shown in Figure 11.2a. Notice that, for exarnple, a seclion of this display tak.en 
at a specific pressure should produce the 20 contour diagram in temperature and 
concentration for that pressure. 

Exercise 11.1. {a) Draw graphs similar to those in Figure 11.1 for yield ver
sus concentration. (b) How might you represent geometrically the relationship 
between a response and four factors? · 

Quantitative and Qualitative Factors 

Among the dcsign factors in this book some have been quantitative and some 
qualitative. T11Us, for the 23 factorial design for the pilot plant experiment in 

Stmistics for Experimentt>rs. Second Edition. By G. E. P. Box. J. S. Hunter, and W. ú. Huntcr 
Copyright © 2005 John Wiley & Sons. lnc. 
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Figure 11.1. Three graphical representalions of the rclationship .berwecn mean yleld and tempcratllre 
and conccntration. 

Chapter 5, two of the faetors, temperature (T) and concentration (C), were quan
titative and one, type of catalyst (K). was qualitative. Quantitative factors ha ve 
different levels and qualitative factors different versions. (ln this book .. levels" 
is commonly used to identify both.) One reason for testing two or more levels or 
versions together in an experimental design is that the effects can reinforce each 
other. That they do so implies the characteristic of smootlmess for the quantitative 
factors and .timilarity for the qualitative factors. 

Smoothness 

Over the ranges in whkh one or more of the quantitative factors are changed, it 
is implicitly assumcd that the response changes in a regular manner that can be 
represented by a smooth response curve or a smooth response surface. lt is not 
difficult to imagine circumstances where there this might not be true. Materials 
can go through a change of state-water can freeze and it can boil; crystals may 
or may not appear in an alloy. In most cases. however, the experimenter will 
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Figure 11.2. Contour representation of the relationship between yield '1 and thrce quantirative fac
tors; (a) the true relationship; (h) a 23 factorial pattem of experimental points; (e) of a fim-order 
approximating model and path of steepcst asccnt. 

know enough about the physical state in the factor-response relationship to tell 
when smoothness of the response is a reasonable assumption. 

Similarity 

Por qualitative factors the levels (versions) that are to be .compared should be 
of the same essential nature. In an experiment concerning dogs' preferences for 
particular dog foods, although one type of dog food may be bctter than another~ 
all are assumed to be edible by dogs.* Sometimes an experiment demonstrates 
lhat versions thought to be similar are not. For illustration Figure 11.3 shows 
a 23 experiment in which the response to changes in temperature and concen
tration are totally different for two catalysts A and B. In general, this situation 
would be exemplified by large interactions between the relevant qualitative and 
quantitative factors and would imply that, in further experimentation, the levels 
of the qualitative factor, for example Lhe type of catalyst, may need to be con
sidered separately._ Notice also in Figure 11.3 that, although, locally, catalyst B 
gave lower yields than A, you couJd not safely conclude from these data that 

•JL is just conceivable that this would necd to be checkcd by cxperhncntation. 
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Figure ll_l, A z:l dcsign. Response surfacc.s smuoth over tcmpcrature and concentration but dis-
similar for different catalysts. · 

no further trials should be made wíth catalyst B. lt could still be true that at 
levels of temperature and concentration other than those. tested in the experiment 
catalyst B could be better than catalyst A. 

l\fodels and Approximations 

The most that can be expected from any model ís that it can supply a useful 
approximation to reality: 

All models are wrong; some models are useful. 

For example, suppose the true but unknown relationship between .a response TJ 

and the factors temperature Ty pressure P, and concentration C was represented 
by the contour diagram of Figure 1 1 .2a. A pattern of experimental points that 
might be used to probe the space of the factors to obtain sorne idea of the narure 
of the unknown relationship is shown in Figure J l.2b. 

As in earlier chapters experimental designs such ac; this 23 factorial are usu
ally expressed generically in coded form. In this case the eight-run design may 
be written in standardized (coded) form obtained from the eight experimental 
combinations 

Xt = ±l, X2 =±C X3 =±] 

Thus 

X! X2 XJ 

-1 -1 -1 
1 -I -1 

-1 1 -1 
l 1 -1 

-1 -1 1 
1 -1 l 

-1 1 1 
1 1 1 
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where 

T-172 
X¡= 20 Xi= 

P -lOO 
25 

441 

C-36 
X3= 

15 
(ll.la) 

and T = 172, P = 100, and C = 36 defines the e en ter of the experimental region 
where Xt = x2 = X3 = O. The numbers 20, 25, and 15 in the denominators of 
these expressions are suitable scale factors chosen by the experimenter. 

Suppose that after running these eight experiments in sorne random sequence 
and recording the observed yields JI, Y2· ••.• Ys the fitted linear relationship was 

(ll.lb) 

Figure 11.2c represents this relationship. It has equally spaced parallel planar 
contours whose closeness indicates the rate of change of y. This first-order 
approximation to the response 17 could be adequate if your main objective was to 
gain a general idea of what was happening to r¡ within the current experimental 
region and discover what direction you might take to further improve things. 
For example, in Figure ll.2c the direction to possibly higher yields is indi
cated by the arrow at right angles to the planar· contours. But there are aspects 
of response relationship that the first-order approximation did not capture-for 
instance that the true contour surfaces were not planar but somewhat curved 
and 'that they were not exactly parallel or equal1y spaced. The approximating 
equation is merely a local "graduating function." It can be of great value for rep
resenting a response system that (at least initial1y) must be studied empirically. 
Furthermore, such an empirical approximation can be helpful to the subject matter 
specialist attempting to gain a better understanding of the system and occasion
ally lead to a mechanistic rather than an empirical modeL Remember, however, 
that no model, mechanistic or empirical, can ever exactly represent any real phe
nomenon. E ven the theoretical models of physics, chemistry, or of any other 
science are really approximations good enough until a better one comes along 
(see Kuhn, 1996). 

11.1. SOl\llE El\IPIRICAL l\'IODELS 

Linear Relationships 

The fitted approximate model displayed in Figure 11.2c is 

y = 53 + 6xr - 5x2 + 7 x3 (11.2) 

A general expression for such a linear or first-order model is 

(11.3) 
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where jn lhis example h0 = 53 is the response at the local origin (supposed to 
be at the ccntcr of the dcsign). Also the first-order coefticients b1 = 6, b., ::::: 
-5, and b3 = 7 are the gradients or rates of change of y as x., x2, and .. x

3 
are increased-they are estimates of the flrst derivatíves 8r¡jox¡, éh1/ox2• and 
(hJ/OXJ at the center of the system. · 

Trends and Steepest Ascent 

In addition to showing what is happening in the immediate region of interest. the 
changes implied by the first-order model can indicate in what direction you might 
find a higher response. (We temporarily suppose that higher is better.) lt might 
then be helpfu] to do a few exploratory runs following such an indicated trend. 
A vector radiating from the center of the design that is normal (perpendicular) to 
the planar contours is indicated by the arrow in Figure 11.2c. This is caJied the 
direction of steepest ascent and the relative values of the first-order coefficients 
(6, -5, 7)" determine the direction in which. given the present coding of the 
factors, a maximum increase can be expected. This concept applies to any first
order equation in k factors. 

Runs on the Path of Steepest Ascent 

For the fitted model 

with the scaling shown in Equation 11 .la, 

T -112 P-100 C-36 
Xt = , 

20 
X2=---

25 
X3 = -~-5-

the steepest ascent path requires relarll'e changes calculated as follows: 

Change in x 's 

X! +6 
X2-5 

X3 +7 

Unit Conversíon 

Temperature: 6 x 20 = 120 
Pressure: --5 x 25 = -125 
Concentration: + 7 x 15 = 105 

Planned Change 

+20°C 
-20.8 psi 
+17.5% 

(11.4) 

To follow the steepest ascent path. you must therefore rnake the proportional 
changes indicated in the table. For example if you decided as a first step to 
increase the tempcrature T by +20°C the corresponding changes for pressure P 
would be -20.8 psi and for concentration C+l7.5%. These steps are made front 
an origin located at the center of the experimental dcsign at T = 172, P = 100. 

• These are pro¡xlrtional to the dircction cosines of this vector. 
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and C = 36. Thus equal steps along the steepest ascent path would be as follows: 

T 
p 

e 

Step O Stcp 1 Stcp 2 

172 
100 
36 

192 
79.2 
53.5 

212 
58.4 
71.0 

The results would teii you whether to stop or to explore further.* You will be 
helped in deciding how far to go by taking into account any other subsidiary 
responses that might change either for the bettcr or worse along the path. 

One-Factor Curved Relationships 

Frequently a graph is needed to represent thc curv.ed relationshíp between a 
mean response r¡ as yield and a single factor such as temperature coded as x1• 

Figure 11.4 displays such a true relationship betwcen a response 17 and factor x1• 

Also shown by shading under the curve is on approxirnating quadratic relationship 
between y and x1• The quadratic approximat~on is called a second-order model. 
obtained by adding a term xr to the first-order model, so that 

(11.5) 

(Note how the quadratic coefficient b11 has a double subscript.) The maximum 
value of the approximating quadratic curve is at the point X¡ = -b1/2b 11 with 
Ymax = bo- hi f4bu. It is important to remember that such an approximation 
might be good locally e.g .• in the unshaded region but become inadequate over 

Figure 11.4. True curvcd relationship and quadrntic approxímation. 

•The direction of stccpest ascent i!) scalc dcpcndcnt. lt is the direction of grcatcst incrcasc assuming 
lhe factors are scalcd as in Equation li.Ia. Of course, the experimenler picks the scales and thus~ 
in the expcrimenter's chosen metrics. the p<llh is stcepcst. 
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a larger range. In particular, the fitted quadratic approximation must fall away 
symmetrically on either sidc of its maximum. 

Th·o-Factor Curved Relationships: l\·Iaxima, Stationary Regions, 
and Related Phenomena 

Sometí mes the objective of experímentation is to find the levels of several factors 
that identify a region of greatest response. To bctter understand the problem. 
consider a situation where there is a single response and just two factors. 

Suppose the mean value 1J of a response such as yield has a curved rela
tionship with two factors x1 and x2. say reaction time and reaction temperature. 
In the region of the maximum this true relationship might be represented by a 
smooth hillt shown with its contour representation in Figure 11.5a .. The gradients 
with respect to XJ and x2 will be zero at the maximum point. More generally, 
the local region about such a stationary point may be caBed a stationary region. 
Figure 11.5 illustrates a number of naturally occurring surfaces associated with 
stationary regions. For example, for the surface shown in Figure ll.5b there is 
no single maximum point but rather a line of altemative maxima all giving just 
over 80% yield. With this type of surface an increase in x1 (e.g., rcaction time) 
could be compensated by reducing the levcl of x2 (e.g .• temperature) to give the 
same yield. This kind of surface is ca1Jed a stationary ridge. If you now imagine 
this ridge tilted, you obtain a sloping ridge like that in Figure 11.5c. A series of 
increasing maxima occur along the dotted line shown in the contour plot. Thus, 
on a surface of this kind higher values of the response would be obtained by 
simultaneously redudng Xt while increasing x2. This kind of surface is caJled a 
rising (sloping) ridge. The lines in Figure 11.5c inclicated by AEB and CED are 
includcd to demonstrate a common error associated with the change-one-factor
at-a-time philosophy. For example, changing x1 ata fixed value of x2 along the 
line AB would lead to the conclusion that a conditional maximum occurred close 
to the point E. If x1 was now fixed at this maximizing value and x2 varied along 
the line CD. you would again find a maximum el ose to E t which could wrongly 
lead to the conclusion that E is an overall maxímum. 

Another kind of curved surface which is less common but can occur is the 
minimax (saddle or col). shown in Figure ll.5d with its contour plot. 

Second-Ordcr T\·Iodels: Two Factors, k = 2 

It is frequently· possible to represent systems like those in Figure 11.5 by empir
ical approximations. Thus the approximating systems depi<:ted in Figures 11.6 
a, b, e, d were aH obtained by appropriately choosing the coefficients in the 
second-degree polynomial equation 

y = bo +.btxl + b2x2 + b11xr + bz2xi + b12x1x2 

as follows:* 

(a) y = 83.6 + 9.4xt + 7. Lt2- 7.4xf- 3.1xi - S.8x1.x2 (ll.6a) 

• One interpretation of Equation t 1.6 is that it is a second-order Taylor expansion of the unknown 
thcorctical function rruncatcd aftcr second-order tcrms. 
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~ ~ 
(e) (a) 

Figure 11.5. Contour of response surfaccs as thcy mighr exisr in actuality (a) Smootb hill, 
(b) stationary ridge, (e) rising (sloping) ridgc. and {d) a minimax. 

(b) y= 83.9 + 10.2x¡ + 5.6x2 - 6.9xf- 2.0xi- 7.6XtX2 (11.6b) 

(e) y = 82.7 + 8.8.~1 + s.2x2- 7.0xr- 2.4xi -1.6x¡xz (ll.6c) 

(d) y= 83.6 + ll.l.'tt + 4.lx2- 6.5xf- 0.4xi- 9.4x1x2 (11.6d) 

In their raw form these second-order approximations are not easy to interpret. But. 
for two factors x1, x2 you can easily see the nature of the fitted response surfaces 
by computing their contour plots, and when more than one response is studied, it 
can be very infonnative to use the computer oran overhead projector to overlay 
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Figure 11.6. Contour represcntat.íons using approximating second-ordcr modds: (a) maximum; (b) a 
stationary ridge; (e) a rising ridge; (d} a minimax. · 

contour plots and so locate regions that may produce the best compromise for 
a number of responses. For illustration Figure 11.7 shows contour overlays for 
three responses color index w. viscosity z and yeild y. The problem was to set 
lhe process factors reaclion time and temperature to obt¡ún a product with a color 
index w no less than 8, with viscosity z between 70 and 80, and with maximum 
yield. The overlays suggest that such conditions can be found cJose to the point 
P. That is, using a temperature of J47°C anda reaction time of about 82 minutes 
will give a product with .a yicld of about 88%. In a similar way your computer 
may be able to construct pictures of 3D contour systems and overlay these. 
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For problems involving more than two or .three factors it is often useful to make 
contour plots of sections of the higher dimensional surfaces. For example, with 
four factors x1, x2, x3, and x4 the analysis might suggest the primary importance 
of, say, the factors x2 and x4• Contour plots in the space defined by Xi and X4 

for a series of fixed values of x1 and x3 could then be very enlightening. Later 
in this chapter you will see how canonical analysis of second-degree equations · 
can provide deeper understanding in such analyses. 

11.2. SOl\1E EXPERil\fENTAL DESIGNS AND THE DESIGN 
INFORl\1ATION FUNCTIO~ 

Consider now some experimental designs appropriate for fitting the approxi
mating models of frrst and second order. The problem is to find a pattern of 
experimental conditions (xl, x2, ..• , x¡:) that will tell you most about the response 
in the currcnt region of interest. 

First-Ordcr Experimental Designs 

When locally the response function is approximately planar, first-order orthogo
naJ designs can generatc a great deal of infom1ation with only a small expenditure 
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of experimental effort. In particular. such designs are provided by the orthog
onaJ two-level factorials, fractional factorials, and Plackett-Bunnan designs of 
Chaptcr 5, 6, and 7. To bettcr understand their capabiJity of informatimJ genera
tion. look at Figure ll.8, whích illustrates the information-gathering ability of a 
22 factorial design in relation to the first-order model with UD errors 

(11.7) 

Suppose you had obtained observations .Yh )'2, .Y3. )'4 at the four design points 
in Figures 11.8a and b. Then the least squares estimates of the coefficients in 
Equation 11.7 would be 

bo = !(y1 + Y2 + Y3 + Y4), 

b2 = !C-yJ - Y2 + Y3 + J4) 

b¡ =~(-y¡+ Y2- Y3 + Y4). 

and the least squares estímate y of the response at sorne point (XJ, x2) would be 

Also, since the estimated coeffident~ are distributed independently, the variance 
of y would be 

where V(bo) = V(b¡) = V(b2) = ~a2 • Thus the standardized variance V(v)ja 2 

for y is 

where r2 = Xf + xi is the distance of the. point (XJ, X2) from the center OÍ 

the design. 

Design Information Function 

The standardized variance V()')¡ a 2 of the estimated response wi11 therefore be 
constant on circles and so will its reciproca}. 1 (y) = a 2 1 V (y). The quantity 
1 (y) is called the design infomzation fimction. and it measures the amount of 
infonnation generated by a design at any point (x 1 ~ x2). When you say the 
infonnation generated at point A is twice that at point B, it is as though you 
had twice as many replicate observations at A as at B. For tbe 22 factorial in 
Figure 11.8b the information function is 

"' 4 /(y)= . 
1 +r2 

The infonnation swface generated by this equation is shown in Figure 11.8c. 
The infonnalion falls off rapidly as you move away from the neighborhood 
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Figure 11.8. The 22 factorial dcsign, information surfacc. ínformation contours, and rotatability •. 
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of the design. For this design the infonnation contours are circles. These are 
shown in Figures 11.8d and e. for 1 (y) = 4, 3. 2. l. Figure 11.8e shows how 
the infonnation-gathering capacity of the 22 design remains the same whatever 
the dcsign's orientation. The design is therefore caiJed a rotatable desígn. This 
quality of rotatability extends to any appropriately scaled first-ordcr orthogonal 
design in any number of factors. For example, in k dimensions the information 
will be constant for all points at the same distance r from the center of the design 
where r = (Xf +xi + · · · + xf) 112• In expressing this idea, generally we say that 
the k-factor first-order orthogonal design has "spherical" infomtation contours! 

Second-Order Experimental Designs 

The two-level factorial designs are valuable for fitting first"'order approximating 
mode1s but they cannot take account of curvature in a response. To do this, you 
need to be able to fit a second-order model. For example, for k = 2 the fitted 
second-order modcl is 

and for k = 3 the fitted second-order approximaling model would be 

y= bo + b1x1 + b2x2 + b3x3 + buxf + bnxi 

We will ilJustratc for k = 3~ but the concepts are readily extended to higher 
vaJues of k. 

The Central Composite Design 

Initially you will not know how elaborate a model is necessary to provide an ade
quate approximation. Suppose you were studying three factors and, as illustrated 
in Figure 11.9a, you ran a 23 factorial design, preferably with a center point 
(whose purpose is discussed later). With this design you could obtain estimates 
of the constant tenn b0, the first-order coefficients b., h2, b3. and the cross
product (interaction) coefficients b 12• b 13, b23 but not the quadratic coefficients 
b, 1, bn, b33· If the estimated cross-product tem1s were small, it would be Iikely 

• It might at first seem rcasonable to ~eek designs that, if this were possible. generated square 
infom1ation contours for k = 2 and for k = 3 cubic informmion contnurs. and so on. On rel1ectíon. 
we sce that lhis is not rcasonable. For example, with three factors-tempcrature, pressure. ~nd 
concentration-cubic contours would imply that we should treat the point ( + 1, + 1, + J) rcprescnung 
thc extreme comlitions for tl1t~sc factors as cquivalent to a point ( + l, O. 0) with only one factor al 

its ex.treme condition. The point ( + l, +l. + 1) is a distance ./3 = 1.73 .from the center of the 
experimental region while the point (+ t, O, 0) is ata distance cqual to L Tite discrcpancy becomes 
greatcr and greatcr as k is increased. The property of generating inforrnation that is constant .on 
sphercs is of cour-sc not invariant to scalc changes, Howevcr, at any givcn stage of expcrimentatton 
thc coding that the cxpcrimentcr chooses (the ranges of the x's) is expressing his or her currcnt 
understanding of the bcst scaling. 
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Figure 11.9. (a) A 23 dcsign with center poínt; (b) star: (e) combincd. 

that the remaining second-order quadratic tcrms b11, hn, b33 would al so 'be small. 
suggesting you could approximate the response surface locally by fitting the first
order model y = bo + b1x1 + b2x2 + b3X3. lf, however, second-órder interaction 
tem1s were not negligible, you could expcct that the quadratic terms b11, b22. b33 

would be needed. 
To estímate quadratic temlS, you can enhance an initial 23 design by adding the 

six axial points of the "star" design in Figure 11.9b along with one or more center 
points. Suppose that the 23 design is coded in the usual way with lhe vertices of 
the cube at (±l. ±1. ± l) and denote the distance of the axial points from the 
center by a~· The axial points then haye coordinates (±ex, O, 0). (0, ±a, 0), and (0, 
O,.±a) and the center point (0, O. 0). The rcsulting design, as in Figure 11.9c. is 
caiJcd a central composite design. The choice of a depends on k, the number of 
factors studied. If there are three factors, any value between 1.5 and 2.0 gives a 
reasonably satisfactory design. For example, setting a = ./3 places all the points 
on a sphere. This choice of a is discussed more carefully later. 

Illustration: A Central Cornposite Design Used in an AutoclaYe Process 

The following example concerns a process where the effect on percent yield y 
was studied as a function of temperature T, concentration C, and reaction time t 
and from previous experience the error standard deviation u\. was thou!!ht to be 
about one unit. The coding of the factors is shown in Table -11. 1 a. An initíal 2~ 
design (in this early example without a center point) yielded the results shown 
in Table 11.1 b. The analysis in Table 11.1 e shows that the interaction tern1s b12 , 

b13, bn were large in relation to the first~order tcrms b1• b2, b3• A star design was 
therefore added with a center point and axial points set al a = ±2 to produce 
the 15-nm composite design Figure ll.ld. An initial analysis of these 15 runs 
led tó the conclusion that confirmatory runs (16, 17) and (18, 19) chosen at very 
Widely the surface was approximated by a stationary ridge discussed more fully 
later. If this was so different conditions should produce yields in the region of a 
yield of 60-the maximum so far obtained. This proved to be the case. A least 
squares analysis was now applied to the complete 19-run design the regressors 
for which are shown in Table ll.le. This produced the fitted second-order model 
given in Table ll.lf. 
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Tablc 11.1. Data for Autoclave Process Example 

(a) .t¡ = <T- Jó7)/5. X2 = (C- 27.5)/2.5. X)= (l- 6.5)/1.5 

(b) XI Xl XJ y (d) XJ xz XJ J 

-1 -1 -1 45.9 -1 -1 -1 45.9 
1 -i -L 60.6 l -1 -1 60.6 

-1 1 -J 57.5 -J l -1 57.5 
J 1 -J .58.6 1 1 -) 58.6 

-1 -1 1 53.3 -l -1 1 53.3 
J -1 1 58.0 1 -1 J 58.0 _.. 

1 L 58.8 -1 l J 58.8 
1 1 1 52.4. 1 1 52.4 

(e) b¡ = 1.8. ¡,2 = 1.2. b3 = 0.0 -2 o o 46.9 
2 o o 55.4 

b12 = -3.1. b¡3 = -2.2, bn = -1.2 o -2 o 55.0 
o 2 o 57.5 
o o -2 50.3 
o o 2 58.9 

o o o 56.9 

(e) xo X¡ X~ XJ xl 
1 

xl 
2 x1 XtX! X¡XJ X2:tJ J 

l -1 -1 -1 J ] 1 1 1 45.9 
1 1 -1 -l 1 1 1 -1 -1 1 60.6 
1 -1 1 -) 1 1 1 -1 1 -1 51.5 
J .1 1 -1 1 1 t -1 -J 58.6 
J -l ...:t 1 l J 1 1 ,.....¡ -1 53.3 
J J -1 1 1 l 1 -1 1 -.1 58.0 
1 -1 1 l l l -1 -l 1 58.8 
l 1 1 1 1 1 1 1 1 52.4 

1 -2 o o 4 o o o o o 46.9 

1 2 o o 4 o o o o o 55 A 
1 o -2 o o 4 o o o o 55.0 

1 o 2 o o 4 o o o o 57.5 

o o -2 o o 4 o o o 50.3 

o o 2 o o 4 o o o 58.9 

1 o o o o o {) o o o 56.9 

1 2 -3 o 4 9 o -6 o o 61.1 

1 2 -3 o 4 9 o -6 o o 62.9 

1 -1.4 2.6 0.7 1.96 6.76 0.49 -3.6 -1 1.82 60.0 

1 -1.4 2.6 0.7 1.96 6.76 0.49 -3.6 -t 1.82 60.6 

(f) y ;:: 58.78 + 1.90x1 + 0.97x1 + 1.06x3 - 1.88.\"? - 0.69xi ....... 0.95xi - 2.7lx,xz- 2.17X¡X3 
- J.24x2XJ 
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11.3. IS THE SURFACE SUFFICIENTLY WELL ESTIMATED? 

AO ANOVA table for the fitted model in Table ll.lf is as follows: 

Source SS df MS 

Second-order modeJ 371.4 9 41.3 F ratio = 12.5 
Residual 29.5 9 3.3 

Total 400.9 18 

The Interpretability 1\lultiplier 

Refercnce to an F table with nine and nine degrees of freedom shows that using 
the residual mean square to estímate the error variance a value ofF= .3.2 would 
make the model component significant at the 5% level. But such an F value 
would merely discredit the null hypotltesis that the x's had no influence on y. 
There is of course a great deal of difference be~ween detecting that something is 
going on and adequately estimating what it is. To decide when a fitted function 
has been estimated with sufficient accuracy to make further analysis worthwhile, 
(Box and Wetz, 1973, Box and Drapet, 1987) it is reasonable to require that the 
estimated change in tlte leve] of the response produced by the factors should be 
two or three times tlte average standard error of estimation of y itself. This is 
called the interpretability multiplier. An approximate argument then leads to the 
requirement that the value ofF should be at least 4 times, and perhaps 10 times. 
the tabulated significance value. In the present example the F value actually 
obtained, 12.5, is about 4 times the value of F requíred for 5% significance, 
3.2, and just satisfies the criterion. lt appears then that the full equation is worth 
funher analysis. To get sorne idea of the fitted approximalion~ three 20 contour 
plots are shown in Figure 11.1 O at x2 = 2, O, -2. that is, at concentrations 32.5. 
27.5, and 22.5%. These appear to show the existence of a ridge of altcrnate 
conditions giving a response cJose to 60. A fuller understanding of this response 
system can be gained by canonical analysis, to be discussed later in this chapler. 
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Figure 11.10. Yield contour plots at three concemraúons, autocla\'e proccss. 
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11.4. SEQUENTIAL DESIGN STRATEGY 

Sequential assembly of a design rneans any procedure where the choice of a 
further design increment depends upon previous data. The sequential assembly 
of a central composite design in two stages was illustrated in Figure 11.9. As 
illustrated in Figure ll.lla. an even more tentative approach would be to build 
the design in three stages. You might begin with a first-order design such as the 
23- 1 arrangement with a center point requiring only five runs. 

A "Try-It-and-See" Check 

If relatively large estimates of the first-order coefficients were found. you might 
adapt a try-it-and-see policy and make one or two exploratory runs along a 
path of steepest ascent calculated from these first-order tenns. If these runs gave 
substantially better result~, you would consider moving to a different experi
mental region. For an ongoing investigation a try-and-see polícy is the prefcrred 
approach. But it is possible to check for the Iinearity before you venture forth. 

A Linear Check, the h.Droop" and "Bump" Functions 

The quantity q = y p - y 0 compares the average response .Y 0 at the center of the 
design with the average of the peripheral fractional factorial runs y P· lf q was 
large, this would suggest that the fitted surface was likely curved. lf q was close 
to zero, this would suggest that you had a locally linear surface or, less Iikely, 
a minjmax, in which the positive and negative quadratic coefficients canceled. 
If you have an estímate s of the standard deviation of the data, then q may be 

(a) 

+ 

(b) 

+ = 

(e) 

f'igure lJ.U. A 23 systcm with ccntcr poims + st.ar =central composite. 
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co111pared with its standard error. Suppose more generally there are n p peripheral 
runs and no center runs; then 

For obvious reasons in the region of a mínimum Cuthbert Daniel caBed q a 

01easure of "droop." In the region of a maximum it measures the size of the 

'"bump." 

Adding a Second Half Fraction 

To gain further information, the other half fraction could be run as a second block 
completing the full 23 factorial design as in Figure ll.llb. This would clear up 
aliases with two·factor interactions and would provide separate estimates of the 
first·order and the interactions terms. 

Adding Axial Points . 
Following the previous discussion. ü two·factor interactions are relatively Iarge, 
the design could be further augmented by adding the star design shown in 
Figure 11.1 le, producing the complete composíte design. 

Choosing a: for a Central Composite Design 

In the example the value of a= 2 was arbitrarily chosen. Analysis shows that 
the choice of the distance a of the axial points from the design center involves 
two considerations: 

(a) The nature of the desired information function 1 (y). A circular (spherical) 
information function may be obtained by appropriate choice of a and the 
design will then be rotatable. 

(b) Whether or not you want the cube part of the design and the axial part to 
fonn orthogonal blocks. 

Orthogonal blocking ensures that in a sequential assembly an inadvertent shift 
in the level of response between running the first part of the design and the 
second has no effect on the estimated coefficients. Suppose nc is the number of 
cubic (2.c: factorial) points and nc0 the number of center points added to this first 
Part of the design. And suppose na is the number of axial points and nao the 
number of center points added to this second part of the design. Then you can 
choose a as follows: 

For rotatabiJity a 2 = .¡n;. 
For orthogonal blocking a 2 = k(l + llao/na)/(1 + n<--ofn,;). 
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Table 11.2. Useful Sccond-Order Composite Designs 

k-" . - z, k=3 k=4 k =5· 

Cubc points. n,, 4 8 16 16 
Added center points. neo 1 1 1 1 
Axial points, ne~ 4 6 8 10 
Added centcr points, nao 1 1 I l 

Total lO 16 26 28 

a for rotatability 1.4 1.7 2.0 .2.0 
a for orthogonal blocks 1.4 1.8 2.1 2.1 

• For k = 5 thc 2~:- 1 fraction is us~d in place of the 25• 

Table 11.2 provides some useful designs for up to k = 5 factors. Somewhat 
surprisingJy, the values of a for rotatability and those for orthogonal blocking are 
very close. Thus for thesc designs orthogonal blocking also ensures approximate 
rotatabilíty and vice vers~~. 

Parallel Chord Checks for the Central Composite Designs 

Just as there is a Jinearity ·checking function a .. droop" or "hump" function for 
first-order designs containing one or more center points, there are quadratic check
ing functions for the central composite designs. For k= 3 Figure l1.12a shows 
the points of a central composite design with a = 2. In Figure l1.12(b) these are 
projected onto the horizontal axis· of .x1• Write y+ for the average of the four 
point.;; on the right-hand face of the cube and y_ for the average on the left-hand 
face. To test the quadratic approximation in the x1 direction, you can calculate 
the checking function 

1 (Yct+- Ya- )\-Y-) q=- -
3 4 2 

where Ya+ and Y~.- are the average responses at the axial points. Similar checking 
functíons can be calculated for the x2 and x3 directions. 

(a) (b) 

Figure 11.12. Parallel chords encJosing a maximum poinr. second-order model. 

) 
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Now it is a known characteristic of any quadratic curve that the slopes of two 
chords joining points equidistant from an arbitrary point must be paral1el, as in 
figure 11.12b. Thus perfect "quadraticity" would require that the expected value 
of q be zero. It is easy to show that the standard deviation for each q is a /6. In 
tbis example k = 3 and a = 2. Thus~ if an estímate u of a is available. q,. q2. 
and q3 can provide checks in all three directions. A similar check is available 
more generally for central composite designs for k factors in which the cubic part 
has nc values. (This could be a full factorial or a suitable fractional replicate.) 
Suppose also that the axial points are at any distance a from the center of the 
design and might be replicated r times (so if they are unreplicated r = l). Then 
a general measure of nonquadraticity is 

1 (Ya+- Ya- }\-Y-) q- -
- a 2 - 1 2a 2 

with standard deviation 

aq = -.,-~-1 (-1 + _l_)o.sa 
a-- llc 2ra2 

. 
where Ya+ andya- refer to averages at the axial poinls. O 

. 
A Equivalent Approach to the Quadratic Check 

Altcrnatively, to detcct the possible lack of fit of thc second-order approximatio~ it is 
natural to consider the magnitude of the third-order terms. For example, consider the 
15 runs of the central composite design in Table 11.3. You can obtain estimates of the 
third-order terms by adding columns xf, xi, xi to the X matrix. Altematively, you can 
add the columns, identified in Table 11.3 as ~ih i 2 • • i 3• that are orthogonal to the first 
10 columns of X. (See Section 10.3 on orthogonalization.) Thcse onhogonal components 
have an interesting strUcture. You will see that tl1ey exactly correspond to the lack of tit 
me~ures q1, q2, q3• · 

In relation to the full third-order model their alias structure is 

q1 = /3111 + fitl2 + Pm 

q2 = f322t + /hz2 + /h23 

q3 = /lJJJ + /3332 + /hJJ 

Thus, for example, q1 measures to what extent the estimate of the quadratic term {3 11 • is 
afiected by the levels of the other factors. tJ 

Noncentral Composite Designs 

You saw above that an initial two-leve1 factorial design that produced large two
factor interaction terms suggested thc need for a second-order model. lf at this 
stage you found that first-order terms were small. your experiments might already 
be spanning a stationary region. In that case adding axial points to forma central 
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Table 11.3. A k = 3 Central Composite Regression Matrix X for Fitting a 
Sccond-Order 1\lodel with Additional Cubic Effccts Identified by the 
Orthogonalizcd Vectors x., x2, i 3 

Run 
Number X o 

"1 xl 
., . 

XJ Xt XJ x- . l x- X¡Xz X1X3 X2X3 X¡ .f~ .X3 1 J 

l -1 -1 -1 J 1 1 1 1 1 1.5 1.5 1.5 ., 1 J -1 -1 J l l -1 -1 1 -1.5 1.5 1.5 "-

3 1 -l 1 -1 1 1 1 -1 1 -1 1.s .;.... Ls 1.5 
4 1 1 1 -1 I 1 1 l -1 -1 -1.5 -1.5 1.5 
5 1 -1 -1 r J. 1 1 1 -1 -1 1.5 1.5 -1.5 
6 1 1 -l 1 1 1 1 -1 1 -1 -1.5 1.5 -1.5 
7 1 -1 1 1 J 1 1 -1 -1 1 l.5 -l.S -L5 
8 1 1 1 1 l 1 J l. 1 1 -.1.5 -1.5 -1.5 

9 -2 o .() 4 o o o o o -3 o o 
JO 1 2 o o 4 o o o o o 3 o o 
11 1 o -2 o o 4 o o o o o -3 o 
12 1 o 2 o o 4 o o o o o 3 o 
13 l o o -2 o o 4 o o o o o -3 
14 1 o o ') ... o o 4 o o () o o 3 

15 o o o o o o o o o o o ·O 

composite design would make good sense and could help elucidate things furthcr. 
However, suppose you found that the two-.factor interactions and also the first
ordcr tenns were large. This would suggest that there remained the possibility 
of exploitable first-order gradicnts and that a stationary region might lie just 
outside the present design region. You could explore this possibility by using a 
noncentral composite desigri. 

For illustration. consíder the following constructed example. Suppose you had 
data from the first four factorial runs in Table 11.4 and analysis showed two large 
negative linear coefficients b1 = -2.3 ± 0.4 and b2 = -3.8 ± 0.4 togcther with 
a nonncgligible interaction term b12 = 1.3 ± 0.4. This would suggest that further 
exploration of a region just beyond the (-1, -1) vertex could be profitab1e. 
If now the run at ( -1, ......, l) was duplicated and further runs were made at the 
points (-3. -1) and (-1, -3), you would have the noncentraJ composite design 
(see Box and Wilson, 1951) illustrated in Figure 11.13a. Such a design makes 
possible the fitting of the second-order model with data added in the relevant 
region. For the data of Table 11.4. the fitted equation adjustcd for blocks, · is 
y= 63.75- 3.75x1 - 2.25.:t·2- l.50xf- 1.50xi + 1.25XtX2. l 

The Information Function for a Noncentral Composite Design 

The noncentral composite design shown in Table 11.4 is of considerable interest. 
From the design infonnation function it will be seen how. by adding a few further 
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Table 11.4. The Sequential Assembly of a Noncentral 
Composite Design 

Run 
Number .X¡ X;t J' 

Block 1 

l -1 -1 66 
2 +1 -] 56 
3 -1 +1 59 
4 +1 +I 54 

Block 2 

5 -1 -1 68 
6 -3 -1 66 
7 -1 -3 63 

runs in a direction indicated by the parent design (here a 22 factorial). (Fung, 
1986) the information-gathering power of that design can be extended in the 
direction desired. Figures 1 1.13a and b show two possible arrangements of this 
kind. For k = 3 factors Figures 11.14a, and b show the extension of the parent 
design from a point and from an edge. 

There are a number of "optimality" measures for designs. These usually 
refer to a single aspect of design. For example, there is a D optimality cri
terion that relates to the size of the determinant of the variance-covariance 
matrix of the estimated coefficients. When D is maximized, the design is said 
to be "D optimal" and the volume of the confidence region is minimized. The 

-1 

-3 

~L 
x, -3 ~1 

{a) 
1 

3 

o 

-1 

-1 1 
(b) 

Figure 11.13. Infonnation contours of two noncentral composite designs, k= 2. 
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(a) (b) 

Figure 11.14. Two nonccntral composile designs, k = 3. 

attempt to compress the information about a design into a single number seems 
mistaken. 

A Noncentral Composite Design Example: Producing a Chemical Used 
in Car Tires 

Car tires contain a number of chemicals that improve the performance of the 
tire. For one such chemical it was believed that less expensi ve operating condi
tions might be found. Experimentation was costly and ít was essential that the 
number of experimental trials be kept to a mínimum; Three factors were stud
ied: temperature (x1 >~ concentration (xz), and molar ratio (x3); with the. coding 
shown in Table 1 1 .5. The response y to be minhniz.ed was the calculated cost 
per pound (measured from a convenient reference value). The currently known 
best conditions were Temp 142°C, Conc 22% and Molar Ratio 6.5. Initially, it 
was uncertain whether these "best" conditions were sufficiently far from a míni
mum to require a preliminary application of steepest descent (descent since the 
response was cost). lt was decided thcrefore to run the 23 factorial design shown 
in Table 11.5a centered dose to the best known conditions. Analysis of this 
23 factorial produced the following estimated coefficients: b0 = 12.5, b1 = 0.8, 
bz = 2.8~ b3 = 2.5. b 12 = -3.0. b 13 - -1.3, and b23 = 2.8. From the relative 
sizes of the linear effects and interactions it did not seem Iikely that steepest 
descent would be effective, but as a check, runs 9 and 1 O were made along a 
steepest descent path detem1ined from the estimated first-order effects giving 
costs of y 1 = 13 and Yto = 27. 

Not surprisingly no reduction in cost was obtained. However, since the first
ordcr estimated coefficients had all becn positive, it seemed quite likely that a 
local mínimum might exist beyond the vertex ( -1, -l. -1 ). The response beyond 
this vertex was investigated by making three additional runs 11, 12, and 13 shown 
in Table 1 1.5c. Runs 1 through 8 together with runs 11, 12, and J3 produced a 
noncentral composite design. Using these 11 runs, the estimated second-order 1 

cquation for approximating cost was 

y = 6.8 + o.sx1 + 2.1x2 + 2.5x3 + 3.oxr + t.6xi 

+ J.lxj- 3.0XtX2- 1.3XJX3 + 2.1X2X3 
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Table 11.5. Sequential Construction of a Noncentral 
Composite Design 

Temperature, °C Concentration, % Molar Ratio, A/8 
140 145 20 24 6 7 

X1 xz .tJ 

-1 +1 -1 +1 -1 +1 

Run Number .t¡ .Xl X3 y 

(a) 21 Factorial 

1 -1 -1 -1 5 
2 +1 -l -1 15 
3 -1 +1 -1 1 l 
4 +1 +1 -1 9 
5 -1 -1 +1 7 
6 +1 -1 +1 12 
7 -1 +1 +1 24 
8 +1 +1 +l 17 

(b) Sreepest Desceni 

9 -0.5 -2.0 -1.8 [13] 
10 -0.8 . -3.0 -2.7 [27] 

(e) Added Points 

lJ -3 -1 -1 19 
12 ·-1 -3 -1 12 
13 -1 -1 -3 12 

( d) Confinnatory Runs 

14 -1.13 -2.51 1..00 [31 
15 0.07 1.68 -3.00 [5] 

The coordinates of the stationary point obtained by equating the first-order deriva
ti ves to zero are 

Xts = -0.25, x2s = -0.55, XJS = -1.93 

The estimated cost at this point was Ys = 5.0. You will see later that further 
consideration of this example using canonical analysis providcd a clcarer under
standing of the system leading to further process improvements. 

11.5. CANONICAL ANALYSIS 

The calculations required for canonical analysis of a fitter second-order model can 
hest be understood by first considering an example with just two factors coded as 
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x1 and x 2• In this simple case canonical analysis cannot tell you anything that is 
not obvious from contour plots. However. if you understand canonical analysis 
for k = 2. you gain an understanding for larger vatues of k. 

Look again at the four_ examples for which the .equations appear in 
Equation ll.6a. b, e, and d for which the contours are plotted in Figure 11.6a 
h. e, and d. As a tirst illustration consider the canonical analysis of the fitted 
second-order equation 11.6a, that is, 

y= 83.6 + 9.4xJ + ?.lx2- 1.4xf- 3.7xi- S.8x1x2 

For clarity thé various operations are summarized and shown graphica1ly in 
Figure 1 1 .15. In what follows the letter O is used to denote the point (0, O) 
at the center of the experimental design) and the leuer S denotes the Iocation of 
the stationary value (e.g., the maximum). 

The fitted sccond-on1er model will be of the fonn 

Y = ÍJo + h¡Xt + b2.t2 + h¡¡J.} + b22xi + b12X1X2· 

Location of the Stat.ionary Point . 
Differentiation of the second-order model with respect to .X¡ and x2 gíves the 
~ = 2 !;imultaneous equations 

2b11XJ + b12X2 = -b¡ 

b12X1 + 2b22X2 = -b2 

-14.8xl- S.8x2 = -9.4 

-S.8x1 - 7.4x2 = -7.1 

y= 83.6 + 9.4x1 + 7.1x2 -7.4x~- 3.7x.f- 5.8x1x2 4 

(al 
2 

o 

-2 

-4 -2 
(b) 

Position of S x15 = 0.37, x25 = 0.66. 

Shift of origln x1 = x, - 0.37, x2 = x2 - 0.66 

Rotation of axes X1 = o.aax1 + 0.48x2 

x2 = 0.48x1 - 0.88x2 

Canonical forro y= 87.7 -9.0Xf -2.1Xi 
(el) 

o 
(e) 

" Ys=B7.7 

2 4 

Figure 11.15. Attributes of the canonical anatysis: (a) fittcd sccond~ordcr modcl: (b) geometric ~p
rcs~ntation; (e) fined contours and canonical representation; the shaded circle indicates the locauon 
of the experimental design (e/) shows cakulations for the canonical rcprescnration. 

l 
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'fhe solution of these equations gives the location of the stationary value S9 

x,s = 0.37, X2S = 0.67 

The shift of design coordinates X¡, x2 from O to the oesign coordinates i~t .i=2 

for S is such that 

Xt =X¡ - 0.37, 

The estimated response at the point S is 87.7. This can be found by direct 
substitution in the equalion, or equivalently from 

Obtaining the Canonical Form 

The canonical form is obtaíned by analysis of thc followittg matrix, * whose 
elements are obtained from the second-order coefficients in the fitted equation 

!b12 J = [ --7.4 . --2.9] 
b22 -2.9 -3.7 

The quantities now required are obtained by getting your computer software to 
produce what are called the latent roots and latent vectors for this matrix.t The 
k = 2 latent root~ and latent vectors for this example 

Latent roots 

Latent vectors 

-9.0 

[0.88] 
0.48 

-2.1 

r 0.48] 
l:-0,88 

The latent roots are the coefficients in the canonica) fonn of the fitted equation 

.Y= 87.7- 9.ox¡- 2.1xi 

where lhe X's are obtained by rotation about S (sec Figure ll.Sc). The transfor
mation from the .t,s to the X's producing this rotation has the elements of the 
eigenvectors for its coefficients. That is, 

You will see that what is being done in this case is to switch toa new coordinate 
systcm that is centered at S and has for its axes the principal axes of the elliptical 

• Herc a matrix is simply treatcd as a table of numbers. You do not nced to know matrbt tlleory. 
t lalent roots are also caJkd eigenvaJues or characteristic roots. Lntent vectors are aJso caJied eigcn
Vectors or characteristic vcctors. 
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contours. The system is jn this canonical form, is much easier to interpret. In 
general. the canonical form is 

In these equations. Bo = 87.7 is the estimated response at S and the coefficients 
B11 = -9.0 and Bn = -2.1 mcasurc the quadratic curvatures along the new x

1 
and X 1 axes. Sin ce in this example they are both negative, the point S (at which 
.Ys = 87. 7) must be a maximum. The relative magnitudes of the coefflcientst 
Bn = -9.0 and B22 = -2.1. also tell you that movement away from S along the· 
X 1 axis will cause y lo decrease m u eh more rapidly than will similar movement 
along the X 2 axjs. Thus, the long dimension of the elliptical response contours 
falls along the axis that has the smaller coefficient. 

A l\linimax 

For the purposc of exposition it is easiest to consider next the analysis for 
Equation 11.6d: 

.v = 84.3 + ll.lx¡ + 4.Ix2 - 6.5xf - 0.4xi - 9.4xtx2 

The same calculatiotlS. as before are illustrated in Figure 1 1.16. The canonkal 
fonn for this equation is 

y= 87.7- 9.0X~ + 2.IXi 

Since the coefficient of Xf, Bu = -9.0, is negative while the coefficient of Xi, 
822 = 2.1. is positive, this tells you at once that the resultant surface contains a 
minimax. Thus the center of the system S is a maximum along the X 1 axis but 
a minimum along the X2 axis. The relative sizes of the coefficienl~ -9.0 and 
+2. 1 indicate thc surface ís attenuated in the X 2 direction. Minimax surfaces are 
rather rare but. as you wiH see in Chapter 12, they can occur and may suggest 
the existence of more than one maximum. 

A Stationary Ridge 

In Figure 1 1.15 there is an analysis of an equation containing a maximum. The 
resulting surface has a local origin with the canonical fonn 

A ')• 1 1 y= 87.7- 9.0X¡- 2. Xi 

The system is auenuated along the X2 axis and, specifically, interccpts of Xz and) 
X 1 onto any given elliptical contour are in the ratio ~9.0/2.1 = 2.1. But ~ow 
suppose the cocfficient B22 had beeJi not -2.1 but -0.2 so that tJ1e canomcal 
equation was 

.v = 87.7- 9.ox¡- o.zx~ 
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p :o 84.3 + 11 .. 1 x1 + 4.1 x2 - 6.5x~-0.44- 9.4x1 X2 

" y 

(b) 

(a) 

Position of S 

Shift of origin 

Rotation of axes 

Canonical form 

4 

2 

o 

-2 

-4 

-4 . -2 o 
(e) 

11. 
Xt 5 ~0.38, X25 =0.6S, y5 =87.7 

x1 = x1 - 0.38, x2 = x2 - 0.65 

x1 = o.asx1 + 0.48x2 

x2 = -0.48x1 + o.asx2 

y= 87.7- 9.oxf + 2.1 x:_ 
(d) 

465 

2 4 

Figure 11.16. Auríbutcs of the canonícal analysis of a fitted second-order model: (a) the model; 
(b) geomctric representation; (e) the canonical íit; (d) attrihutes of the canonical fit. 

The above ratio would now be J9.0j0.2 = 6.7. The contours would thcn be 
much more attenuated along the X2 axis and in the neighborhood of O would 
approximate those of a stationary ridge. 

An altemative construction of the stationary ridge might begin in Figure ll.6d 
with the canoriical equation y= 87.7- 9.ox¡ + 2.IXi, which implies the exis
tence of a minimax. Now suppose the coefficient B22 was not 2.1 but 0.2. Then 
the hyperbolic contours around the minimax would be greatly attcnuated about 
the X2 axis, and again in the neighborhood of O the contours would approach 
those of a stationary ridge. lf B22 were exactly zero. then the contours would 
be parallel straight lines as in Figure 11.6b. Thus the signature of an approxi
mately stationary ridge in a canonical analysis is a local center S and a canonicál 
coefficient that can be positive or negative and is .rmwll in absolute magnitl(de in 
relation to the other coefficicnt. 

The reason why it is important to discover such ridges when they exist is that 
thcy show that there are a series of choices along the axis of the ridge producing 
process conditions giving close to maximal response. This can be very important 
When certaín of these choices are less expensive or more convenient. Also, when 
contour maps representing diffcrent responses can be superimposed. a ridge in 
one response can offer great freedom of choice in the factor settings for the 
other responses. 



466 11 MODELING, GEOMETRY, AND EXPERfMENTAL DESIGN 

Exercise 11.2. Carry out the canonical analysis for Equation 11.6b in the sarne 
detail as was done for Equation 11.6a and 11.6d. 

A Sloping Ridge 

Por iJlustration consider again the automobile emissions data given in Table JO. 17, 
representing the depcndencc of CO emissions y on ethanol concentration x 1 and 
air-fuel ratio X2. In the earlier analysis the second-order model was fitted by 
least squares to give 

~ ' . ~ y= 78.6 + 4.4xt ~ 6.9x2- 4.6x¡- 4.1x2- 9.lx¡x2 

Figure 11.17 shows its contours. The surface is a sloping ridge prcdicting Iower 
CO concentration as ethanol is reduced and air-fuel ratio is simultaneously 
increased. Such sloping ridges are important for they can: tell you when, even 
though no improvement is possible by varying factors separately, a higher (or 
lower) response can be obtained by appropriately changing them together. 

Canonical Analysis for the CO Emissions Data 

The calculations for the c¿monical form go precisely as before: 

Fitted model 
Position of S 
Shift of origin 
Rotation of axes 
Canonical form 

~ 
si 
~ 
Q) 
:::1 
1 ... 
< 

y = 78.6 + 4.4x1 - 6.9xz - 4.6xr - 4.txi- 9.lxtx2 
.il = -14.64, .t2 = 15.29 41 

Xt =X¡+ 14.64, X2 = X2- 15.29 
x 1 = o.72.t¡ +0.69i2. x2 = -0.69.r¡ +0.72i2 
y = -5.98- 8.89Xf + 0.18X~ 

16 
~ o o o, 

r~ 
15 \ .\ ~" 

60 70 80 90....._ 

14 \ o \ f {o 

0.1 0.2 0.3 

Ethanol concentration, x1 

Figure J1.17. A 32 experimental dcsign and comours of response r¡ (CO concentrntion). 

l 
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Because the coefficient B22 = 0.18 is sma11 in magnitude compared with B¡ 1 = 
-8.89, you know that you have sorne kind of ridge systcm. But notice that the 
coordinates of S show that the system center is remole from the region of the 
experimentation centered at O. Rewriting the coordina tes of O in terms of X 1 

and X2, you get X10 = -0.01 and X2o = -21.10. Thus O is close to the X2 axis 
(Xw = -0.01) but remote (X:!o = -21.10) from S. To obtain an expression that 
is rclevant in the experimental region around O, the canonical fom1 is rewritten 
in terms of X~ =XI+ 0.01 and X~= X2 + 21.10, that is, X2 = x;- 21.10. 
The canonical form now becomes 

y= -5.98- 8.89(Xi- 0.01)2 + 0.18(X;- 21.10)2 

which simplifies to 

"' - 74 "' 8 9X2 7 6X7 O 2X'~ Y- ..... - · ¡- · 2+ · 2 

Ignoring the small squared term~ 0.2Xl gives 

.v = 74.2- 8.9xr -1.6x; . 
The linear coeffkient -7.6 of x; shows the rate of diminution of the CO response 
along the X2 axis-it measures the slope of the ridge. 

Geometry of the Sloping Ridge 

In the fitted canonical equation y= Bo + BttXf + B22Xi assume B11 is large 
relative to B22 • If S is local, then you have approximately a stationary ridge like 
that .in Figure 11.6b which can occur either with B22 small and negative or with 
B22 small and positive. If S is remole, however, you will almost certainly have 
a sloping ridge. As you see from Figure 11.18, the contours of a sloping ridge. 
can be produced either by an elliptical system (822 sma11 and negative) with a 
remote center at St or by a hyperbolic system (822 small and positive) with a 
remote center at S2. There is a theoretically limiting case when B22 = O and the 
contours of the sloping ridge become exact parabolas. In practice. experimental 
error produces a small negative or positive value for 822 • 

Second-Order l\1odels, k = 3 Factors 

Consider the second-order model for k = 3 factors: 

• Whcn S is re mote from O. you will find calculations of thc position of S extreme! y scnsitivc to 
"?unding errors. However nfter transfom1ing back to the origin O the conclusion are affectcd very 
httlc. · 
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(a) (b) 

Figure 11.18. Allcrnative representations of a sloping rídge. 

Such a fitted equation can represent many different and interesting surfaces, as 
illustrated in Figure 1 1.19. A maximum in three f actors wiii be represented by 
a single fixed point surrounded by football-shaped contour surfaces such as that 
in Figure ll.l9a. These are arranged rather like the skins of an onion. If X¡, 
X2, and X3 are the coordinates of the canonica] variables in Figure 11.19a, you 
will see that the response would fall away from the central maximum point most 
rapidly along the X2 axis, more slowly aJong lhe X 1 axis, and slowest in the 
direction of X3• 

The díagrams illustrate other possibilities. If in Figure ll.19a you imagine the 
ellipsoidal contours greatly attenuated along the X3 axis. the cootour surfaces 
will be approximated by tubes, as shown in Figure ll.l9b and in the example in 
Figure 11.15. There then will be not a point maximum but a 1ine of altemative 
maxima in the direction of the X3 axis. If you consider the contour surfaces 
in Figure 11.19a strongly attenuated in both the X J and the X 2 directions, they 
wiH approximate a family of planar contours such as those in Figure ll.l9c. 
The contour planes shown in this figure are like a ham sandwich where the 
maximal plane in the center is the layer of ham. In Figure ll.l9d the level 
of the maximum in X 1 and X 2 will in crease as the level of X3 is 'increased. 
This is a generalization of the sloping ridge illustráted earlier in Figure 11.6c. A 
planar sloping ridge is shown ·¡n Figure I 1.19e. Minimax saddles are shown in 
Figures 1 1.19/ and ll.l9g. 

Canonical analysis is valuable for the interpretation of all such systems. In 
particular, some kind of sloping ridge system is signaled whenever the centcr 
of the system S is remote from the regidn of experimentation O and one or 
more of the coefficients in the canonical equation are close to zero. For example. 1 

supposc there were k factors and two of the coefficiénts, say Btt and Bn. were 
small and that O was remote from S. Rewriting the canonical equation in tem1s 
of X~ = X1 - X 10 and x; = X2- X2o willthcn produce an equation with large 
linear tenns in X 1 and X2 denoting a sloping planar ridge within the design 
region. (See. e.g .• Fig. 11.19e for k = 3.) 
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Exercise 11.3. Write down the form of the canonical equations for systems in 
Figures ll.l9a, b, e, d. e, f, g. 

Illustration with the Autocla\'e Data 

For illustration consider again the autoclave example for which the least squares 
analysis is given in Table 11.1 The canonical analysis of the fitted equation for 
the autoclave data goes as before but for k = 3 factors. The calculations are set 
out below step by slep. As before, the letter O is used to denote the center of the 
experimental design (the point O. O. O in this example) and the letter S denotes 
lhe location of the stationary value (e.g., the maximum). The fitted second-order 
model 

.... . 2 2 
y= bo + b¡x¡ + bzx2 + b3x3 + bux1 + b22x2 

+ b33Xi + b¡2X1X2 + b¡3X1X3 + b23X2X3 

for this example is 

y = 58.78 + l.90x 1 + 0.97x2 + l.06x3 - 1.88xr- 0.69.r~ 

-Q.95xi -2.7}X¡X2- 2.17XtX3 -1.24X2X3 

Location of the Stationary Point 

Differentiation of the second-order model with respect to x1, x2, and X3 gives the 
k = 3 simultaneous equations 

2b¡tXt + bt2X2 + b¡3X3 = -b¡, 

b12x1 + 2b22x2 + b:nx3 = -b2, 

b13X1 + b23X2 + 2/J33X3 = -b3, 

-3.75x1 -2.7lx2- 2.17x3 = -1.90 

-2.7 Lt1 - 1.37x2- l.24x3 = -0.97 

-2.17x1 - 1.24x2- 1.9lx3 = -1.06 

The solution of these equations gives the location of the stationary value S, 

Xts = -0.02, xzs = 0.55. X3s = 0.23 

The shift of the design coordinates x1, x2, x3 from O to .t¡, i2, X3 for S is 
such that 

X¡ = Xt + 0.02. X3, = X3 - 0.23 

The estimated response at the point S is 59 .15. This can be found by direct 
substitution or equivalently by using the equation 

l 
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Obtaining the Canonical Form 

As before, the canonical forn1 is obtained by analysis of a matrix whose elements 
are obtained from the second-order coefficients in the fitted equation: 

[ 

ba ~b12 ~b13] [ -1.88 -1.35 -1.09] 
!h12 bn ~bz3 = -1.35 -0.69 -0.62 
~btJ !b23 b33 -1.09 -0.62 -0.95 

The k = 3 latent roots and latent vectors (eigenvalues and eigenvectors) are as 
follows: 

Latent roots -3.40 -0.33 0.21 

Latent vectors [ ~:~i] 
0.46 [ 

0.31] 0.36 
-0.88 [ 

0.58] 
-0.80 
-0.12 

The latent roots are the coefficients in the canonical fonn 

y= 59.15- 3.40XT- 0.33X~ + 0.21Xi 

The latent vectors give the transfofiT)ation from the i's to the X's as follows: 

Xt = 0.75it + OARi2 + 0.46.iJ 

x2 = o.3 Lit+ o.36x2- o.ss.x3 
X3 = o.ss.x1 :- o.so.x2- o.t2i3 

The Origin O in Terms of Xh X2, and X3 

The design origin O in tenns of the origin of the canonical coordinates X 1, 

Xz, X3 is found by substituting .q =O, x2 =O, and X3 =O into these equations, 
remembering that X¡ = x 1 + 0.02, .~2 = x2 - 0.55, and .~3 = x3 - 0.23. Thus 

X¡o = -0.35. X2o = 0.01, X3o = 0.48 

In this example you have two of the canonical coefficients, B22 = -0.33 and 
833 = 0.21, that are small compared with B11 = -3.40. Thus, approximately, 

y= 60- 3.4Xf 

With 
X1 = 0.75(xt + 0.02) + 0.48(x2- 0.55) + 0.46(x3 - 0.23) 

or 
X 1. = -0.38 + 0.75xt + 0.48x2 + OA6x3 
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Figure 11.20. Contours of an empirical yield surface with sections at three levels of conccntration. 

a stationary ridge system in two dimensions such as that shown in Figure 11.20. 
The irnplications of thls kind of sandwichlike system is explored in detail in 
Chapter 12. 

\Vhat Do 1\laxima Look Like? 

In the 1950s, when the basic ideas of response surlace methods were bdng 
worked out. it wac; commonly supposed that the usual type of surfacc containing 
a maximum would look like the smooth hill in Figure 11.6a. Canonical analysis 
became necessary because in many examples it was found lhat this was frequently 
not the case. 1t became clear that ridge systems were common and moreover 
that these could be cxploitcd commercially. To a good approximation, for the 1 

autoclave example locally there is an entire plane of process conditions that 
produces the maximum yield of about 60%. That plane is obtained by setting 
X 1 cqual to zero. Thus you can get the maximum yield for ány combination of 
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conditions Jor which 

0.75x1 + 0.4Kt2 + 0.41x3 = 0.38 

or in tenns of the factors T. C, and t where 

T -167 e- 27.5 (- 6.5 
Xt = 

5 
X2=---

2.5 
XJ = ---

1.5 

where you will remember that T, C, and t are the reaction temperature. concen
tration, and time. Not all these altemative conditions had equal cost or produced 
product whose other properties were equally desirable. Thus an opportunity was 
provided to bring these other properties to better values. 

The Car Tire Example Revisited 

A second example is provided by the data shown earlier in Table 11.5, where 
a sequentially asscmbled non-central composite design was used to study the 
relation between the cost y of producing a chemical used in car tires and the 
Ievels of the factors temperature, concentration, and molar ratio coded as x 1, 

x2, X3. The estimated second-order equation fittcd to the data from .11 runs was 

.Y= 6.8 + o.sx, + 2.1x2 +. 2.5x3 + 3.0xr + 1.6xi + l.lx~ 
- 3.ÜXtX2- 1.3.X¡X3 + 2.7X2X3 

Proceeding as before, a canonical analysis of the fitted equation produced the 
following results: 

Position of stationary value S x 1 s = -0.25, x2s.. = -0.55, XJs = -l. 93 

Shift from origin Oto origin S x1 = .x1 + 0.25, i 2 = x2 - 0.55, i 3 = -x3 + 1.93 

Rotation of axes about S 

Canonical form 

X1 = -0.20.~,- 0.1li2 + 0.68i3 
x 2 = o.65.r, + 0.42iz + 0.64.r3 
x3 = o.74.r, + o.s?.r2- o.37x3 

y= 5.01- 0.12Xr + 1.40X~ + 4.47X5 

The small relative value of the x¡ coefficient ( -0.12) in the canonical equation 
implies that the fitted contour surfaces are approximated by tubes centered about 
the X 1 axis. The arrangement of the points in space as they appear Jooking down 
the X 1 ax.is-"down the tube"-is shown in Figure 11.21. Contours of cost 
of 10 and 20 as they should appear on the plane if X1 =O are also shown in 
that figure. You will see that when you 1ook at the design from this aspect the 
numbers agree reasonably well with the contours. The equation was now refitted 
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Figure 11.21. Projection of canonical surfacc ccntcrcd on the X1 axis. 

after including the steepest asccnt runs 9 and 10 and two further runs Jabelled 
14 and 15 in Table 11.5. 

For the complete set of fiftecn runs the canonical fom1 of the second degree 
equation was 

y= 3.76 + 0.72X} + l.98Xi + 5.47X~ 

The coefficient of Xf has now changed from small negative value to a small 
positive value. This did not change very much the appearance of the contours 
near the center of the system that is now estimated as 

XJS = -0.54 X2s = -0.42 X35 = -0.97 

The predicted cost at this point was .Ys = 0.86 
Further experimentation at these conditions produced cost.s between 2 and 3. 

Thus the invcstigation succeeded in reducing cost by about ten units. It also 
showed that moderated change.s along the X 1 axis would not alter the cost 
very much. 
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11.6. BOX-BEHNKEN DESIGNS 

Sometimes it is necessary or desirable that factors be run at only three Ievels. 
Box-Behnken designs are incomplete three-level factorials where the experi
mental points are speci fically chosen to allow the efficient estimation of the 
coefficients of a second-order rnodel. Table 11.6 shows· Box-Behnken designs 
for k = 3, 4, 5 factors. To help appreciate the symmetries of such designs, 
Figures 11.22a. b show two different representations of the sarne 13-run three
Ievel Box-Behnken design for k =3 factors. The notation ±1 is used to indicate 
the four runs of a 22 factorial., the notation O means a parallel colurnn of 
O's. For each k-factor design the last row of o·s identifies one or more cen
ter points. 

Table 11.6. Box-Behnken Designs for k = 3, 4, 5 Factors 

[ ±1 ±1 

±~] ±1 o 
Three factors: ~ ±1 ±1 

o o 
±1 ±1 o o ±1 ±1 o o o 
o o ±1 ±1 o o ±1 ±1 o 
o o o o o .±1 o o ±1 

±1 o ±1 o o . ... . . .. . ' ' ' ' ' .. o o o ±1 ±1 ±1 o o ±1 
Four factors: o ±1 ±1 o Fi ve factors: 

" " ..... ., ............ 

o o o o o ±1 ±1 o o 
±l o o +1 o .. .. . . . . . . ..... o o ±1. o ±1 ±1 o ±1 o 

o ±1 o ±1 ±1 o o o ±1 

o o o o o ±1 o ±1 o 
o o o - o o 

(a) (b) 

Figure 11.22. Two rcprescntations of the Box-Behnkcn for three factors. 
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An Example with k = 4 Factors 

In the data of Table ll.7a four factors were tested in three orthogonal blocks of 
nine Box and Behnken (1960). The second-order model fitted to these data with 
two additional indicator variables XJO and x2o for contributions associated wilh 
blocks l and 2 was 

y= 90.8 + 2.2xw- 2.7x2o + 1.9xl- 2.0x2 + l.Lt3 

- 3.7x4.- 1.4xf- 4.3xj- 2.2xi- 2.6xl- 1.1x1x2 

- 3.8XtX3 + 1.0XtX4 - 1.1x2.\~3 - 2.6X3X4 - 4.3X3X4 

The coefficients +2.2 and -2.7 are the estimated deviations from the mean 
of blocks 1 and 2.* The predicted values .Y and residuals y - .v are given in 
Table 11. 7b. The ANO VA is given in Table 11. 7d. Of the residual sum of squares 
:L<Y- y)2 = 126.71 a large portion. 105.53, is accounted for by the blocks. On 
the assumption that the model is adequate, the error mean square 2.12 then 
provides an es ti mate of a 2• 

In the normal plot of the residuals shown in Figure ll.23a runs 10 and 13 
appear to be highly discrepant. Thus~ as was previously discussed, if you were 
the data analyst, your reaction to these possibly aberrant observalions should be 
to discover how they occurred. To show the influence of such discrepant values 
on the Ieast squares analysis, a reanalysis omitting the suspect runs 1 O and 13 
produced the fitted equation where now 2.1 and -3.8 were revised estimates of 
block effects 

y= 91.21 + 2.1XJO- 3.8X:!o + 2.6x¡- 2.0x2 + l.l.\:3- 3.0X4 
2 2 . 1 . 7 

- 2.2X¡ - 3.9x2 - l.8x3'- 3.4x¡- 1.7X1X2- 3.8X¡XJ- 1.5X¡X4 

- I.1X2X3- 2.67X2X4- 4.3.\')X4 

The new predicted values and residuaJs are shown in Table 11.7c and the associ
áted ANOVA in Table 11.7e. The coeffkients in the new fitted equation are not 
greatly different, but the residual mean square is rnuch reduced from 2.12 to 0.15 
. and the normal plot of the residuals (Fig. 11.23b) shows much more regularity. 

Other Three-LeYel Factorials and Fractions 

In the automobÜe emissions experiment set out in Table 10.17 a 32 factorial 
design was used. The question of interest was how the carbon monoxide from an 
automobile engine depended on two factors: ethanol concentration XJ and air-fuel 
ratio x2• The two columns fomling the design matrix of the 32 factorial are shown 

• Thc estímate +2.2 is the deviation of thé first block average from 90.8, the -2.7 thc dcviation 
from 90,8 of the sccond block. Since the block deviations must sum to zero, the deviation for the 
third block is. +0.5. 
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Table 11.7. Analysis of a Three Level Design (a) Box-Behnken design in k = 4 
factors randomly run within three blocks. (b) Obsenrations y, predicted values y 
and residuals y - j. (e) Predicted ,·alues y and residuals y - j with runs 10 and 
13 omitted. (d) Analysis of \'ariance for the second-order model, 27 runs. (e) 
Analysis of variance for the second-order model, omitting runs 10 and 13. 

Run 
(a) (b) (e) 

Number y . . A 

xo XUJ x.zo XJ X2 XJ X.t y y-y .v y-y 

1 1 l o -1 -1 o o 84.7 85.53 -0.83 84.86 -0.16 
2 1 1 o 1 -1 o o 93.3 92.75 0.55 93.33 -0.03 
3 1 1 o -1 1 o o 84.2 ·84.97 -0.77 84.29 -0.09 
4 1 1 o 1 -1 o o 86.1 85.48 0.62 86.06 0.04 
5 1 1 o o o -1 -1 85.7 86.40 -0.07 85.72 -0.02 
6 1 1 o o o 1 -1 96.4 97.17 -0.77 96.49 -0.09 
7 l. 1 o o o -1 1 88.( 87.55 0.55 88.13 -0.03 
8 1 1 o o o 1 1 81.S 81.32 0.48 81.89 -0.09 
9 1 .1 o o o o o 93.8 92.93 0.87 93.33 0.47 

10 1 o 1 -1 o o -1' 89.4 86.79 2.61 
11 l o 1 1 () o -1 88.7- 88.76 -0.06 88.86 -0.16 
12 1 o 1 -1 o o 1 77.8 77.54 0.26 77.64 0.16 
13 1 o 1 1 o o 1 80.9 83.31 -2.41 
14 1 o l o -1 -1 . o 80.9 80.68 0.22 80.77 0.13 
15 1 o 1 o 1 -1 o 79.8 80.11 -0.31 80.21 -0.41 
16 1 o 1 o -1 1 o 86.8 86.29 0.51 86.39 0.41 
17 1 o l o J l o 79.0 79.03 -0.03 79.12 -0.12 
18 o 1 o o o o 87.3 88.10 -0.80 87.30 0.00 

19 1 o o o -1 o -1 86.1 86.87 -0.77 86.20 -0.10 
20 1 o o o 1 o -1 87.9 88.21 -0.31 87.53 0.37 
21 1 o o o -1 o 1 85 .. 1 84.77 0.33 85.35 -0.25 
22 1 o o o l o -1 76.4 75.6J 0.79 76.18. ·0.22 
23 1 o o -1 o -1 o 79.7 80.22 -0.52 79.55 0.15 
24 1 o o 1 o -l o 92.5 91.74 0.76 ·92.32 0.18 
25 1 o o -J o 1 o 89.4 90.14 -0.74 89.46 -0.06 
26 1 o o 1 o 1 o 86.9 86.36 0.54 86.93 -0.03 
27 .1 o o o o o o 90.7 90.77 -0.07 91.17 -0.47 

SS df MS 
(d) Due to first and 

second order terms 563.28 14 40.23 

Residual { Blocks { 105.53 
{ 2 

52.77 
126.71 12 

Error 2Ll8 10 2.12 

Total 689.99 26 
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Table Jl.7. (co11tinued) 

SS df MS 
(e) Due to first and 

second arder tenns 539.23 14 38.51 

Residual { Blocks 23 { 121.91 {~ 52.77 
1 . .41 10 

Error 1.50 0.19 

Total 652.64 24 
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Figure 11.23. Normal plOls of residuals. n = 27, Box-Behn.ken design. 

here in Tablc 11.8a along with the observed average yields. A regression matrix 
for fitting a second-order model is given in Table 11.8b. The orthogonalized 
regression matrix is given in Table 11.8c. As you saw earlier, this produced the 
fitted relationship 

.Y= 78.0 + 4.4xt- 6.9X2- 4.6x;- 4.Ixi- 9.1XtX2 

which on analysis tumed out to be that of a rising ridge whose implications 
were discussed. 

Exercise 11.4. The same fitted model will result using the regression matrix 
from either Table ll.8b or Tab1e 11.8c. \Vhy would one be preferred over the 
other? How does one obtain the orthogonal vectors ir and xi 

The 34- 2 Fractional Factorial 

Using the properties of the nine-run 3 x 3 hypcr-Graeco-Latin square it is possi
bJe to produce a 34- 2 fractional factorial with a different orthogonal breakdown. 
Table 11.9a displays a 3 x 3 Graeco-Latin square as it might appear in an 
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Table 11.8. Regression :Matrices, 3x3 Factorial, Coemissions Data 

(a) (b) (e) 

Regression Matrix. Orthogonal Regression Matrix, 
31 Factorial Average Yield, Second-Order Model Second-Order Model 

X¡ Xz y Xo X¡ Xl xz 
1 

xZ 
2 XtXz X o XJ xz iz 

l 
il . l X¡Xl 

63.75 1 -1 -1 1 l 1 ] -1 -1 -1 -1 1 

o 79.45 1 o -1 o 1 o 1 o -1 2 -l o 
+ 91.75 1 1 -1 1 1 -t ] 1 -1 -1 -1 -1 

o 69.70 1 -1 o ] o o 1 -1 o -1 2 o 
o o 80.75 1 o o o o o .1 o o 2 2 o 
+ o 73.60 1 1 o 1 o o 1 1 o -1 2 o 

+ 67.30 1 -1 1 1 1 -1 1 -1 1 -1 -1 -1 
o + 67.45 1 o l o 1 o 1 o J 2 -1 o 
+ + 59.05 1 1 1 1 1 1 1 l 1 -1 -1 1 

Table 11.9. Design Matrices for the 3 x 3 Graeco-Latin Square and J'-2 Fractional 

The3x3 Design The 34- 2 Orthogonal 
Graeco-Latin Square Matrix · Fractiona1 Factorial Quadratíc Vectors 

(a) (b) (e) (d) 

R G r é 

X¡ X~ X3 X4 X¡ X2 XJ X4 
·2 ·2 . ., . ., 

X¡ X¡ Xj x.¡- Xo 

Colunms (e) 
1 II IU 

Rows (r) 1 A a BfJ Cy A a 1 1 -L -1 -l. -1 -1 -1 -1 -1 1 
2 CfJ Ay Ba B a 2 lll o -1 o +1 2-1 2-l 1 
3 By Ca AfJ e a 3 11 +1 -1 +1 o -1 -1 -1 2 1 

A fJ 3 lll -1 o +1 +l -1 2-1 -1 1 
B fJ 1 11 o o _:1 o 2 2-1 2 1 
e {3 2 11 +1 o o -1 -1 2 2-1 1 
A y 2 li -] +1 o o -1 -1 2 2 1 
B y 3 I o +1 +1 -1 2 -] -1 -1 1 
e y 1 lll +1 +1 -l +1 -1 -1 -1 -1 1 

agricultura] field trial with the Roman and Greek letters identifying two factors 
each at three versions, with the design blocked by rows and columns. Table 11.9b 
is an altemative display of the same nine-run arrangement in which the four fac
tors are now identified as X¡ = R (Roman), x2 = G (Greck, x3 = r (rows) and 
X4 =e (columns). Table 11.9c is again the same arrangement but with the three 
lcvels of each factor identified by [ -1, O, + 1] producing four orthogonal vectors 
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that togcther produce the 34
- 2 fractional factorial design with four factors each at 

three Jcvels in nine runs. Table 11.9d displays the four orthogona1ized quadratic 
terms if ~ xi, xj, and xJ useful for estimating quadratic tenns. Tbe vectors xf, 
x~. x~, and x~ are not onJy mutually orthogonal but also orthogonal to the linear 
term vectors X¡. x2t X3, and x.t. These eight column vectors aJong with a column 
vector Xo togcther comprise thc L9 orthogonal arra y. Thcse orthogonal vectors 
have remarkable properties. but they must be used with somc care. 

To explain, consider the data from the automobile emission example, repeated 
again in Table 11,1 Oa a long with the fitted second-order model. The contours 
of the fitted response surface appear in Figure 11.17. The design employs the 
nine runs of the 32 factorial. Suppose you now add two extraneous factors x3 
and x4 to produce the 34

- 2 design shown in Table 11.1 Ob. Ctearly the factors x3 
and X4. added to the design after the data had been collected. have no influence 
whatever. Suppose, however, that all four factors were included in an analysis of 
the data. What would you ha ve learncd? A quick analysis of the 34- 2 is to plot 
the average response at each level for each factor as displayed in Figure 11.24. 
Each average is based on six observations and has an cstimated standard error 
á"= 0.9. On viewing thesc figures it might be concluded that over the range 
chosen factor X4 has a profound curvature effect and .t3 a linear effect. But, of 
course, for these data you know that both x3 and x4 are inert! For the 34- 2 design 
fitted model for linear and quadratic terms is 

s~ = 87.3 + 4.4xt- 6.8x2 + 4.2X3 + O.lx4- 4.6xf- 4.lx~- 2.3xi- 10.1x1 

The coefficients of .t3 and xl are both large and "statistically significant." This 
suggests that both x3 and x4 have important roles .in influencing the response. 
But. again. you know thát wilh these data both factors are without influence. 

Table 11.10. A 32 Factorial with Data and a 34- 2 Fractional Factorial 

(a) 32 Factorial Design (b) 34-2 Fractjonal Factorial 

x, X2 Obscrved, y Average XJ X1 X) X4 

61.9 65.6 63.75 
o 80.9 78.0 79.45 o o + 
+ 89.7 93.8 91.75 + + o 

o 72.1 67.3 68.70 o + + 
o. o 80.1 81.4 80.75 o o o 
+ o 77.8 74.8 73.60 + o o 

+ 66.4 68.2 67.30 + o o 
o + 68.9 66.0 67.45 o + + 
+ + 60.2 57.9 .59.05 + + + 
y = 78.6 + 4.4x1 '- 6.9.t2- 4.6x~ - 4.txi- 9. L~tX2 
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80 xl 80 
x2 

70 / 70 

60 60 
Average response 

o + 
66.9 75.9 75.7 
78.3 75.6 64.6 
6719 74.4 76.3 
69.2 79.9 69.4 

Figure 11.24. Plots of averages: four factors each at threc Jcvcls. 

The faultlies of course in the choice of the experimental design. The Graeco
Latin square (L9 orthogonal array) used as a 33- 1 or 34- 2 fractional factorial 
requires the a~sumption that al/ two-factor interactións are zero. (Recall, in this 
exarnple the original 32 factorial displayed a 1arge x 1x2 interaction with b 12 = 
-9.1.) For these nine-run designs. if two-factor interactions exist, they bias both 
the estimates of the first order and the quadratic estirnates. An experimenter who 
needs to estimate second-order effects and is restricted to only three levels for 
each factor should use a design in which interactions as well as quadratic effects 
may be separately estimated. The Box-Behnken .arrangernents were designed for 
this purpose. 

The 33 Factorial and lts Fractions 

There are similar difficulties associated with the fractional factorials that can 
be constructed from the 27 runs generated by the 33 factorial, that is, three 
factors each at three levels. Table ll.lla displays 13 mutually orthogonal "linear" 
columns x 1, x2 • ••• , X13 that togcther form the 27-nm 313- 10 fractional factoriaL 
Table 11.11 b displays the associated 13 mutually orthogonal quadratic columns 
iy ~ i~ •... , x¡3 that are themselves orthogonal to the linear columns and to each 
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Table llollo The JU-J Factorial with Quadratic Colurnn."i ia,. o o, x13 N 

(a) (b) 

Run x5 x6 x7 x8 x9 xiO xl1 xl2 xl:3 x.z •2 ... .') ... ·1 .. ·"' .. .... .. •2 . .,: 
Xt X2 X) "" XJ x· x; x· x· x; G "9 "in x¡, x,2 x¡l 1 ) ~ 6 

1 -1 -1 -1 -) -1 -l .,-l -1 -'l -1 ,-1 ~1 -1 l 1 1 '1 1 1 1 1 l 1 1 i 1 
2 -l -1 -1 ""0'1 o o o o o () o o o 1 ) J 1 -2 -2 -2 -2 -2 -2. -2 -2. -2 
3 -1 -1 -1 -1 1 1 J J 1 1 ) 1 l 1 J 1 ) 1 1 1 1 1 1 1 1 1 
4 -1 o o o -'-1 -:-1 -1 o o o l 1 1 l -2 -2 =-2 1 1 1 -2 -2 .,-2 1 1 1 
S -1 o o o o o o 1 1 1 -1 -1 -1 f -2 =-2 -2 -2 -2 -2 1 t 1 1 l 1 
6 --l o o o 1 1 1 --1 -1 -1 o o o l -2 -2 -2 1 1 1 1 1 1 -2 -2 -2 
7 -1 1 l 1 -l -1 =) 1 ) 1 o o o 1 l 1 1 ) 1 1 1 1 1 -2. -2 -2 
8 -1 ) 1 1 o o o -1 -1 -1 1 1 ) 1 1 l 1 -2 -2 -2 1 1 1 1 J 
9 -1 1 1 1 1 1 1 o o o -1 '-1 .;_1 1 1 1 1 1 l 1 -2 -2 -2 ) 1 

10 o -1 o 1 -1 o 1 -1 o 1 -1 o 1 -2 l -2 J 1 -2 1 1 -2 1 1 _:2 

11 o -1 o 1 o 1 -1 o 1 -1 o 1 -1 ~2 1 -2 1 -2 1 l -2 1 ) -2 1 1 
12 o -1 o t 1 -1 o l -1 o 1 -1 o -2 1 -2 ) 1 1 -2 1 1 -2 l ) -2 
13 o o 1 -l -1 o 1 o l -1 1 -1 o -2 -2 1 l l -2 1 -2 1 1 1 ) -2 
14 o o 1 -1 o 1 -1 t -1 o -1 o l -2 -2 1 1 -2 1 1 1 1 -2 l -2 l 
15 o o 1 -1 J -1 o -1 o 1 o .1 -1 -2 -2 1 1 1 1 -2 1 -2 1 -2 l 1 
16 o 1 -1 o -) o ) 1 --1 o o 1 -1 -2 1 1 -2 1 -2 1 1 1 -2 -2 1 1 
17 o 1 -1 o o l -1 -1 o 1 l -1 o -2 1 1 -2 -2 J 1 1 -2 l 1 1 -2 
18 o 1 -1 o l -1 o o 1 -1 -1 .o 1 -2 1 1 -2 1 l -2 -2 1 1 l --=2 l 
19 1 -1 ) o -1 1 o -1 1 o -1 l o 1 1 1 -2 1 1 -2 1 l -2 1 1 -2 
20 ) --1 1 o o -1 ) o -1 1 o -1 1 1 1 l ~2 -2 1 ) -2 J 1 .... 2 1 1 
21 1 -1 1 o 1 o -1 1 o ·-1 1 () -J 1 1 J -2 1 -2 1 1 -2 J 1 -i J 
22 l o -1 1 ~l 1 o o -1 1 l o -1 l -2 1 l 1 1 -,-2 -2 1 1 l --2 1 
23 1 o -1 1 o -1 1 1 o -1 -1 1 o 1 .;_.2 1 1 "'-2 1 l 1 -2 l 1 f -2 
24 1 o -1 1 1 o -1 -J 1 o o ·-1 1 1 -2 1 1 1 -2 l t J -2 -2 1 1 
25 1 1 o -1 -1 1 o l o -1 o -1 1 1 1 ,-2 1 1 J -2 1 -2 l -2 J 
26 l 1 o -1 o -t 1 -1 .1 o 1 o -1 1 1 -2 1 -2 1 1 1 l -2 1 -2 1 
21 1 1 o -1 1 o -1 o -1 1 -1 1 (l 1 1 -2 1 1 -2 1 -2 l l 1 1 -2 

Ntw: Al\ columns lllC mu1u.1\ly onhogonal. 
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other. Thcse 26 vcctors together with a colum.n vector of rs form the L27 
orthogonal array. Qf the 13 "-'factors all pairs project into a 32 factorial repJicated 
three times and thus provide second-order designs, that is, designs capab1e of 
providing estimates of all linear, quadratic!> and two-factor interaction tenns. 
Thcre are 286 sets of three factors that project into complete 33 factorials and 
thus also second-order designs. But in this context, the design must be used with 
some caution because thcre are 52 projections that do not provide sccond-order 
designs, specifically any sct of three factors falling within the following subsets 
of four: [1, 2, 3, 4], [1, 5, 6. 7]. [1, 8, 9, IOJ, [1, 11, 12, 13], l2. 5, 8, 11]. 1.2. 6, 
9. 12]. [2, 7~ 10, 13}, [3, S. 9. 13]. [3, 6, 10. 11], [3, 7~ 8. 12]. [4. 5, 10, 12]. [4. 
6, 8, 13], [4, 7. 9, 11]. 
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QUESTIONS FOR CHAPTER 11 

l. What are response contours? Illustrate for a k-factor problcm with k = 2, 3. 

2. Suppose k = 2. What is a first-order model? 

3. Draw contours for a two-factor problem in which the response might be 
approximated by a first-order model. What is the path of steepest ascent? 

4. What is a second-order model? 

S. For a k= 2 factor problem how would you draw a set of contours in which 
a second-order model might locally approximate (a) a maximum, (b) amín
imum. (e) a minimax, (d) a stationary ridge. and (e) a sloping ridge? 

6. A response that is a smooth function over the 1evels of two factors may or 
may not be similar when viewed over different Ievels of a third factor. Can 
you explain this statement? Provide examples. 
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7. A response found to be smooth over different levels of a factor mayor may 
not be smooth over the Jevels of another factor. Can you explain why and 
provide examples? 

s. Assume k= 2. Can you explain diagrammatically the canonical analysis of 
a second-order model which represents a maxi mum? 

9. For a rising ridge why would the use of a one-factor-at-a-time experimenta
tion be a mistaken strategy? 

10. How would you sketch a central composite design for k= 3 factors? 

11. Imagine a 23 design in eight runs represented by the vertices of a cube in 
3-space. When would a statistical analysis suggest that there might be a 
stationary region just outside the cube? 

12. How would you illustrate how a non-central composite design might be 
used to shed further light on the problem in question 11 if the stationary 
region is believed to be (a) near an edge and (b) near a vertex of the cube? 

13. What is a Box-Behnken design? Make a sketch of the design for k= 
3 factors. 

14. What is meant by the information function of a design? What property has 
the function for a rotatable design? 

PROBLEl\·IS FOR CHAPTER 11 

l. Write down the design matrix for a 29-run central composite design having 
five factors with three center points. 

2. Suppose you had fitted a second-order model by least squares with a three
factor central composite design with axial and center points duplícated and 
obtained the following partiaJ ANOVA table: 

So urce SS df 

Dueto model 746 9 
Lack of fit ro {: 
Residual 154 12 
Replicate error 47 

(a) Complete the ANOVA table. 

(b) Is there evidence of lack of fit of the fitted model? 

(e) Do you think the model is well enough estimated to justify further analysis? 

3. A 23 factorial design with center point was used in an experiment to reduce 
cost. The folJowing partial ANOVA table resulted: 
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Source SS df 

First-order tenns 85.8 3 
Higher order tem1s 12.7 3 

Do you think a first-order model would be adequate to approximate this system? 
Given that the estimated model was y = 45.2 + 13.9xl - 6.3x2 + 21.3:r3 calcu
late four points on the path of steepest descent for which the x1 coordinates are 
1, 2. 3, 4. 

4. Describe two checks of adequacy of fit for a first-order model. 

5. Suppose you have a design with k= l factor and n = 3 points located at 
x = -1, O, +l. Given a straight line model. sketch the information function. 

6. Suppose a second-ordcr model in three factors had been fitted. Using canonical 
·analysis, how could you detect and analyze a sloping ridge system? Describe 
and illustrate two different kinds of limiting models for a sloping ridge and 
their correspondjng canonical fonn. 

7. What is meant by the .. sequential assembly of an experimental design''? 
Illustrate the sequential assembly of a Lhree-factor central composite design 
begínning with a half fraction of a 23 system. Suppose you suspected that 
shifts in response might occur between the addition of parts of the design. 
· How would Lhís affect your design and analysis? 

8. An experimenter with limited resources included 11 factors in a 12-run Plack
ett and Bunnan design with a center point. Analysis pointed to three factors 
of greatest importance. The experimenter then added a center point and six 
axial points for these three particular factors and fitted a second-order model. 
What do you think of this approach? Name sorne good and some bad aspects. 

9. The following data are dueto Baker, who used a 27~run Box-Behnken dcsign 
in three bJocks of nine runs each to study the influence of four factors on nylon 
flake blender efficiency. Analyze the experiment. Do yo u find any evidence 
of bad values? · 

Experimental Design for Flake Blender Efficiency 

Particle Screw Lead Screw Blending ~leas u red 
Run Size, Length, Rotation, Time, Blending 
Order Xt (in.) x2 (in.) x3 (rpm) x4 min Efficiency, y (%) 

Block 1 

5 114 4 200 60 84.5 
6 1 4 200 60 '62.9 
3 l/4 8 200 60 90.7 
7 1 8 200 60 63.2 
4 5/8 6 175 45 70.9 
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Experimental Design for Flake Blender Efficiency 

Particle Screw Lead Screw Blending l\'lea'lured 
Run Size, Length, Rotation, Time, Blending 
Order X1 (in.) xl (in.) x3 (rpm) x4 min Efficiency, y (%) 

9 5/8 6 225 45 69.2 
1 5/8 6 175 75 80.1 
2 5/b 6 225 75 79.8 
8 5/8 6 200 .60 75.1 

Block 2 

17 1/4 6 200 45 81.8 
13 1 6 200 45 61.8 
11 114 6 200 75 92.2 
14 1 6 200 75 70.7 
10 5/8 4. 175 60. 72.4 
12 5/8 8 175 60 76.4 
18 5/8 4 225 60 71.9 
15 5/8 8 225 60 74.9 
16 5/8 6 200 60 74.5 

Block 3 

25 1/4 6 175 60 88.0 
27 1 6 175 60 63.0 
22 1/4 6 225 60 86.7 
19 1 6 225 60 65.0 
26 5/8 4 200 45 69.4 
21 5/8 8 200 45 71.2 
24 5/8 4 200 75 77.3 
23 5/8 8 200 75 81.1 
20 5/8 6 200 60 73.0 
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Sorne Applications of Response 
Surface Methods 

In this chapter the following aspect" of RSM '(response surface methodology) are 
illustrated: 

l. Using RSM to improve a prod~ct design 
2. Simplification of a complicated response function by data transfommtion 
3. Using RSM to detem1ine and exploit active and inert factor spaces for 

multiple-response data 
4. Using RSM to exploit incrt canonical spaces 
5. Using RSM to move from empiricism to mechanism 

12.1. ITERATIVE EXPERil\'lENTATION TO 11\U>ROVE 
A PRODUCT DESIGN 

Iterative Experimentation 

In the analysis of data it is frequently eínphasized that, though observations 
are subject to error. probability statements can be made and conclusions drawn. 
Statistics tells us how. Frequently overlooked. however. is how heavily condi
tional4 on the experimental setup are most such statements and conclusions. This 
ac;pect of investigation has been emphasized throughout this book. and in RSM 
it is espccially important. 

• One reason this is overlooked is that in one-shot experimcnts thc expcrim~ntaJ design is trcated as 
a "given," the only one that could have bcen run. 

Sttltistics .for r:.xperimtmters, Secotul Edition. By G. E. P. Box, J. S. Hunter, nnd W. G. Hunter 
Copyright © 2005 John Wiley & Sons, lnc. 
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For example, considcr an identical problem faced by a number of different 
experi menters: 

Different factors could ha ve been eh osen for the study. 

Differcnt ranges for the factors could havc becn sclected. 

Different choices could have been made for qualitative and blocking factors. 

Different transformations. for the factors might have bee.n employed. 

Differcnt responses and their metrics might have becn chosen. 

Different models coUld have been considered. 

These arbitrary choices and educated guesses will affect conclusions drawn 
from a single experiment far more than observational error or statistical niceties. 
However, in an itcrative sequence o( experiments, although different expcri
menters may begin from different starting points and take different routes, they 
may neverthelcss arrive at similar or equa1ly satisfactory, solutions. Like mathe
matical iteration, scientific iteration tends to be self-correcting. 

11\U)ROVING THE DESIGN OF A PAPER HELICOPTER 

Traditional training in statistics tends to be imbedded in the one-shot approach. 
To apprcciate the process of thc sequential unfolding of a problem, it is very 
important for you yourself to .take part in the process of using statistical design 
for scientific discovery in a real investigation. You grow when your imagination 
is challenged and you experience the excitement of conceiving and tcsting your 
own ideas .. The following is a suggestion of how you may get sorne practice 
at this. 

Since readers will be from many different arcas of endeavor, the leáming 
exercise had to be for some simple product available to everyone. Also it necded 
to be capable of many different kinds of modification. The following is one his
tory (Box and Liu, 1 999) of the improvement of the design of á paper helicopter.• 
Please do 1w1 regard l-rlwt fol/mrs as súpplying just eme more dead data set to 
be .further ant1lyzed ami reanalyzed. It is a sample of what we hope yoit will 
experience when you pcrform your own experiments using experimental design 
and discovering your own iterative path to a solution. The art of investigation 
cannot be found just by playing with someone else's data. Also remembcr that 
the "besf' hdicopters arrived at in this particular investigation were certainly not 
optimal. You should be able to find a bctter helicopter dcsign whcn you try out 
sorne of your own ideas. Thcre is usually more than one answer to a problem 
and you may discover a good product design and perhaps a much better one very 
di fferent from that found hcre. 

• Yuu may prcfcr to use somc uther dcvicc. but if you do. it is important to choosc something that 
can be changcd in a \'aricty of wuys, li.mitcd unly by your imagination nol prcordaincd. Deviccs with 
only a fixed number of builf-in factors and levcls that can be changed. though ¡x~rhaps useful for 
tcuching onc-shot cxperim~ntatiun. are usclcss for the purpose of illustratú1g itcmtivc investigation. 



IMPROVING THP. DESJGN OF A PAPER HEUCOPTER 491 

There is one important respect in which these helicopter experiments do not 
provide a pícture of a real investigation. In this example, progress is made almost 
entirely empirically. If you were really in the business of making helicopters, 
aerodynamicists and other engineers would be on the team supplying subject 
matter knowledge. Their help in designing the experiments and in interpreting 
the results would undoubtedly produce a better helicopter quicker. Al so, a number 
of responses in addition to the mean and variance of the ftight times would be 
measured, recorded, and jointly considered. 

An Initial Scrcening Experiment 

The prototype helicopte.r design displayed in Figure 12.1 was made available by 
a colleague, starting with this prototype. The objective was to find an improved 
design giving longer ftight times. The designs were limited to those that could be 
constructed from readily available office supplies and, in particular, from standard 
ll x 8.5-inch paper. The test flights descrihed were carried out in a room with 
a ceiling 8.5 feet (1 02 in ches, or 2.6 meters) from the floor. The average flight 
time for the prototype was about 200 centiseconds. 
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Figure 12.1. lnitial pmtotype helicopter design. 
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TabJe 12.1. Factor Le\'els (+1, -1) for Eight Factors 

Factors -1 +1 

P; papcr type. Xt Regular Bond 
/: wing length, x2. 3.00 in. 4.75 in., x2 ::= (1 - 3.875)/0.875 

L: body length. x3 3.00 in. 4.75 in .• X3 = (L- 3.875)/0.875 
W: body width, X4 1.25 in .. 2.00 in ..• X4 = (W- 1.625)/0.375 
F: fold, xs. No. Y es 
T: taped body. Xt~ No Y es 
C; paper clip, X7 No Y es 
M: taped wing, xs No Y es 

Table 12.2. Design 1: Layout and Data for 2~y' Screcning Design 

Run XJ X2 X) .t4 xs X6 .'1:7 xs 
Number p 1 L w F T e M y S lOO log(.r) 

1. -1 -1 -1 -1 -1 -1 -1 -1 236 2.1 32 
") +1 -1 -1 -1 -1 +1 +1 +1 185 4.7 67 ¿. 

3 -1 +1 -1 -1 +1 -1 +1 +1 259 2.7 43 
4 +1 +1 -1 -1 +1 +1 -1 -1 318 5.3 72 
5 -1 -1 +1 -1 +1 +l +1 -1 180 7.7 89 
6 +1 -J +1 -1 +1 -1 -l +1 195 7.7 89 
7 -1 +1 +1 -1 -1 +1 -1 +1 246 9.0 96 
S +1 +1 +1 -1 -1 -1 -H -1 229 3.2 51 
9 -1 -1 ~J +1 +1 +1 -1 +1 196 11.5 106 

lO +1 -1 -1 +t +1 -1 +1 -1 203 10.1 100 
1 1 -1 +1 -1 +1 -1 +1 +1 -1 230 2.9 16 
12 +1 +1 -l +1 -1 -1 -1 +1 261 15.3 118 

13 -1 -l +1 +1 -1 -1 +1 +1 168 11.3 105 
14 +1 -1 +1 +l -1 +1 -1 -1 197 11.7 107 
15 -1 +1 +1 +1 +1 -1 -1 -1 220 16.0 120 
16 +1 +1 +1 +1 +1 +1 +1 +1 241 6.8 83 

To get some idea as to which factors might be important for increasing ilight 
times, the experimenters. after careful discussion, decided to first use a 2~v4 

fractional factorial arrangement to test eight chosen factors at levels lísted in 
Table 12.1. lt wilJ be remembered (see Chapter 6) that this experimental arrange· 
mcnt provides a [ 16,8.3j screen. Specifications for the 16 constructed helicopters 
are shown in Table 12.2 togethcr with their average flight times y, estimatcd 
standard deviations s. and values of 100 log10(s). In a flight test the wings were 
held against the ceiling and the helicopter droppcd. The time takcn to reach 
the floor was recordcd in un.its of one-hundredth of a second. The helicopter 
designs were dropped in random order four times giving the average flight times 
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y and the standard deviations s shown in lhe table. It is well known (Bartlett 
and Kendall. 1946) that there is considerable advantage in analyzing the Joga
rithm of the standard deviation rather than s itself. To avoid decimals. 100 log(s) 
was used here. (See also the discussion of transformations in Chapter 7.) The 
effects calculated from the average flight time y are called location effects and 
those calculated using lOO log(s) called dispersion effects. The effects shown in 
Table 12.3 are. regression cocfficients (one-half the usual effect Y+- y_) with 
the constant the overall average. 

The nonnal plot for the location coefficicnts .shown in Figure 12.2ll suggested 
that the three tested dimensions of the helicopter-wing Iength /, body Iength 
L, and body width \V-or equivalently the factors of the 28- 4 arrangement x2• 

x3, and x4-had substantial effects on average ftight time. Of the remaining five 
"qualitative .. factors only C (paper clip, X7) produced an effect distinguishable 
from noise, but since adding the paper clip reduced flight time. all subsequent 
tests were run without it. The nom1al plot for the dispcrsion coefficients in 
Figure 12.2b suggested that the main effects of factors L, W, and C anda single 
aliased string of two-factor interactions might be distinguishable from noise. No 
attempt was made at this stage however, to unravel the dispersion interaction 
string. The signs of the Jocation effects were s~ch that the changes in the heli
copter dimensional factors l ~ L, and W. which gave in creases in flight time, were 
also associated with reductions in dispersion. It was decided therefore to explore 
further the possibility of increasing the flight time by changing the dimensional 
factors 1, L~ and W along the path of steepest ascent for 1ocation. 

Table 12.3. Design 1: Estimates (Coefficients) for the 
2M-4 D · IV esagn 

Coefficients 

Constant 
XJ.= p 
x2 = 1 
X3 = L 
X4= W 
xs= F 
X6= T 
X7=C 

.ts =M 
PI +LC + WM +FT 
PL+IC + ltT +FM 
PW +1M +LT+FC 
PF+IT +LM + WC 
PT +IF+LW +C~f 
PC+iL+WF+TM 
PM + llV + LF + TC 

Location 

222.8 
5.9 

27.8 
-13.3 
-8.3 

3.8 
'1.4 

-10.9 
-3.9 

5.9 
0.1 
5.1 
6.9 
5.3 

-3.3 
-4.3 

Dispersion 

80.9 
5.0 

-6.0 
11.6 
13.5 
6.9 

-1.4 
-11.6 

7.5 
l.l 

-15.0 
2.6 

-6.8 
-2.3 

l. O 
-4.1 
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The linear model for estimating the mean flight times wás then 

y= 223 + 2Sxz- 13x3- 8x4 (12.1) 

where the coeftlcients are rounded values from Table 12.3 and x2. X3, and ~t4 
are the factors in the 28- 4 factorial for helicopter dimensions 1. L, and W. The 
contour diagram in Figure 12.3 is a convenient way of conveying visually what 
is implied by Equation 12.1. The path of steepest ascent is shown at right angJes 
to the contout planes. 

Steepest Ascent 

A series of helicopters were now constructed along the steepest ascent path. 
To calculate points on the path. the factors were changed simultaneously in 
proportion to the coefficients of the fitted equation. Thus, the relath·e changes in 
x2• x3, and x4 were such that for every incrcase in 28 units in x2, X3 was reduced 
by 13 units and X4 by 8 units. The units were the scale factors ls.:alc = 0.875, 
LscaJe = 0.875, and \\~~a~.: = 0.375 (see Table 12.1). which were the changes in 
1, L, and W corresponding to a change of tme unit in x2, XJ, and x4, respectively~ 
A helicopter with a 4-inch wing length l was first tested on the steepest ascent 
path and then additional helicopters were built along this path with wing length 1 
increased by 3/4-inch increments and the other dimensions adjusted acc.ordingly. 
The resulting specifications are showh in Figure 12.4 Jisted as points 2, 3, 4, 
and 5. Ten repeat flights were made for each of the five new helicopter designs 
with design 3 giving the longest average ftight time of 347 centiseconds-an 
impressive improvement with flight times increased by more than 50%. (In the 
practical development of a manufactured product, if a new product design had 
been discovered that was this much ahead of current competition, a management 

"'" \ 
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1 

Figure 12.3. Contoun> of average fight times. 
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Helicopter 1 2 3 4 5 
Wing length. 1 4.00 4.75 5.50 6.25 7.00 
Body length. L 3.82 3.46 3.10 2.75 2.39 
Body width, W 1.61 1.52 1.42 1.33 1.24 

400....., 
1 

1 
8 

350- ~ 
·o 

aooi ~ o § o 
Flight o o o 
time ~ o .o o 

(x 100 sec) 250 _; 
1 

o 
o 

200- 8 § 

150-

y 275 304 347 275 227 

S 9.4 13.5 20.0 57.3 38.9 

100 log s 97 113 130 176 159 

Figure 12.4. Dala for fight helicnpters buih along the path of stcepcst asccnt. 

decision might be made to .. cash in" on what had already been discovered and 
the investigation temporarily suspended. Howevcr, as soon as the competition 
began to catch up again, further investigation would be needed.) 

In the case of this experiment the investigation was continued in an effort to 
discover an even better design. Since none of the qualitative factors so far tricd 
seemed to produce any positive effects, it was decided for the present to iix these 
fcatures and explore four helicopter dimensions-wing lcngth 1, wing width w. 
body length L. and body width W. Also about this time a discussion with an engi
neer led to thc suggestion that a better characterization of the wing dimensions 
might be in tem1s of wing area A = lw and the length-to-width ratio R = 1 /W 
of the wing. This rcparameterization was adopted in subsequent experimento;. 

A Sequentially Assembled Composite Design 

It was uncertain whether further advance might be possible using first-order 
steepcst ascent. and if not, then a full second-order approximating equation might 
he needed. Subsequently, therefore, a 24 factorial in A, R. lV and L was run 
with two added center points with the expectation that. if nccessary~ additional 
runs could be added to the design to allow the fitting of a second-order model. 

Table 12.4 lists the levels of the four factors A, R, \V, and L used in a 
24 factorial expcrimcnt with two added centcr points. The averages y and the 
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Table 12.4. Helicopter Data for a 24 Factorial Design with Two Center Points 

Factor S y m bol -1 o l. 

\Ving arca (/ w) A 11.80 12.40 13.00 
\Ving length ratio (ljw) R 2.25 2.52 2.78 
Body width (in.) w 1.00 1.25 1.50 
Body length (in.) L 1.50 2.00 2.50 

24 + 2 Center Points Estimated Coefficients 
Run 
Number A R w L y 100 Jog(s) y 100 log(l·) 

1 -1 -1 -1 -1 367 72 Constant 367.1 79.6 
2 +1 -1 -1 -1 369 72 A -0.5 1.9 
3 ---1 +1 -1 -1 374 74 R 5.4 4.5 
4 +1 +I -1 -1 370 79 w 0.5 -2.9 
5 -1 -1 +1 -1 372 72 L -6.6 4.1 
6 +1 -1 +1 -1 355 81 
7 -1 +1 +1 -1 397 72 AR -2.9 2.1 
8 +1 +l +1 -1 377 99 AW -3.7 -0.7 
9 --1 -1 -1 +1 350 90 AL 4.4 -3.2 

JO +1 -1 -1 +1 373 86 RW 4.6 -0.1 
11 -1 +1 -1 +1 358 . 92 RL -1.5 1.1 
12 +1 +1 -1 +1 363 112 WL -2.1 -6.2 
13 -1 -1 +1 +1 344 76 
14 +1 -1 +1 +1 355 69 ARW 0.1 -1.5 
15 -1 +1 +1 +1 370 91 ARL -J.8 -0.7 
16 +1 +1 +1 +1 362 71 AWL 0.6 -4.6 
17 o o o o 377 51 RWL 0.2 0.2 
18 o o o o 375 74 ARWL -0.2 -3.1 

dispcrsions 100 log(s) obtained from 10 replicated flights are shown in Table 12.4 
together with the estimated coefficients. Nothing of special interest was revealed 
by the d.ispersion analysis so further analysis was conductcd only for location 
effects. 

Exercise 12.1. Calculate the linearity check for the data in Table 12.4. 

A nom1al plot of the estimated coefficients given in Figure 12.4 are shown 
in Figurt! 12.5,from which it is evident that sorne two-factor interactions now 
approach the size of the main effects. 

Additional Runs to Form a Central Composite Arrangement 

To allow for the fitting of a second-order model, 12 additional runs were added, 
as shown in Table 12.5. These runs consisted · of points placed at ±2 units 
along each of the four axes plus four additional center points. The estimated 
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Figure 12.5. Normal plot of coefficients. 

second-order model, allowing for possible mean differences between blocks, is 
given in Equation 12.2. The four linear coefficients are shown in the second Une, 
the four quadralic coefficients on the third line. and the six two-factor interac
tions on the finallincs. To the right are given the estimated standard errors of 
the coefficients for that line. . 

y= 372.06 

- 0.08x¡ + 5.08x2 + 0.25x3 - 6.08x4 

- 2.04xf - 1.66xi - 2.54xj - 0.16xl 

(0.64) 

(0.61) 

- 2.88x¡.r2 - 3.75x1xJ + 4.38x1x4 (0.78) 

+ 4.63X2X;\- 1.50X2X4- 2.13XJ'4 (0.78) 

(12.2) 

The ANOVA for location (average flight times) for the complcted design is 
given in Table 12.6. There is no strong evidence of lack if fit and the residual 
mean square of 9.7 was used as the error variance. Thc overall F ratio (207.6/9.7) 
for the fitted second-degree equation is then over 20. exceeding its 5% signif
icance level Fo.os.J4.I4 = 2.48 by a factor of 8.6 more than complying with the 
requiremcnt discussed in Chapter 10 that a factor of at least 4 is needed to ensure 
that the fittcd equation is worthy of further interpretation. A similar analysis of 
the log variances produccd liule evidence for activity in dispersion. 
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Table 12.5. Hclicopter Data: A Scquentially Constructed Central Composite Design 

Factor Symbol -2 -1 o +1 +2 

Wing arca (lw) Xt o A 11.20 11.80 12.40 13.00 13.60 
Wing length ratio (//w) Xl o R 1.98 2.25 252 2.78 3.04 
Body width (in.) X) 0 W 0.75 1.00 1.25 1.50 1.75 
Body length (in.) .x3 O L 1.00 1.50 2.00 2.50 3.00 

Run X¡ X2 XJ X4 

Number A R w L y 100 log(s) 

1 -1 -1 -I -1 367 72 
2 +1 -1 -1 -1 369 72 
3. -1 +L -1 -1 374 74 
4 +J. +I -1 -) 370 79 
5 -1 -1 +l -1 372 72 
6 +1 -1 +1 -1 355 81 
7 -1 +1 +1 -1 397 72 
8 +1 +1 +1 -1 377 99 
9 -l -1 -1 +-l 350 90 

JO +1 -1 -1 +1 373 86 
11 -l +1 -1 +1 358 92 
12 +1 +1 -1· +1 363 .112 
13 -1 -1 +1 +l 344 76 
14 +1 -1 +1 +1 355 69 
15 -1 +1 +1 +l 370 91 
16 +1 +1 +1 +1 362 71 
17 o o o o 377 51 
18 o o o () 375 74 
19 -2 o o o 361 111 
20 2 o o o 364 93 
21 o -2 o o 355 - 100 
22 o 2 o o 373 80 
23 o o -2 o 361 71 
24 o o 2 o 360 98 
25 o o o -2 380 69 
26 o o o 2 360 74 
27 o o o o 370 86 
28 o o o o 368 74 
29 o o o o 369 89 
30 o o o o 366 76 

CanonicaJ Analysis 

Following the methodology described in Section 11.5 Üle canonical analysis of 
the fitted second~order model (Equation 12.2) goes as follows: 
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Table 12.6. Analysis of Variance of Average Flight 
Timt'S for Completed Central Composite Design 

Source SS df MS F 

Blocks 16.8 l 16.8 
Regression 2906.5 14 207.6 21.34 

Linear terms 1510.0 4 377.5 38.82 
Intcractions 1114.0 6 185.67 19.09 
Square temü; 282.5 4 70.6 7.26 

Residual error 136.1 14 9.7 
Lack of fit 125.4 10 12.5 4.67 
Pure error 10.8 4 2.7 

Total 3059.5 29 

Position of center S of 
canonical system 

Xh = 0.86, X2s = -0.33, X]s = -0.84. X4s = -0.) 2 
at which Y." = 371.4 

Shift from design 
center O toS 

Rotation of axes 

Canonical form 

X¡ = XJ - 0.86, .i2 = X2 + 0.33, ~t3 = X3 + 0.84, 
X4 = X4 + 0.12 

x 1 = o.39.~~ - 0.45x2 + o.so.r3 - o.o1.r4 
x2 = -0.76i¡ - o.so.t2 + 0.12x3 + o.39.i=4 
X3 = o.52.r¡ - 0.45.r2- OASi3 + o.57.r4 
x4 = -0.04.r, - o.ss.r2 - o.37.X3 - o.12r4 
y= 371.4- 4.66Xf- 3.8IXi + 3.27Xj- 1.20X¡ 

lt had seemed likely to the experimenters that a maximum might now occur 
at S, which would rnean lhat all four squared terms in the canonical equation 
would have had negative coefticients. However, tbe coefficient (+3.27) of X~ was 
positive! Since its standard error would be roughly the same as that of the quadratic 
coefficients (about 0.6), the response surface almost certain1y had a minimum at 
S in the direction represented by X3• If this was so. it should be possible to move 
from the point S in either direction along the X3 axis to increase 11ight times. 

In terms of the centered i · s 

X3 == o.52't¡ - 0.45.i2- 0.45.i3 + o.57i4 

Thus, beginning at S, one direction of ascent along the X3 axis would be 
such that for each increase in i 1 of 0.52 units i2 would be reduced by 0.45 
units, i 3 rcduced by 0.45 units, and i 4 increased by 0.57 units. To follow the 
opposite direction of a~cent, you would make precisely the opposite changes. 
Helicopters were now designed and constructed for 16 points along this axis. 
Their dimensions, average ftight times, and standard deviations are shown in 
Table 12.7. These tests confirm that you can indeed get Ionger ftight times by 
proceeding fn either direction along this axis. Figure 12.6 shows graphically the 
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averages and standard deviations of the tlight times for 16 helicopter dcsigns 
constructed along this axis. As predicted, ftight times show a central mínimum 
with max.ima in either direction. The standard deviations s remain reasonably 
constant except at the extremes, where instability causes rapid increase. Thus in 
either direction helicopter designs could be obtained with average flight times of 
over 400 centiseconds-almost twice that of the original prototype design, The 
designs for the two typcs of helicopters giving Jongest flight times are quite 
different in appearance (see Fig. l2.6d); one has a longer wing span and a 
shorter body whilc the other has a shorter wing span and a longer body. As 
always. such a surprising result can provide important ideas for further develop
ment. Obviously, experimentation could have co~tinueJ but it was tcm1inated at 
this point. 

Of most importance is that this example may encourage the readcr to cxperi
ence process improvement and discovery by employing her imagination in studies 
of this kind. She can test her own ideas employing different starting points. 
varying different factors, and so forth. 

In summary, this example shows you: 

l. How you can experience the catalysis of.the scientific method obtaincd by 
the use of statistical methods 

Table 12.7. Experimental Data Employing Canonic.al Factor X3 

Coded Values Helicopter Responses, 

Factor R 
dimcnsions, in. centisec 

A w L 
Coded Factor Xt X2 Xj X4 w L w 1 Averaoe 

~ 
.V 

Coefficient 0.52 -0.45 -0.45 0.57 
X3 = 5.5o. 3.73 -2.92 -3.34 2.95 2.91 5.03 0.42 3.48 332 12.7 
X3 = 4.80 3.37 -2.60 -3.02 2.55 2.82 5.12 0.50 3.28 373 5.8 
X3 = 4.20 3.05 -2.32 -2.75 2.20 2.74 5.19 0.56 3.10 395 5.9 
x3 = 3.Jo 2.59 -1.91 -2.35 1.69 2.64 5.29 0.66 2.85 402 7.5 
X3 = 2.67 2.25 -1.62 -2.06 133 2.57 5.35 0.74 2.67 395 6.6 
X3 = 1.86 1.83 -1.25 -1.70 o.s1· 2.49 5.43 0.83 2.44 385 9.0 
X3 = 0.10 1.23 -0.71 -1.18 0.21 2.38 5.53 0.96 2.11 374 10.2 
X3 = o.3o 1.03 -0.53 -1.00 -0.02 2.34 5.56 1.00 1.99 372 7.6 
X3 = o.oo 0.87 -0.39 -0.86 -0.19 2.31 5.59 1.04 1.91 370 6.9 
X3 = -0.10 0.51 -0.07 -0.55 -0.59 2.25 5.64 l.ll 1.71 376 6.3 
x3 = -1.05 0.32 0.09 -0.39 -0.79 2.22 5.66 1.15 1.61 379 8.4 
X3 = -1.s2 -0.17 053 0.04 -1.33 2.15 5.72 J.26 1.34 387 9.0 
X3 = -2.51 -0.43 0.76 0.27 -1.62 2.11 5.75 1.32 1.19 406 5.4 
x3 = -3.47 -0.93 1.21 0.70 -2.17 2.04 5.81 1.43 0.92 416 6.2 
X3 = -3.70 -1.05 1.31 0.81 -2.30 2.02 5.82 1.45 0.85 399 8.8 
X3 = -4.22 -1.32 1.55 1.04 -2.60 1.99 5.84 1.51 0.70 350 33.2 

Nott•: The numbcrs in bold are "besf' hclicoptets. 
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Figure 12.6. Characteristics of helicoptcrs along a:~C:is X3: (a) mean flight times; (b} 100 log s; (e) 

helícopter wcight; cd) hclicopter dimcnsions. 

2. The use of fractionaJ designs for screening 
3. How you can follow an improvement trend with steepest ascent 
4. Sequential assembly of a composite design by adding axial poínLc; and 

center points to a factorial 
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J1 ... 

5. How canonical analysis can produce an unexpected surpdse 

6. How there can be more than one good answér to a problem 

In this demonstration only a few of the almost limitless ideas for improving the 
helicopter were tested. The list of qualitative factors could be greatly extended 
nd there are endless simple ways in which the genera] configuration of the 
~esion could be changed-split wings to give the helicopter four blades. other 
:ha;s of wings and body, and so on. Also, for example, it might have been 
better to use a PB 12 design for the initial screening allowing more factors to be 
investigated, and it is easy to see that there might have been considerable room 
for improvement in other ways. 

One thing is certain, had the experimenters been possessed of hindsight, they 
could have undoubtedly reached this answer more. quickly. 

12.2. SIMPLIFICATION OF A RESPONSE FUNCTION BY DATA 
TRANSFORI\IATION 

. 
The data shown in Table 12.8 are the "lifetimes., of test specimens of woolen 
thread subjected to repeated loadings under 27 different test conditions obtained 
from a 33 factorial design. • Four possible models for these data denoted by };1 ¡, 

M2, M3, and M4 are considered in what follows. The factor levels and coding 
for the 33 factoriaJ are as fo11ows: 

Factors 

1: length of specimen 
A: amplitude of loading cycle 
L: load 

The Model M 1 

Levels 

250, 300, 350 mm 
8, 9, lOmm 
40, 45, 50 g 

Coding 

X¡ = (f- 300)/50 
X2 =A- 9 
XJ = (L ~ 45)/5 

The original authors had fitted the following second-degree equation by least 
squares: 

Yt = 551 + 660x1 - 536x2- 3Ilx3 + 239xr + 276xi- 48xi- 451xtx2 

- 236.tlX3 + 143X2X3 

'l?ey found that aJI but one of the 1 O estimated coefficients were statistically 
~tgnificant so that the model was t.hought to be adequate although difficult to 
Interpret. This model will be called M 1• The estimated values y1 it produces for 
the 27 experimental conditions are shown in the sixth column of TabJe 12.8. 

•ihcsc data are dueto Barella and Sll!>"t published by Box and Cox (1964). 
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Table 12.8. Textile Experimcnt Data with Predicted Values for Four DifTerent 
Models 

Models 
Factor Levels 

Data M¡ M2 MJ M" 
1 A L G = A/l )' y¡ ,. A 

Y" .Y2 Y3 

250 8 40 0.032 674 654 683 678 589 
250 8 45 0.032 370 484 461 449 414 
250 .8 50 0.032 292 218 311 310 302 
250 9 40 0.036 338 156 363 348. 327 
250 9 45 0.036 266 129 245 231 230 
250 9 50 0.036 210 6 166 159 167 
250 10 40 0.040 170 209 193 192 193 
250 10 45 0.040 118 326 130 127 136 
250 JO 50 0.040 90 345 88 88 99 
300 8 40 0.027 1414 1768 1569 1672 1467 
300 8 45 0.027 1198 1362 1060 .1107 1030 
300 8 50 0.027 634 860 716 765 751 
300 9 40 0.030 1022 813 835 859 814 
300 9 45 ().()30 620 551 564 569 572 
300 9 50 0.030 438 192 381 393 417 
300 10 40 0.033 442 410 444 474 481 
300 10 45 0.033 332 290 300 313 338 

300 10 50 0.033 220 74 203 217 246 
350 8 40 0.023 3636 3359 3607 3586 3170 
350 8 45 0.023 3184 2717 2436 2374 2226 
350 8 50 0.023 2000 1980 1645 1641 1623. 

350 9 40 0.026 1568 1947 1919 1843 1759 
350 9 .45 0.026 1070 1449 1296 1220 1236 

350 9 50 0.026 566 855 875 843 901 

350 10 40 _0,029 1140 1088 J02l 1016 1039 

350 10 45 0.029 884 733 690 672 730 

350 JO 50 0.029 360 281 466 465 532 

l\fodel A-lz, 

These data cover a wide range, )'max/Ymin = 40.4. and a natural question is 
whether by data transformation the model might be simplified and made more 
relevant and interpretable. Using thc power transformation in the foml 

when Á :f. O 

v.:bich has the limit 
log y whcn Á :::: O 
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a lambda plot is shown in Figure l2.7 for the t values of the coefficients in the 
fitted second-degree equation. Thus, for example, lhe line marked 2 is the plot of 
the t statistic for the coefficient of x2 as A. is changed. Similarly that rnarked 22 
is the plot for the coefficient of xi. And so on. It is seen that when A approaches 
zero all second-order terms essentially disappear while the absolute values of 
the linear terms 1, 2, and 3 beco me el ose to their maximum values. A simple 
first-order model in log y is thus suggested. 

The value ofthis transfonnation is confirmed by the second A plot in Figure 12.8. 
This shows the values ofF obtained whcn ajirst-order model is fitted to the data 
where F = (mean square for first order model)/(residual mean square). You will 
see that the F value for the logged dat~ when A. = O, is about 1 O times that of 
the untransformed data \\-ith Á= l. Thus for this particular data. transformation is 
equivalcnt to making a 10-fold replication of the experiment! Sening Y2 = log Y~ 
the least squares fit for this model M2 is• 

... 
Y2 = 2.75 + 0.36xt- 0.27x2 - 0.17x3 

(0.02) (0.02) (0.02J (0.02) 

where standard errors are given beneath each coefficient. For this model the 
predicted values Y2 = antilog Y2 are shown in the seventh column of Table 12.8~ 

•togs are lo base 10 
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Regr. MS for first-degree model 
F=--~~----------------

Residual MS 
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A 

:Figure 12.8. Lambda plot of F ratios. 

1 

Now in the sciences, and particularly in engineenng. power relations are not 
uncommon. For this example su eh a model would be of the. forro 

or log y = const +a Jog x1 + {3 log x2 +y log x3; Fitting this model'. M3, to the 
data gives 

Y3 = const + 4.95log 1 ~ 5.65 log A - 3.51og L 

Values of S'3 = anti1og Y3 are shown in the eighth column of Table 12.8. 

l\lodel .u4 

The model M3 is approximately Y4 = const + 5 Iog/- 5 Jog A- 3log L. ThUS 
1/ A is suggested as being possibly important in a redcflnition of factors. In fact. 
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A/ 1 = G, say, is the fractional amplitudc of the loading cycJe. whosc relcvance 
ís suggested by dimensional analysis. Thus, a po~er function .. model M4 with 
v oc G-5 L -J was tricd. The estimated values of Y4 = antilog Y4 are shown in 
ilie ninth column of Table 12.8. You will see that this very simple model fits the 
data remarkably well. 

A comparison of the models in their ability to estímate the response can be 
made using the fact that when n independent observations of constant variance 
(J2 are fitted toa model linear in its p parametcrs, irrespective of Lhe experimental 
design, the average variance of the ·~ predictions Y is always pa2/n. The deriva
tion is given in Appendix 12A. The mean square for each of the models, from 
which you can calculate the average variance of y for each model, is shown in the 
Jast column of Table 12.9. It is clear from the table that the much simpler mode1s 
Mz, M3 , and J..t/4 provide considerably better estimates of the response than the 
more complicated quadratic model M 1• This is true even for model M4 • which is 
an imaginative attempt to postulate a more fundamental explanation of the data. 

Rclation between the Quadratic and Linear l\·Iodels 

Consider again the model M2. 

Y = 2.75 + 0.36xl - 0.27x2 - 0.17x3 

obtained by analyzing Y = log y instead of y~ Figure 12.9a shows the appearance. 
of the contours for this model in terms of the response Y = log y. These contours 
are of course equally spaced planes. But the contours for the original response 
y shown in Figure 12.9b must also be a series of parallel contour planes. (Sínce 
if log y is constant on planes, then so must be y). But at first it might be 
thought, "How come we have planar contours when there are Jarge quadratic and 
interaction effects in M1 ?" However, the planes for M 1 would not be equally 
spaced because over this very Jarge range log y is a highly nonlinear function 
of y. So there is a "canonical" variable X-a linear function of the factors Xt, 

x2, x3-but a nonlincar functíon of >'· 1t is this nonlinearity producing planar 

Table 12.9. Comparing 1\lodcls fl,fh M2, ~u3 , and M4 

Degrees Avcrat~e Variance e- . 
Residual Sum of Mean p of y= Mean 

Squares x 1 q-3 Freedom Square Paramcters a Square x (p/27) 

M1 (quadratic, y) 1257 17 73.9 10 27.4 
M2 (linear, log y) 1125 23 48.9 4 7.2 
M3 (log linear, log· y) 1169 23 50.8 4 7.5 
M4 (power) 1622 23 70.5 4 10.4 

'~ The number of cstimatcd parametcrs allocatcd lo modcl M.t is tuken tó be 4 bccause it is an 
approxirnation derived from model MJ. 
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Figure 12.9. tonrours for log y and y. 

y 

.(e) 

contours that are parallel but not equidistant that accounts for the necessity for 
all the quadratic and interaction terms that appear in model M1• This example 
illustrates the point that one should not fall in !ove with a particular modeJ. 

Dropping Terms f'rom the 1\:lodcl: Causation and Correlation 

In the original analysis of the survival times of 27 wool test specimens given in 
Table 12.8 the fitted sccond-order model was 

.v = 551 + 660x1 - 536x2- 311xJ + 239x~ + 276xi- 48xj- 457x1x2 

- 236XtX3 + l43X2X3 

The standard errors of the coefficients were as follows: 

SE(linear tenns) = 64.1, SE(quadratic tenns) = 111.0, 

SE(cross-product terms) = 78.4 

Not all of these coefficients, were significantly different from zero at the S% 
level. In similar circumstances sorne authors automatically omit nonsignificant 
terms from the model. 

It does of course makc sense to look for model simpHfication-to ask such 
questions as: 

Is there evidence that a simpler model could be used (e.g., a linear model 
before or · after suitable transfonnation)? 

Is there evidence that certain factors are essentially inert (all the tenns in 
which these factors appear are small)? 

If desired, all such questions can be fonnally tested using the extra su m of square 
principie. But "cherry picking'' of individual nonsignHkant terms makcs much 
less sense. 
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Thc dropping of a single tenn, say b33, because it was '"not significant" woulú 
be the same as replacing Lhe optimal1east squares estimate b33 = -48 by the esti
mate b33 = O, which has nothing to recommend it, and the expression in which 
it appcared would not any longer be the least squares estímate of the model. 

As was earlier explaincd, some confusion occurs because of the two uses to 
which "regrcssion" equations can be put. In the present context they are being 
used to analyse experiments that have been designed to find out what causes 
what. A different use to which regression equations may be pul is to find the 
subset of ux's" (from happenstance data) that corre/ate best with the response y. 
To do this, a number of '"best subsct" regression programs are avnilable which 
drop or add individual terms. But a model obtained in this way makes no cJaim to 
rcpresent causation, (although if thc relatíonships betwecn the variables remains 
the samc .it can be subsequently used to .forecast y). 

12.3. DETECTING AND EXPLOITING ACTIVE AND INACTIVE 
FACTOR SPACES FOR ~'IULTIPLE-RESPONSE DATA 

In the manufacture of a certain dyestuff three responses were of importance: 
strength y1, hue Y2· and brightness }'3· Levels 'of these responses needed to be 
changed from time to time to meet the varying requirements of customers. lt was 
important to find out how to manipul~te the manufacturing process to obtaín a 
product having the desired characteristics. Sorne operators believed they knew 
how to go about this. but theír efforts frequently resulted in products very differ
ent from that desired. This was hardly surprising since they were attcmpting to 
produce desired levels for three different responses by adjusting the levels of six 
different process factors. Thcse six adjustable factors were polysulfide indcx x 1• 

flux ratio x2, moles of polysultide x3, renction time x4• amount of so]vent x5, and 
reaction temperaturc x6• Variation in the measurements was known to be large. 

The original expcrimenters• had heard of response surface method~ and ran a 
one-shot experiment containing 80 runs in a complete 26 factorial design with 12 
axial points and 4 center points. They proceeded to fit a second-order model in 
six factors for each of the three responses. (None of these fits were checkcd with 
the Box-Wetz criterion mentioned in Section 11.3 and their fiued surfaces were 
largcly detennined by noise). Not surprising1y they found rhese rcsu1ts impos
sible to interptet; the experiment was written off as an expensive failure and 
statistics was given, at least temporarily, a bad name. Later and more careful 
analysis showed that none of the second-order terms were detectably different 
from noíse, which accounted for the strange second-order response functions that 
had been found. It was decided therefore to make a standard analysis of just the 
64 runs that comprised the 26 factorial design. This data together with the esti
mated effccts are shown in Appendix 128. Normal plots of thc 63 cstimated 
effects for each of the three responses are shown in Figure 12.10 If you inspcct 

• This cxperim~nl was run by the Allicd Chcmica1s Ülrporation. Thc portion of r.Jte dura uscd hcre 
also appears in Box and Draper (1987). 
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J<'igure 12.10. Normal ploL'l, 3 responses, 64 estimmes: (a) strength; (b) hue; (e) brightness. 
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these ploL~, you will see that three of the six factors, the reflux ratio x2, moles 
of polysulfide x3, and the amount of solvent xs. showed no effects of any kind 
distinguishable from noise. They were thus regarded as locally inert. For the 
remaining three factors only main effects were detectable. Knowing the relations 
connecting the levels of these three active factors with the three responses would 
in principie allow you to ca1culate factor levels necessary to produce any given 
combination of the three. responses. However, in this particular example further 
simplification occurred. lt will be observed that the temperature .\"6 affected all 
three responses, polysulfide index x1 affected hue and strength, and reaction time 
x4 affected only strength. 

For these factors the three least squares fitted equations are as follows: 

For strength: .Yr = 11.1 + 0.9x¡ + l.Sx4 + 1.3x6 

For hue: Y2 = 17.Ó- 5.7X( 

For brightness: YJ = 28.3 

(0.24) (12.3a) 

(0.74) (12.3b) 

(0.67) (l2.3c) 

where the quantities shown in parentheses are the standard errors of the coeffi
cients. Table 12. JO provides a convenient summary of the results. 

Thus, provided the required factor combination could be run, a simple way 
for obtaining a dye of a given strength, hue, and brightness YHh Y2o, and )')o 

would be to first adjust x6 to the value X60 for the required brightness Y3o. then 
with x6 = x6o adjust x¡ to the value xw to give Yzo, and finally with X6 - X6o 
and Xt = xw adjust X4 to give YJO· 

For illustration, suppose you wanted to find the operating conditions that gave 
a dye with brightness y30 = 33, hue y2o = 15, and strength Yt as high as possible. 
From Equation 11.3c fory3o;::: 33 you need x60 = -1.1. From Equation l2.3b, 
given that X60 = -1.1, yo u need x LO = -0.7. After substitution yo u obtain front 
Equation 12.3a the equatíon for strength, y1 = 8.9 + l.Sx4. Thus, to obtain the 
greatest strength, the reaction time x4 must be increased. For example, if you 
set X4 = 2.0, you should obtain a strength of about 12. However, since this is 
beyond the range of the experimcntallevels actually tested, you would need to 
check this by experiment. 

Table 12.10. Summary of Results: Three Responses (Product Characteristics) 

Responses 

Yt: Strength 
)'2: Hue 
)'3: Brightncss 

Reaction 
Time, 

X4 

1.5 

Coefficients for Active Adjustable Factors 

PolysuUide 
lndex, 

X¡ 

0.9 
-5.7 

Temperature, 
X6 (°C) 

1.3 
5.4 

-4.4 

Equation 

12.3a 
12.3b 
12.3c 
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Obviously, such calculations would be subjcct to considerable eslimation 
error* and in any case apply only over the tested ranges of the factors. However 

• they provided vaJuabJc guidance. In particular, they showed the process opcrators 
the ordcr in which the faclors might be adjusted: temperature x6 to attain desired 
brightness, polysulfide index to attain desired hue, and reaction time x4 to attain 
desired strength . ... 

Another very important finding from this experiment was that the remaining 
three process factors x2. X3, and xs (reflux rate, moles of polysulfide. and amount 
of solvent) were essentially incrt over the tested ranges of the: other factors. It 
was possible therefore to manipulate these to change other responses (e.g., cost. 
consistency, miscibility) without materially affccting the hue, brightness, and 
strength of the dye. You cannot, of course, expect that all problems wiJJ simplify 
like this one. However. it is always worth Jooking for simplification. (You can 
so me times get lucky .) 

Helping the Subject 1\-latter Specialist 

In many examples more than one response must be considered, and you would 
like to find conditions (combinations. of factor levels) that~ so far as possible! 
provide desirable values for all the responses. For example, suppose you had 
three responses Yh }'2. and Y3 and tour factors X¡, x2• x3• and x4 and ideally you 
would like a product for which 

(a) the leve] of y1 was as high as possible; 

(b) the level of )'2 was between two specific values, say Y2L and Y2H; and 
(e) the level of Y3 was as low as possible. 

In attempting to achieve. or approximate, these requirements. you should try to 
discover for each response which factors are important (active) in driving each 
response and which factors are unimportant (inert). With the help of graphics and 
suitable computer calculations. Information about the overlapping and nonover
lapping of the active and ínactive factor spaces for the separate responses can 
often greatly simplify multiresponse problems, as is exempJified in the paint trial 
example in Chapter 6. In particular: 

l. Jt may make it possible to meet all the desired requirements~ 
2. If not, the active and inactive factor information can show what might be 

available options for achieving sorne kind of acceptable compromise. 
3. It may bccome clcar that by using the present set of adjustable factors no 

useful compromise is possible. But the dimensional information can greatly 
help thc subje.ct mattcr specialist to conceive new factor(s) that might be 
introduced to resolve the difficuJty. 

• A contidcnce region for thc solution of a set of linear equations with cocflicients subjcct to error 
is given in Box and Huntcr (1954). 
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12.4. EXPLORING CANONICAL FACTOR SPACES 

So far active and inactive (inert) subspaces ha ve bcen discussed whose the d.imen
sions are those of the individual factors themselves. Thus in the dyestuff example. 
of the six factors studied three were inert-Jocally had no detectable etTects on 
the outcome-and were thus avai'lable to bring additional responses to satis
factory Ievels. For some problems although there is no ínert subspaces in the 
original factors x 1, x2 .•. themselves. Analysis may reveal inert subspaces in the 
canonical factor X 1, X2 .... It may then be possible tó use such inert canonica/ 
spaces to provide solutions for multiresponse problems. 

A 1\\·o-Dimensional Subspace in Five Factors 

The following example was from work originally carried out at the Dyestuffs 
Division of Imperial Chemical Industries. Five factors were studied and it was 
hoped that conditions could be found that produced satisfactory yieJds with max
imum tlzroughput. Preliminary application of the steepest ascent procedure had 
(as it tumed out) brought the experimenters close to a nonstationary region. This 
aJso produced an estimated standard deviation of J .2%. 

The process occurred in two stages and the factors considered were the tem
pcratures and times of reaction at the two stages and the concentration of one of 
the rcactants at the first stage. Scientific considerations suggcsted that the times 
of reaction were best varied on a logarithmic scale, and it was known that the 
second reaction time needed to be varied over a wide range. Table 12.11 shows 
the levels used in the experiment~ to be described. 

Coded factors expressed in tenns of the natural units were 

T1 -112.5 
XJ=----

7.5 
T2 -32.5 

X4 = 7.5 

2(1og t1 - ]og 5) 
X?= + J, 

- lo'7 2 :;, 

2(1og tz - log 1.25) 
X - + 1 · s- log5 

c-70 
.\) = lO 

Table 12.ll. Factor Levels: 2t-1 Design 

Reactor 
Stage 

1 

2 

Factors 

Tt: temperature (~C) 
l¡: time (hr) 
e: concentration 

T2: tempcrature ec) 
t2: time (hr) 

Factor Lcvel~ 

-1 +1 

105 120 
2.5 5 

60 80 

25 40 
0.25 1.25 
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A 2~- 1 fractional factorial experiment provided the first 16 runs listed in 
Table 12.12. The estimated values for the 5 first-order cocfficients b1, b2, •..• bs 
and the 10 two-factor interactjons coeffkients bt2· bt3• ••• , b45 were 

b¡ = 3.194, bJ2 = -1.869, b24 = -0.169 

b2 = 1.456, bl3 = 2.081, hz.s = -0.769 

b3 = 0.981, bl4 = -0.506, b34 = -4.019 

b4 = 3.419, bts = -0.431, b35 = -0.744 

b5 = 1.419~ b13 = 0.743, b45 =0.144 

and using a previous estimate of the standard deviation the estimated standard 
error for the coefficients was about 0.6. 

It will be seen that, compared with so me of the two-factor interactions, the first
order coefficients were not so large as to suggest that the present experimental 

Table 12.12. Le,·el of Experimental Factors and 
Obsenations Obtained 

'Tria! Number Xt X! XJ X4 xs Yield 

2~-l Fractional Factorial 

1 -1 -1 -1 -1 +1 49.8 
2 +1 -1 -1 -1 -1 51.2 
3 :-..1 +1 -l -1 -1 50.4 
4 +1 +1 -1 -L +l 52.4 
S -1 -1 +I -1 -1 49.2 
6 +1 -1 +1 -1 +1 67.1 
7 -1 +1 +l -1 +1' 59.6 
8 +1 +1 +l -1 -l. 67.9 
9 -1 -1 -1 +1 -1 59.3 

10 +1 -1 -1 +1 +1 70.4 
11 -1 +1 -1 +1 +1 .69.6 
12 +1 +1 -1 +1 -1 64.0 
13 -1 -1 +1 +1 +1 53.1 
14 +.1 -1 +1 +1 -1 63.2 
15 -1 +1 +1 +1 -J 58.4 
16 +1 +1 +1 +1 +1 64.3 

Added Points ro Forma Noncentral Composite Design 

17 +3 -1 -1 +1 +1 63.0 
18 +1 -3 -1 +1 +I 63.8 
19 +1 -1 -3 +1 +1 53.5 
20 +1 -1 ·-1 +3 +1 66.8 
21 +1 -1 -1 +1 +3 67.4 
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region was far removed from a near-stationary region or so small as to suggest that 
t11e region covered by the design was already centered there. In these circumstance 
it was appropriate to add further points fom1ing a noncentral composite design 
of the type illustrated earlier that wouJd alJow the estimation of all .cocfficients 
up to second order. Points were thereforc added to t.he fractional factorial design 
in the dircction of increasing yield. It will be remembcred that this form of 
augmentation has the effect of shifting the center of gravity of the design closer 
to the center of the near-stationary region of interest and thus rcducing errors. 
due to "Iack of fit', of the posmlated fonn of the equation .. 

In deciding where bcst to add the extra points it was noted that the highest 
yield (70.4%) was recorded al the point [ + 1, -l. -l. + 1, + 1] and this seemed a 
good point at \Vhich to augment the design. Five extra points having coordinates 
[3, -1, -1, +1, -11. [+1. -3, -1, +L +ILT+J, -1, -3, +l. +1], [+1. -1, 
-1, +3, +1]. and [+1, -l. -1, +1, +3] were tllerefore added. These runs are 
numbered 17 lo 21 in Table 12.1 2. 

At this point in the investigation 21 coefficients were being estimated with 
only 21 experiments. This would not normally be regarded as good practice 
since no comparisons remain for tests of lack of fit. (However. as you will see, 
11 confirmatory poinls were later added, maki.ng it possible to check the adequacy 
of the fit.) For this type of arrangement the least squares estimatcs of the first
order and two-factor interaction coefficients are unaffected by the new points. 
and estimates of b0, t.he predicted y1eld at the new center of the design, and the 
quadratic effects bu. b,.,.,, b33 , b44 , and b55 were now calculated as follows: 

bo = 68.173, 

b22 = -2.723, 

h¡t = -1.436. 

b44 = -2.261. 

¡,,, = -1.348 .... 
bs; = -1.036 

With estimates of all 21 coefficients in the five-factor second-order model we 
can carry out the canonical analysis as before. The coordinates of the ccnter of 
the canonical system and the predicted yield are as follows: 

XlS = 1.2263, 

X4s = 0.6916, 

X2s = -0.5611, 

xss = 0.6977. 

The canonical fonn of the módel is 

X3s = -0.0334 

Ys = 71.38 

Y- 71.38. = -4.70Xf- 2.58Xi- 1.25Xj- 0.48X¡ + 0.20X~ (12.4) 

The transformation whose rows on the 1atent vectors are given in Table 12.13. 
This gives the new X coordinates in tenns of the oJd coordinatcs (or by trans
position the old coordinates in tenns of the new). 

From Equation 12.4 it appears that two of the canonical factors, X4 and X5, 

play a minor role and that most of the activity could be ascribed to canonicaJ 
factors X t. X2, and X3. To detem1ine whether these general findings could be 
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Table 12.13. Transformutions Between Old x and New X Coordinates 

... xl x2 x3 x4 X Xs 

X1 -1.226 -0.230 0.652 -0.225 0.426 -0.539 
xz + 0.561 -0.129 0.599 0.249 -0.745 0.088 
X3 +0.033 0.758 -0.034 0.252 -0.144 -0.583 
X4 .- 0.692 0.595 0.412 -0.406 0.156 0.536 
X5- 0.698 0.()38 0.213 0.812 0.469 0.273 

eigenvalue -4.699 -2.580 -1.245 -0.483 +0.203 

confim1ed, 11 further expcriments were carricd out, one at S, the predicted center 
of the system, and the others in pairs along the axes X 1, X2 , X3, X.¡, and X5 • 

Each of these points was at a d1stance two units from the center. Thus, in terms 
of the new factors X¡, X2. X3, X4 , and Xs the coordinates of the point~ were 
[0, O, O, O, 0], [±2. O, O, O, 0], [0, ±2. O, O, 0] •...• [0, O, O, O, ±2]. 

The le veis of the original factors corresponding to these points were calcul.ated 
from the equations expressing the x in terrns of the X's (Table 12.13) and are 
thé coordinatcs of the experimental points 22 to 32 in TabJe 12.14. This table 
.also shows the yield y predicted from the fitted second degree equation (in 
parentheses) and the valucs y actually found. These yields are in reasonably 
close agreement. Thus the additionaJ experiments confirmed the overall features 
of the surface in a rather striking manncr. In particular, it will be seen that the 
experimental points on either side of S along the X 1 axis are associated with 
the largest reductions in yíeld, approximately confirming the large coefficient 
of Xr in the canonical equation. Somewhat smaller changes are associated with 
movement away from S along the X 2 and X3 axes and these again are of the order 

Table 12.1~. Eleven Confirmatory Points Determined by Canonical Factors 

Acruai Predicted 
Yicld, yield 

Tri al X¡ X2 x3 X,t Xs X¡ .tz X) ·'"4 X_s )' y 

22 o ·o o o o 1.23 -0.56 -0.03 0.69 0.70 72.3 (71.4) 

23 2 (j o o o 0.77 -0.82 1.48 1.88 0.77 57.1 (52.6) 
24 -2 o () o o 1.69 -0.30 -1.55 --0.50 0.62. 53.4 (52.6) 
25 o 2 o o o 2.53· 0.64 -0.10 1.51 1.12 62.3 (61.1) 

26 o -2 o o o -0.08 -1.75 0.04 -0.13 0.27 61.3 (61.1) 

27 o o 2 o o 0.7.8 -0.06 0.47 -0.12 2.32 64.8 (66.3) 

28 o o -2 o o 1.68 -1.06 -0.54 1.50 -0.93 63.4 (66.3) 

29 o o () 2 o 2.08 -2.05 -0.32 1.00 1.63 72.5 (69.5) 

39 o o o -2 o 0.38 0.93 0.25 0.38 -0.24 72.0 (69.5) 

31 o o o o 2 0.15 -0.38 -1.20 1.76 1.24 70.4 (72.2) 

32 o o o o -2 2.30 -0.74 1.13 -0.38 0.15 71.8 (72.2) 
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expected. Finally, movement along the X4 and Xs axes is a~sociated with on1y 
minor changes in yield~ thus confirming that there is an approximately stationary 
plane and we have a wide local choice of almost equally satisfactory conditions 
from which to choose. After including the information from these 11 extra points 
the canonical form of the second-degree equation became 

., ., 2 ' 2 Y -73.38 = -4.46X¡- 2.64Xí- 1.80X3 - 0.39X.¡- 0.004X5 

agreeing closely with what was found before. The transforming equations in 
Table 10.13 are affected very little and confinn that locally there is not much 
activity in the ·canonical subspace defined by X4 and Xs. The éstimated exper
imental error variance based on the residual sum of squares having ll degrees 
of freedom was 1.51? and using this value, it appeared that the standard error 
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l<'igure 12.11. Sets of nearly altemative conditions on the ptune of X1 and X2• 
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of the estimated coefficients was about 0.4. The sets of conditions which give 
approximately the same optimal yield are in the plane defined by X4 and Xs with 
X 1 =o, x2 =o. x3 =o. These equations are readily transfonned lO equations 
inxh x2• x3, X4, and xs and, into equations in the five natural factors; 

We thus ha ve two degrees of freedom in the choice of conditions in the inac~ 
tive canonical subspace of two dimensions in the scnse that, within the region, 
if we choose values for two of the factors we obtain three equations in the 
three unknowns, which can be solved to give appropriate levels for the remain
ing factors. To demonstrate the practical value of these findings, a plane of 
approximate altemative processes giving close to maximum yield in the range 
of interest is shown in Figure 12.11. The objective of increasing throughput was 
équivalent to minimizing the total reaction time (the sum of the reaction times 
for stage 1 and that of stage 2). Contours of the total reaction time are super
imposed on the table of altemative processes in Figure 12.1 l. Over tbe range 
of the factors studjed it will be seen that the conditions T1 = l36°C, t1 = 1.6 
hours, e = 78%, Tz = 32°C, and t2 = 1.3 hours give the smallest total reac
tion time of about 2.9 hours, potentia1ly a11owing a much greater throughout. 
What then was exploited here was a two-dimensional inert subspaces in the 
canonical variables. Also the figure suggested that, assuming the conditions 
checked out. the experimenters should explore even more extreme conditions 
implied by the trend of the contours-to apply steepest ascent to the canoni
ca1 variables. 

12.5. }"'ROl\1 El\IPIRICISl\1 TO ~IECHANISI\1 

AII models are approximations, and this applies to rilechanistic models as well 
asto empirical models. However, when available, a mechanistic model often has 
advantages because it may provide a physical understanding of the system and 
greatly accclerate the process of problem solving and discovery. Also, the mech
anistic model frequently reqtiires fewer parameters and thus provides estimates 
of the fitted response with proportionately smaller variance. 

Sometimes an empirical model can suggest a mechanism. This was the case 
for an example introduced in Chapter 1 t, Table 11.1 that is now briefly reviewed. 
The objective was to find conditions of the temperature (T), the concentration 
of one of the reactants (e), and the time of react.ion (t) that max.imized an inter
mediate product y2• The factor T was measured in degrees Celsius. factor e as 
a percent concentration, and factor t as the number of hours at temperature. The 
factors were coded as follows: 

T- 167 
XJ = 5 

e-- 27.5 
X2 = 2.5 

t-6.5 
X3 = l.S 

The first 15 runs consisted of a central composite design followed later by 4 
verifying runs numbered 16, 17, 18, 19. The design and data, discussed earlier 
in Chapter 1l and Iisted in Table 11.1, are shown again in Table 12.15. 
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'fable 12.15. (a) Central Composite Design plus Four Additional Exploratory 
Points, (b) Fitted Second-Order 1\lodel, (e) ANOVA~ (d) Canonical :Form 

(a) (b) 

Run Number X¡ X2 XJ y v = 58.78 + l.90x¡ + 0.97x2 + l.06x3 
~ . 

2 2 2 

' 
-l.88x1 - 0.69x2 - 0.95x3 

1 -1 -1 -1 45.9 --2.7L\'¡.t2- 2.17x¡.r3- 1.24x2XJ 

2 +1 -1 -1 60.6. 

3 -1 +l -1 57.5 

4 +1 +l -1 58.6 (e) 

5 -J -1 +l 53.3 So urce SS df MS 

6 +1 -1 +1 58.0 2nd order modeJ 371.4 9 41.3 F = 12.5 

7 -1 +1 +1 58.8 Residual 29.5 9 3.3 

8 +1 +1 +l 52.4 Total 400.9 18 

9 -2 o o 46.9 

10 +2 o o 55.4 

11 o -2 o 55.0 (d) 

12 o +2 o 57.5 y- ~9.1 = -3.4Xr- 0.3Xi + 0.2Xj 
13 o o -2 56.3 
14 o o +2 58.9 

15 o o o 56.9 

16 2 -3 o 61.1 
17 2 -3 o 62.9 

18 ·-1.4 2.6 0.7 60.0 

19 -1.4 2.6 0.7 60.6 

The ANOVA table produced a value for the '"multiplied F" criterion of about 
4, indicating that the model was worthy of further analysis. Using the residual 
mean squarc as an estímate of the error variance, the standard error of the linear 
and quadratic coefficients was about 0.4 and of the cross-product coefficient about 
0.5. Analysis of the fitted equation showed the center of the system S tb be closc 
to that of the design. 

In the canonical equation onJy the coefficient of x¡ was distinguishable from 
noise and the response was refitted"' to give the model 

Y2 = 59.9- 3.8Xf 

where 
x, = 0.75il + 0.48i2 + 0.46i3 

• An adcquatc npproxímation may be obtaincd by fitting the modcl 5'2 = Bo + 8 x¡ by ordinary least 
squarcs. More cx.actly you can use nonlinear least squares! sce Bates and Watts (1988). 
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Figure 12.12. Contours of crnpirical yíeld surface \\'ith ~ections at three levels of concentration. 

The contours of this empírica! yield surface are shown in Figure 12.12b with 
sections at three different values of concentration in Figure 12.12c. 

An approximate ANOVA is now as follows: 

Source df SS df SS MS 

Full second-degree 
9 371.4 { Canonical forro 4 357.4 89.35. 

]F= 28.8 cquation Discrcpancy 5 14.0 2.8 
}3.1 Residual 9 29.5 9 29.5 3.3 

Total SS 18 400.9 

The mean square of 2.8 associated with the discrepancy between the canonical 
form and the full second-order model is slightly smaller than Lhe residual mean 

• The analysis assumcs a moder that is linear in its paramcters. The full second-degree equation is 
lin~ in it.s paramcters but thc titted canonical form is not. However, ovcr thc rangcs of the factors 
explored here, the canonical motlcl is approx.imately linear. 
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square of 3.3. Combining these mean squares produces an estimate of error of 
3.1 anda value ofF= 28.8 which is 8.7 times the 5% significance value. There 
is therefore no reason to believe that the directly fitted canonical form is an 
inadequate representation of the fitted response surface model. 

The canonical model offered a wide choice of opcrating conclitions that could 
produce approximately the same maximum yield. By choosing appropriate factor 
combinations that lie in the maximal plane. other responses such as cost and 
amount of impurity might be· brought to more desirable levcls. In particular, 
contours for other responses could be drawn on the stationary plane and the best 
compromise chosen. 

A 1\Iechanistic 1\·fodel 

When first obtained, this model was considered' as somcwhat of a curiosity. But 
a physical chemist, Philip Youle,* after cogitating over this sandwich-shaped 
contour systcm suggested a mechanism that might explain it. He postulated a 
niodel in which there were two consecutive reactions. Two chemical entities P 
and X, say, reacted togcther to form the desired product Q, which then reacted 
with more X to fom1 R, an undesired product. Thus 

P+X~Q+X~R 
. 

where k¡ r and k2r are the rate constants for the two consecutive reactions and 
are both dependent on the temperature T. Now suppose e is the concentration of 
P. This is varicd from one run to another and we will assume that X is always 
in sufficient excess that its concentration can be considered fixed in any given 
run. The law of mass action says that approximately the rate of reaction will be 
proportional to the molecular concentrations of the substances reacting. So if y¡, 
Y2, and YJ are the concentrations of P, Q. and R, the proportions of the products 
will be determined by the three differential equations 

Now as the tempcrature increases the reaction rates increase.t Use was now 
made of the Arrhenius relationship between a rate constant k and the absolute 
temperature T, k = k0e-f31T. For the two reaction rates then, you can write 

and 

where the constants fJ1 and /h are called the activation energjes for the reac
tions and a and p are fixed constants. Youle postulated that a reason for the 
planar stationary ridge was that the constants f.h and /h which detemüned the 
sensitivity of the reactions to tcmperature were approximately equal. With this 

• Scc Dox nnd Youlc (1955) 
tFor instance a reaction rate might double for cvery l0°C incrca<;e in tempcrature. 
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assumption, f3t = fJ2 = fJ, say, the differential equations can be: integrated to 
yield the approximate thcoretical model of the system as* 

- Ylr = Yw cxp[ -pa · .f(T, e, r)J 

y,, = Yzoa ( 1 ~ P) (exp( -pa · j(T, e, t)) - exp[ ~a • f(T, e, t))) (12.5) 

Y~r = Yw - Y1r - Y2t 

where f(T. c. 1) = exp( -{JI T +In e+ ln t). 

For specific values of temperature T and concentration e a time plot for the 
yield Yz is shown in Figure 12.13a. To detennine the maximun1 yield of the 
desired product Q, reaction time t must be chosen so that y2 is at its maximum. 

Now since a. p, and fJ are fixed constants. y¡, y2, and Y3 depend on the 
rcaction conditions only vi a the single quantity - {3 1 T + In e + ln 1. Any value 
of T, e, and t giving the same value to this quantity will produce identical values 
for Ylr• Y2t• and J'Jr. Thus the formation of the desired intermediate product y2 
will always be represented by a graph like that of Figure 12.13a but the spced 
at which this occurs will be different for different choices of T and .c. That is, 
the time scale will be different. The constants were estimated ast 

In a = 16.9 ± 3.6. fJ = 10,091 ± 1595 with p ~-3.4 

The contour plot for this mechanistic model, displayed in Figure 12.13b, closely 
resembles the empirical contour plot shown earlier. 

An Analogy 

Some understanding of the approximate mechanistic model can be gained from 
the following analogy. [magine a billiard table on which a number of black and 
white baJls are in continuous motion. Suppose that there is an exéess of black 
balls and that whenever a white ball collides with a black ball the white ball 
disappears and a blue hall results and when in tum the blue bal1 collides with a 
black ball the blue ball disappears and a red ball results. In this analogy black 
and white balls correspond to the molecules of the starting materials P and X. 
blue balls to moleculcs of the desired product Q. and red balls to the unwanted 
product R. Starting off with a givcn number of black and whitc balls, we can see 
that as soon as the system is set into motion blue balls will begin to appear, but 
these in turn will give rise to an increasing number of red balls. Consequently. 

• Mure gcncmlly, sm:h cquations will usually nccd to be intcgratcd numerically~ however. this is a 
simple task for the computcr. Further. it is known that models ofthis kind. whilc providing rea.<;onable 
approximations 10 the mcchanism, ovcrsimplify the dctailed bchavior of the system. 
t¡t may be shuwn that thc maximum valuc of Yl is givcn by p-l/~p-lJ, Expcrimcntally Y2 (max) 
wa-. found to be about 0.6 (60%) whence p ~ 3.4. 
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Figure 12.13. Gmph and contours derivcd from a mechanistic model: (a) yield as a function of úme 
with temperature and conccntration fixed: (b) yield contours as a function of time, temperature. and 
conccntration; (e:) yicld contours of thrce fixed levcls of concentrdtion. 

in the course of time the numbcr of blue balls representing the desired product 
will increase to a maximum and then fall oti until, finally~ only red balls and the 
excess of black balls remain. 

Clearly, the proportions of the various sorts of balls on the table at á given 
instant will depend on the following: 

the time that has elapsed since the start, 

the relative spced with which the balls move, and 

the relative numbcr of black and white balls when the reaction is started. 

These correspond to the experimental factors time of reactlon 1, temperature of 
reaction T, and concentration c. 

Now we can increase the rate at which these events occur by increasing the 
probability of a co1Jision occurring in any fixed time interval. One way to do this 
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is to increase the initial proportion of white balls (like increasing e). But thís wiU 
increase tbe probability of each kind of collision by tJ1e same factor. Changino 

... i:> 

temperature corrcsponds to changing the speed at which the balls move. and 
because of equal sensitivity to temperature change, the speed of both transitions 
will also be increased or decreased by the same factor. Thus, changing the value 
of T or e can only result in the speeding up or slowing down of an identical 
sequence of events. Thus what happens is represented by Figure 12.13a with 
only the time scale changed. In particular, the same maximum proportion of blue 
balls is produced. 

A 1\lechanistic CanonicaJ };'actor 

The mechanistic modeJ highJights the important part played by the function 

-{3 
T + Jnc +In/ 

This can be thought of as the "mechanistic canonical variable.'' If a reciprocal 
scale is used for absolutc temperature and logarithmic scales for the time 1 and 
concentration e, the response is determined by a linear combination of these 
factors. Thus the ridge system appears as planes in the space of these factors. In 
Figure 12.14a the yie]d at a fix.ed concentration is shown with time now plotted 
on a logarithmic scale and absolute temperature on a reciproca! scale.• Thus to 
a very cJose approximation appropriate metrics would be r-J, In t, and In e, 
where r- 1 is the tempcrature in degrees Celsius. In particular, a closer fit might 
be expected from a second-degree empirical equation fitted to r-1, Jn t, and 1n c. 
When this calculation is carried out. the residual mean square is further reduced 
from 3.3 to 2.3. More generally, cmpirical mode.ls employing log sea les for such 
factors as time and overall concentration often produce closer fits. 

So \Vhat? 

The empirical modcl (Fig; 12.12) showed the existcnce of the stationary plane 
ridge. It al so showed approximately which combinations of reaction time. temper
ature, and concentration would produce the smne maximum yield. This allowed a 
choice lo be rnade of the most convenient and least expensive manufacturing con
ditions. The fitted approximate mcchanistic model (Fig. 12.13) showed essentially 
the same thing, so what was gained by study of this more theoretical model? 

At this sUtge of the investigation the problem was that, no matter what combi
nation of reaction conditi.ons was chosen, on the maximal planar ridge the yield 
was only about 60%. Varying the temperature and concentration factors allowed 
you only to incrcase or decrease the specd at which you arrived at that maximum. 
What the mechanistic modcl did that the empirical model could not do was to 

• Since the range of absolute tcmpcrntures involv<.'d is smaU compared to the average absolule 
tcmperaturc, liT is csscntiaUy a líne~1r function of rcmpcrarure. 
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suggest why this was and what might be done about il. To increase the yield above 
60%, sorne way wac; needed of increasíng the speed of the first reaction relative to 
that of the second. It turned out this could be done by employing a different cata~ 
lyst. A rising ridge was thus produced leading to yields above 60%. Mechanistic 
yield contours for an altemative catalyst are displayed in Figure 12.15 along with 
sections made at different concentrations. See also the effect of transfonnation 
of T and t in Figure 12.4h .. 

Frequently a mechan.istic model (even an approximate one in the investigator's 
hcad) is a great help in deciding what to do next. 

12.6. USES OF RSI\1 

Response surface methods have been used in such widely different activities 
as storing bovine spermatozoa. bleaching cotton, removing radionuclides, grow
ing lettuce~ drying pulps. baking pie cmsts, compoundíng truck tires, etching 
microchíps, and the design of antcnna arrays-the applications are almost endless .. 

APPENDIX 12A. AVERAGE VARL\NCE OF j 

Tlze avemge variance of the estimated responses at tlze Design Points is always 
pu2 ¡ tl wlwtever the experimental design. 
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One measure of the ~'goodness .. of a design might be the average value of thc 
variances of the estimated responses. \Vhat arrangement of experimental poinL'i 
will minimize this? Suppose that you set out any random scatter of n experimental 
points and used least squares to fit the data to any model linear in p parameters, 
ú1en on JlD assumptions the variance of the average of thc fitted values .v would 
always be pa1 1 n no matter where you put the points. 

Examples of models linear in the parametcrs to which this theorem would 
apply are as follows: 

Mt Y= f3o + fit.tt + f32·'·2 +e 
Mz y= f3o + {J¡.t¡ + f3zx2 + f111xt

2 + fh1x·/- + fJ12XtX2 +e 

M3 Y= fio + fit Jogx1 + {31 exp( -x2)·~ + /33 (sin -~3 ) +e 
.X4 

If the values of the x's are assumcd known. any such model containing p param
eters may be wrüten jn the linear form 

where X 1, X2 • ••• , Xp are functions· of thc known .x's, Thus, for the models 
above, for model fl;/¡, p = 3; for M2~ p = 6~ and for M3, p = 4. 

Derivation 

The n relations associated with a particular rnodel may be written in rnatrix 
formas 

y= XT {3 +e 

where y is an n x .l vector of observations. X the " x p matrix of ~erivativcs 
ay¡a{J, {3 a p x 1 vector of unknown coefficients, ande an n x 1 vector of errors 
assumed to be liD. 

Under this assumption the y•s have constant variance a 2 and are indepen~ 
dent so that E(y- 7JHY- 7J)T = Ina 2, where 1, is an n x n identity matrix. 
The lcast squarcs estimates of the parameters are then P = (Xrx)-JXTy. Now 
(y :--7J) = X(fi- /3) = X(XTX)- 1XTe. Thus the n x n covariance matrix for the 
y's is V (y) = X(XTX)- 1 XTX(XTX)- 1 XT a 2 = X(XTX)- 1 XT a 2• Now thc aver
age variance of the y's is tr V(j')j1z, the trace of V(y) divided by n. But for 
compatible matrices tr AB = tr BA. lf thcn we write A = X(X·rx)- 1• we find 

-
that tr V(y) = xrx(xTx)- 1a 2 = tr lpa2• But since Ip is a p X p idcntity matrix 
tr lp = p and Lhus tr V (y) = pa 2, whence the variance of thc average y · is ., 

- pa-
V(_v) = -. 

1l 
The rcmarkable thing is that this result applies to any linear modcl and any 

design haphazard or otherwise. So if this were the only criterion that had to be 
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considcred in designing an experiment, you might simp1y choose your experi
mental points to cover what you believed to be the region of interest. 

APPENDIX 12 B. 

Data and Estimatcd Effccts• for l\Iultircsponse Experiment in Section 12.3 

X¡ X1 X3 

-1 -1 -1 
] -1 -1 

-1 1 -1 
1 1 -1 

-1 -1 1 
1 -1 1 

-1 1 1 
1 1 l 

-1 -1 -1 
1 -1 -1 

-1 1 -1 
1 1 -1 

-1 -1 l 
J -1 J 

-1 l 1 
1 1 1 

-1 -] -1 
1 -1 -1 

-J 1 -1 
1 1 -1 

-1 -J. 1 
1 -1 l 

-1 1 1 
1 1 1 

X¡ Polysulfide index 
X2 Fl.ux ratio 
x3 ·Moles of po1ysultlde 
X4 Reaction time 
xs Solvent volume 
x6 Reaction temperature 

DATA 
X.$ X~ X6 Yt 

-1 -1 -1 3.4 
-1 -l -1 9.7 
-1 -1 -1 7.4 
-1 -1 -J 10.6 
-1 -1 -1 6.5 
-1 -1 -1 7.9 
-1 -1 -1 10.3 
-1 -1 -1 9.5 

1 -1 -1 14.3 
1 -1 -1 10.5 
1 -1 -1 7.8 
1 -1 -1 17.2 
1 -1 -1 9.4 
1 -1 -1 12.1 
1 -1 -1 9.5 
1 -1 -1 15.8 

-1 1 -1 8.3 
-1 1 -1 8.0 
-1 l -1 7.9 
-1 l -1 10.7 
-1 1 -1 7.2 
-1 1 -1 7.2 
-1 1 -1 7.9 
-1 1 -1 10.2 

J2 .V3 

15 36 
5 35 

23 37 
8 34 

20 30 
9 32 

13 28 
5 38 

23 40 
1 32 

11 32 
5 28 

15 34 
8 26 

15 30 
1 28 

22 40 
8 30 

16 35 
7 35 

25 32 
5 35 

17 36 
8 32 

Y1 Dye strength 
Y2 Hue 
YJ Brightness 

EFFECTS 
)'¡ Y2 

Av 11.12 16.95 
1 1.75 -11.28 
2 0.70 -2.72 

12 0.89 0.72 
3 0.10 -1.91 

13 0.14 2.66 
23 0.60 -1.91 

123 -0.65 -1.22 
4 2.98 -0.34 

14 0.15 -1.78 
24 -0.86 0.16 

124 0.82 -1.41 
34 0.40 _:0,78 

134 0.40 0.03 
234 -0.40 2.09 

1234 -0.22 0.28 
5 -0.42 1.34 

15 -0.42 -0.97 
25 -0.33. -1.91 

125 -0.27 0.16 
35 0.08 0.78 

135 0.07 -2.78 
235 0.12 0.16 

1235 0.65 2.47 

• The rcgrcssion cocfficients in Table 12.1 O nre one half of thcse valucs. 

YJ 

28.28 
0.38 
1.50 
0.94 

-0.94 
0.75 
0.25 
0.06 

-3.00 
1.06 
0.81 
0.00 
0.38 

-1.19 
-2.56 
-1.50 
-1.44 

2.13 
1.25 

-1.56 
'744 ..... 
1.63 

-0.88 
-1.56 
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DATA EFFECTS 
,\"¡ X2 .\') .\"4 xs Xt; )'J )'2 )'3 Yl Y2 )'3 

-1 -1 -1 1 1 -1 10.3 10 20 45 -0.32 1.09 1.13 
1 -1 -1 1 1 -1 9.9 3 35 145 -0.33 0.03 1.19 

-1 1 -1 1 l -1 7.4 22 35 245 -0.33 -1.03 0.44 
1 1 -1 1 1 -1 10.5 6 28 1245 -1.16 -1.97 -2.38 

-1 -1 1 1 1 -1 9.6 24 27 345 0.72 1.16 0.38 
l -1 1 1 1 -1 15.1 4 36 1345 0.34 0.34 0.06 

-1 1 1 1 1 -1 8.7 JO 36 2345 -0.24 -1.59 -0.81 
1 1 1 1 1 -1 12.1 5 35 12345 0.70 2.22 -0.50 

-1 -1 -1 -1 -1 1 12.6 32 32 6 2.69 10.84 -8.88 
1 -1 -1 -1 -L 1 10.5 10 34 16 -0.82 0.78 0.94 

-1 ] -1 -1 -1 1 11.3 28 30 26 -0.18 -1.16 1.06 
1 1 -1 -1 -1 1 10.6 18 24 126 -0.25 -1.09 .1.75 

-1 -1 1 -1 -1 1 8.1 22 30 36 -0.22 -1.84 0.13 
1 -1 1 -1 -1 1 12.5 31 20 136 0.11 2.34 -0.94 

-1 1 1 -1 -1 1 11.1 17 32 236 0.35 1.03 ·-0.69 
1 1 J ----1 -1 1 12.9 16 25 1236 0.29 -2.16 -0.38 

-1 -1 -1 1 -l 1 14.6 38 20 46 0.02 2.34 -0.31 
1 -1 -1 1 -1 1 12.7 12 20 146 -0.56 -1.72 1.25 

-1 1 -1 1 -1 1 10.8 .34 22 246 0.30 0.22 ].()() 
l 1 -1 1 -1 1 17.1 19 35 1246 -0.32 -1.47 1.94 

-1 -1 1 1 -1 1 13.6 12 26 346 0.17 -0.97 -0.94 
1 -1 1 1 -1 1 14.6 14 15 1346 -0.77 -0.28 0.25 

-1 1 1 1 -1 1 13.3 25 19 2346 -0.41 2.53 -2.88 
1 1 1 1 -1 1 14.4 16 24 12346 0.74 1.09 -2.81 

-1 -1 -1 -1 1 1 11.0 31 22 56 0.27 0.41 -1.88 
1 -1 -1 -1 l 1 12.5 14 23 156 0.10 -0.53 0.94 

-1 1 -1 -1 l 1 8.9 23 22 256 0.57 -2.22 -0.44 
1 1 -1 -1 l 1 13.1 23 18 1256 0.02 -0.78 1.25 

-1 -1 1 -1 1 1 7.6 28 20 356 -0.23 0.22 0.00 
1 -1 1 -1 1 1 8.6 20 20 1356 -0.65 -1.47 2.19 

-1 1 1 -1 1 1 11.8 18 20 2356 0.39 0.47 -0.06 
1 1 1 -1 1 1 12.4 11 36 12356 0.50 -0.34 -0.50 

-1 -1 -1 1 1 1 13.4 39 20 456 0.63 1.41 1.31 
1 -1 -1 1 1 1 14.6 30 J 1 1456 -0.47 -0.53 -2.38 

-l 1 -1 1 l 1 14.9 31 20 2456 0.03 -2.84 -1.63 
1 1 -1 1 1 1 11.8 6 35 12456 0.47 -0.66 0.06 

-1 -1 1 1 1 l 15.6 33 16 3456 -0.28 1.34 -0.94 
1 -1 1 1 1 1 12.8 23 32 13456 0.71 0.16 -0.25 

-1 l 1 1 1 1 13.5 31 20 23456 0.14 1.72 -0.38 
1 1 1 1 1 l 15.8 11 20 123456 0.34 -0.84 -2.81 
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QUESTION FOR CHAPTER 12 

l. What is response surface methodology? Name three kinds of problems for 
which it can be useful. · 

2. Can you think of a problem. preferably in your own ficld, for which response 
surface methodology might be profitably used? 

3. When the object is to find experimental conditions produces a high leve) 
of response, what techniques may be useful when the model that locally 

· approximates the response function is a first-"degree polynomial? A second
degree polynomial? 

4. At what points in a response surface study could the method of least squares 
be appropriately used? 

5. What checks might be employed to detect (a) bad values, (b) an inadequate 
model, and (e) the failure of assumptions? 

6. When is it useful to havc replicate points? 

7. What is the path of steepest ascent and how is it calculí.lted? Are there 
problems in which the path of steepest descelll would be of more interesl 
than a pí.lth of steepest ascent? 

8. What is a composite design? How may it be built up sequentially? When 
would a non-centra] composite design be more appropriatc than a central 
composite design? 
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9. Has response surface methodology been useful in your field'? Has the one
factor-at-a-time approach been used'l Comment. 

10. What is the essential naturc of canonical analysis of the fitted second-order 
model? Why is it helpful? 

JI. What checks would you employ Lo ensure that the fitted response equation 
was sufficiently well established to make further interpretation worthwhile? 

12. Can you supply an example of a transition from an empirical to a theoreti-
cal model? 

13. What are good clues to indicate the need for data transformation? 

14. How can an inactive factor subspace prove useful? 

15. What strategies can you suggest for handling mulliple responses? 

PROBLEl\'IS FOR CHAPTER 12 

l. This chapter discusses a number of uses for RSM: (a) to improve product 
design, (b) to provide experience in scientific "investigation, (e) for possible 
simplification due to data transfonnation, (d) for dctecting · and cxploiting 
active factor space with multiple-response problems, (e) for detecting and 
exploiting active canonical spaces for multiple-response problems, and (t) for 
movement from empirical to theoretical mechanism. Provide real or imag
ined examples for each kind of application. Do not use the illustrations in 
this chapter. 

2. Crilicize in detail the following statement: Response surface methodology 
is about fitting a second-degree equation to data using a central compos
ite design. 

3. The helicopter experiment in this chapter was in tended to (a) allow all readers 
to gain experience in a self-directed iterative investigation, (b) demonstrate 
the method of sleepcst ascent, (e) demonstrate the use of the ANOVA to 
check the· goodness of fit, (d) determine whether sorne function has been 
sufficiently well estimated to justify further anaJysis, (e) show how the path 
of discovery could be different for different experimenters, and (f) illustrate 
how there can be more than one satisfactory solution to a problem. Write a 
short paragraph dealing with each point. 

4. lf there were a number of models that rnight explain the data, as in the textile 
experiment. how might you decide empirically which model to employ'l 
Would you also seek professional help? why? 

5. The fo11owing data were obtained from a duplicated experiment where the 
response. y was the breaking strength of a fiber and A, B, and C are the 
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coded levels of three ingredients in the fiber .. lVIake a Á plot for the t values 
of the effects. \Vhat do you conclude? 

A + + + + 
B + + + + 
e + + + + 

1.0 1.6 0.7 1.4 0.6 0.2 2.1 2.0 
0.8 1.6 0.6 1.5 0.8 0.5 2.2 l. S 

6. The data given below were obtained when working on a lathe with a new 
alloy. Fron1 these data, which are in coded units, obtain the lcast squares 
estimates of /3o. fJt, and /h in the following model: 

Criticize this analysis and carry out any further analysfs that you think is 
appropriate. 

Speed, Feed, Tool Lüe, 
X¡ xz y 

-1 -1 1.3 
o :;-1 0.4 

+1 -1 l. O 
-1 o 1.2 
o o 1.0 

+1 o 0.9 
-1 +1 1.1 
o +1 Lo 

+1 +1 0.8 

7. The following data were collected by an experimenter using a. compos
ite desigri: 

X¡ Xz y 

-1 -1 2 
+1 -1 4 
-1 +1 3 
+1 +1 5 
-2 o 1 
+2 o 4 

o -2 l 
o +2 5 
o o 3 
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Assume that a second-degree equation is to be fitted to these data using the 
mcthod of lcast squares. 

(a) \Vhat is the matrix of independent variables? 

(b) Set up the normal equations that would have to be solved to obtain the 
least squares estimates ho, b1, b2, b12. b1¡, and b22· 

(e) Solvc these nonnal equations. 

( d) Criticize the analysis. 

8. The fol1owing data were collcctcd by a mechanicaJ engincer studying the 
performance of an industrial process for the manufacture of cement blocks, 
where x1 is traveJ. x2 is vibration, and y is a measure of operating efficiency. 
All values are in coded units. High values of y are desired. 

Travel, Vibration, Efficieney, 
XJ X2 y 

-1 -] 74 
-+1 -l 74 
-1 +1 72 
+1 +1 73 
-2 o 71 
+2 o 72 
o -2 75 
o +2 71 
o o 73 
o o 75 

Do the follo\\;ing:· 

(a} Fit a first-order model to these data using the method of least squares. 

(h) Draw contour Jines of the fitted response surface. 

(e) Draw the directiorr of steepest ascent on this surface. 

(d) Criticize your analysis. 

9. Suppose that an experimenter uses the following design and wants to fit a 
second-degree polynomial model to the data using the method of least squares: 

Run X¡ X2 XJ Run X¡ X2 X3 

1 -1 -l -1 9 -2 o o 
2 +1 ~L -1 10 +2 o o 
3 -1 +1 -1 11 o -2 o 
4 +1 +1 ---1 12 o +2 o 
5 -1 -1 +1 13 o o -2 
6 +1 -1 +1 14 o o +2 
7 -1 +1 +1 15 o o o 
8 +1 +1 +1 16 o o o 
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(a) Write the 16 x 10 matrix of independent variables X. 

(b) Is this a linear or nonlinear model? 

(e) How many normal equations are there? 

535 

(d) What equation(s) would have to be solved to obtain the least squares 
estimate for /313? 

10. The object of an experiment, the results from which are set out below, was 
to detennine the best settíngs for Xt and x2 to ensure a high yicld and a low 
filtration time. 

Filtration 
Yield Field Crystal Time 

Tri al X¡ X2 (gs) Color Growth (sec) 

2 
3 
4 
5 
6 
7 
8 
9 

21.1 Blue Non e 150 
o 23.7 Blue None 10 

+ 20.7 Red None 8 
o 21.1 Slightly red None 35 . o o 24.1 Blue Very slight 8 
o + 22.2 Unobserved Slight 7 

+ 18.4 Slightly red Slight. 18 

+ o 23.4 Red M u eh 8 
+ + 21.9 Very red M u eh 10 

Variable Level 

Variable o + 

x1 = condensation temperature CC) 90 100 110 
x2 = amount of B (cm3) 24.4 29.3 34.2 

Source: W. J. Hill and W. R. Demler. lnd. Eng. Chem., Ocrohcr 1970. 
60-65. 

. 

(a) Analyze the data and draw contour diagrams for yield and filtration time. 

(b) Fjnd the settings of x 1 and x2 that give (i) the highest predicted yield 
and (ii) the lowest predicted filtration time. 

(e) Specify one set of conditions for x 1 and .i2 that \Vi1l simultaneously give 
high yield and low filtration time. At this set of conditions what tield 
color and how much crystal growth would you expect? 

11. The following data are from a tire radial runout study. Low runout values 
are dcsirable. 
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y 

l 9.6 40 305 4.5 0.51 
2 32.5 40 305 4.5 0.28 
3 9.6 70 305 4.5 0.65 
4 32.5 70 305 4.5 0.51 
5 9.6 40 335 4.5 0.24 
6 32.5 40 335 4.5 0.38 
7 9.6 70 J35 4.5 0.45 
8 32.5 70 335 4.5 0.49 
9 9.6 40 305 7.5 0.30 

10 32.5 40 305 7.5 0.35 
1l 9.6 70 305 7.5 0.45 
12 32.5 70 305 7.5 0.82 
13" 9.6 40 335 7.5 0.24 
14 32.5 40 335 7.5 0.54 
15 9.6 70 335 7.5 0.35 
16 32.5 70 335 7.5 0.51 
17 60.0 55 320 6.0 0.53 
18 5.0 55 320 6.0 0.56 
19 17.5 85 320 6.0 0.67 
20 17.5 25 320 6.0 0.45· 
21 17.5 25 350 6.0 0.41 
22 .17.5 25 290 6.0 0.23 
23 17.5 25 320 9.0 0.41 
24 17.5 25 320 3.0 0.47 ,-_) 17.5 25 320 6.0 0.32 

Here x 1 = postinflation time (minutes), .t2 = postinflation pressure (psi), X3 = 
cure temperature eF). X4 = rim size (inches), and y =radial runout (mils). 

(a) Make what you think is an appropriate analysis of the data. 

(b) 1<1ake three separate two-dimensional contour plots of y versus x1 and 
XJ over thc ranges 5 ~ Xt < 60 and 290 =:: X3 ~ 350. one for each of the 
fo11owing sets of conditions: 
(i) X2 = 40, X4 = 3; (ii) X2 = 55, X4 = 9; (iii) X2 = 55, X4 = 4.5 
Conditions (iii) correspond to the conditions used in the plant. 

(e) Comment on this conclusion: It was surprising to observe that either 
very wide (9-inch) or very narrow (3-inch) rims could be used to reach 
low radial runout levels. 

(d) Comment on any aspcct of the design. the dat~ or the analysis which 
merits attention. 
(Source: K. R. Williams, Rubber Age, August 1968, 65-71.) 
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12. The following data were collected by a chemist: 

Variable 
Response: Order in \Vhicb 

Temperature Concentration Yield Experiments 
Tri al (oC) (o/t>) (%) \Vere Performed 

1 70 21 78.0 8 
2 lJO 21 79.7 3 
3 70 25 79.3 1 ] 
4 J 10 25 79.1 4 
5 60 23 78.5 6 
6 120 23 80.2 10 
7 90 20 78.2 2 
8 90 26 80.2 7 
9 90 23 80.0 1 

10 90 23 80.3 5 
11 90 23 80.2 9 

Using these data, do the following: 

(a) Fit the model 1} =Po+ fJ1x1 + fJ2x2 + f3ttXf + fJ22xi + f3t2XJX2 using 
the method of least squares (first code the data so that the levels of 
the variables are -1.5, -l.Ó, O, + 1 .0,. + 1.5). 

(b) Check the adequacy of fit of this model. 

(e) Map the surface in the vicinity of the experiments. 
(d) Suppose that the last three data values listed above (for trials 9, 10. and 

11, which were the 1st, 5th, and 9th experiments performed) had been 
different, as follows: · 

Order in \Vhicb 
Temperature Concentration Yield Experiments \Vere 

Tri al \C) (%) (%) Performed 

9 90 23 79.5 1 
10 90 23 80.8 5 
11 90 23. 80.2 9 

Would your answers for (a), (b), and (e) be different with these new data? 





C HA P TER 13 

Designing Robust Products 
and Processes: An Introduction 

A product, process, or system that is robust is one that is designed to be insen
sitive to the varying conditions of its use in the real world. Thus, whíle it may 
be that the design is not "optimal .. for any specjfic set of circumstances. it will 
give good performance over the range of conditions in which it is likely to be 
used."' Different problems in robust design are discussed: 

l. ensuring insensitivity of performance to likely changes in environmental 
conditions and 

2. ensuring insensitivíty of performance to líkely variations in the character~ 
istics of components. 

In this chapter, if there is a possibility of confusion betv;.-een the design of 
a robust system and designing an experiment, an experimental layout such as 
a fractional factorial or response surface design, will be caBed an experimental 
arrcmgement. 

13.1. ENVIRONl\IENTAL ROBUSTNESS 

Robust Process Conditions for the l\-lanufacture of a l\ledical Packaget 

The DRG ?\.1edical Packaging Company was anxious to design medical pack
ages that would produce sterile seals over the wide range of process conditions 
employed by its customers. A cooperative study involving both the manufacturer 
and some voluntecr customers was arranged as follows. Five possibly important 

• The conccpt is closc.Jy n:Jared to that of scn¡;itivity analysis. 
tThis study was conducted by enginccrs John Schuerman and Todd Algrim (1992). 

Statistks for E:cperimenters. Second Edition. By G. E. P. Box. J. S. Hunter. and W. G. Hunter 
Copyright © 2005 John Witey & Sons. lnc. 

539 



540 13 DES1GNING ROBUST PRODUCfS ANO PROCE.SSES: AN INTRODUCTION 

product design factors (factors under the control of the manufacturer) were the 
paper supplier (PS), the solids content (SC), the cyljndet type (CY), the oven 
temperature (OT), and the line speed (LS). Each design factor was to be tested at 
two levcls to produce eight product designs in a 25- 2 fractional factorial arrange
ment. Two errvironmemal.factors not undcr control of the manufacturer, sealing 
temperature {ST) and dwell time (SO), were tested by the customer in a 3 x 2 
factorial arrangement. The three levels for sealing temperature were denoted by 
-. O, + and the lwo levels of dwell time by -, +. as shown in Table 13.1. Thus 
the product was tested at six different environmental conditions. 

The experimental program was conducted in the following manner. A number 
of packages were manufactured at each of the eight product design conditions. 
Batches of these eight types of product were then shipped to the cooperating 
customers. The customers subdivided the incoming batches into six subbatches 
and tested them at the six environmental conditions. This is therefore an example 
of the split-plot arrangement discussed in Chapter 12 in which the eight product 
designs were main plots· and the síx environmental conditions were subplots. 
Table 13.2 shows the actual layout of the experiment and lhe number of defective 
seals occurring for combinations of the design and environmental factors. 

Table 13.1. Design Factors and Thcir Le\·els: 1\fedical Packaging Examplc 

Product Design Factors + Environmental Factors 

Paper supplier UK USA Sealing tcmperature (ST) o + 
Conlents of solíds (SC) 28% 30% Dwell time (SD) + 
Cylinder (CY) Fine Coarse 
Oven tempcrature (OT) ISO"C 215:)C 
Líne speed {LS) Low High 

Table 13.2. Layout of Experimental Arrangement Showing Number of Defcctive 
Scals for Each A~·aiJablc Combination of Design and Environmcntal Factors 

Environmental Factors 

Product 
Design Factors ST o + o + 

Design PS se CY OT LS SD + + + 

1 + + + 8 4 * o * 7 

2 + + * * * * * * 
3 + + 3 2 1 1 o o 
4 + 7 1 1 2 o 4 

5 + + + + o o o o o 1 

6 ·- + + + + 4 o o l 1 1 

7 + + 9 1 o 4 5 l 

8 + + 2 1 3 l o o 

Note: 1l1e nsrerisks denote missíng observarions 
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The organization of an experimental arrangement of this kind can be difficult. 
In this case you will see that not only was the eight-run arrangement imperfcctly 
carried out but there were also a numbcr of mhsing observations, in particular 
a complete loss of infonnation for the second product design. Nevertheless, this 
experiment was highly successful. It was easy to see from visual examination 
of the data in Table 13.2 that design 5 behaved almost perfectly under all the 
environmentaJ conditions and moreover allowed a high line speed. This and 
consequent experiments produced a design for packagíng material that would give 
sterile seals over the wide range of sealing process conditions used by customers. 

Some History of Environmental Robustncss 

Experiments on environmental robustness go back at least tó the beginning o( 
the twentieth century. At that time the Guiness Company conducted field trials 
to find a variety of barley for brewing beer with properties that were insensitive 
to the many different soils, weather condítions, and farming techn.iques found 
in different parts of Ireland. At this early date those planning the trials did not 
have the benefit of statistical methods that were subsequently developed. Later, 
however, a carefully planncd experiment of ~his kind, in which five different 
varieties (designs) of barley were testcd under 12 (environmcntal) conditions 
(invoJving six different locations in the state of Minnesota on two successive 
years) were discussed by Fisher (1935) using data of Immer et al. (1934}. 

At about ú1is time Fisher pointed out the importance of factorial experiments 
in such studies (1935~ p. 98): 

[Extrancous factors] may be incorporatcd in experiments primarily dcsigncd lo test 
other points wilh the real advantages, lhat if either general effects or interactions are 
dctected, there will be so much k.nowlcdgc gaincd aL nq expense to the othcr objccts 
of the experiment and that, in any case, there will .be no reason for rejecting the 
experimental results on the ground that the test was madc in éonditions different in 
one or other of these respects from those in which it is proposed to apply" the resulrs. 

An early application in industry is due to Michael.s ( 1964), who showed hovv' 
the environmental robustness problem could be dealt with using split-plot designs. 
We owe to Taguchi (1980. 1986. 1991) our prescnt awarencss of the importance 
of such studies in achieving robust processes and products in industry. Vining 
and Myers (1990). Box Hnd Joncs {1992a, b). and Kim and Lin (1998) have 
shown how the concepts of robustness and response surface methods may be 
considercd togcther. 

Robust Design of an Industrial Detergent 

An experiment of the kind de.scribed by Michaels will be used for illustration. 
The clcaning capacity of an industrial detergent was known t() be affected by thc 
temperature T, the hardness H of the wash water, and the concentration R of the 
dctergent in the water. The manufacturer knew that in actual use by the customer 
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the levels of T~ fJ ~ and R could vary considerably. A study was conducted 
therefore to find out if manufacturing conditions could be found that would 
produce a product insensitive to likely changes in these environmcntal factors. 

The investigatíng team belicved this might be accomplíshed by making changes 
in some or all of four process factors, callcd hcre A, B, C,. and D. Factors A 
and B were the amounts of two of the i"ngredients in the detergent itself and e 
and D were modifkations in thc manufacturing process. Thus A •. B, C, and D 
were the desígn factors under the control of the manufacturer and T, /1, and R 
were the environmentul factors which in nom1al usage would not be under the 
manufacturer's control. 

As shown in Table 13.3, the four design factors A. B. C. and D were tested 
using a 2tv1 fractional factorial run in random order. Each of the eight resulting 
products were then tested under the four conditions of the environmental factors 
T. H. and R using a 2[11 1 dcsign with the minus and plus sígns covering ranges 
likely to be met in routíne use. Each product was tested by washing standard 
pieces of white cloth soiled in a standard manner. The results were assessed 
using a reflectometer. 

It wiU be seen that this is a split-plot experiment with the design factors com
prising the main plots and the cnvironmental factors the subplots. A first rough 
appraisal of the data cán .be gained by simply looking at averages and ranges for 
each of the eight design conditions. The average supplies a measure of overall 
goodness of the product; the rangc supplies a rough measure of the design's 
robustness to changes in the environmental factors. You can see, for example, 
that product 4 yieldcd a high average of 90.8 but with a range of 8, possibly 
ímplying poor behavior at higher temperatures. Product 7, however. produced 
an even higher average of 92.0 with a much reduced range of 2, suggesting 

Table 13.3. Study of Detergcnt Robustncss 

Four Wa':\hing Conditions Produced 
by Em·ironmental Factors T, H. and R 

Eight Próducts Produccd T -l. +1 -1 +l 
by Design Factor:'\ H -1 -l +1 +1 

Product 
A, B, C, and D R +1 -1 -1 +1 

Number A B e D 11 ¡¡¡ iv Average Range 

-1 -1 -1 -1 88 85 88 85 86.5 3 
.., 

+1 -1 -l +1 80 77 80 76 78.2 4 -
3 -l +l -l +1 90 84 91 86 87.8 7 

4 +1 +1 -] 
_, 

9S 87 93 88. 90.8 8 

5 -1 -1 +l. +1 84 82 83 84 83.2 2 

6 +l -1 +l -l 85 84 82 82 83.2 3 
7 -l +1 +1 

__ , 
91 93 92 92 92.0 2 

8 +1 +1 +l +1 89 88 89 87 88.2 2 
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that this product dcsign might produce a high mean response and also be more 
environmentally robust. 

A l\1ore Careful Analysis 

The main effects and interactions for the process factors and the environmen
tal factors can be obtained by studying the complete set of observations in 
Table 13.3. If you temporarily ignore the split plotting, the 32 observations may 
be analyzed as if they e ame from a 2Jj¡2 fractional factorial in the factors A. 8, 
C, D, T, H, and R. (The generators for this designare D = ABC and R = T H.) 
The 32 calculated effects so obtained may then be rearranged in the 8 x 4 con
figuration in Table 13.4. In this table the symbol 1 is used to indicate a mean 
value. For example, 86.25 was lhe grand average and -2.50, -0.25. and 0.25 
were estimates of the environmental main effects; also -2.25, 6.88, 0.88, -3.75 
were estimates of the design main effects. The row of estimates -0.50, -0.75. 
0.00 were the interactions TA. HA, RA between the environmental factors and t.he 
design factor A. and so on. 

We saw in Chapter 12 that an important characteristic of split-plot arrange
ments is that the subplot main effects and qll theír interactions with whole-plot 
effects are estimated wilh the same subplot error. Thus, the 24 cffects to the 
right of the vertical line in Table 13.4 will have the same subplot error while 
the seven design (process). effects ·in the first co1umn of the table will ha ve the 
whole-plot error. Consequently. when data from this split plot arrangement are 
analyzed graphica1ly, two normal plots are needed. 

Figure 13.la shows a normal plot for the seven estimated effects for the 
design factors. Figure 13.1/J shows the plot of the 24 effects associated with 
the environmental factors: These are the 3 main effects and all 21 cross-product 
environment-design interaction effects. Notice that the slope of the "error line'' 
for the subplot effects is much greater than that for the design factors, implying 
that the standard errors associatcd with the environmental factors are much Jess 
than those of the main-effect desígn factors. This was expected because changing 

Table 13.4. Process and Environmental Estimated 
Effects 

Design e1fccts 

Environmental effects 
1 T H R 

1 86.25 -2.50 -0.25 +0.25 

A 
B 
e 
D 
AB+CD 
AC+BD 
AD+BC 

-2.25 
6.88 
0.88 

-3.75 
1.88 
0.38 
0.00 

-0.50 
-0.63 

2.13 
-0.25 
-0.38 
-0.13 

0.75 

-0.75 0.00 
0.38 -0.13 

-0.38 -0.13 
0.50 0.00 
0.13 0.38 

-0.13 -0.13 
0.00 -0.75 



544 L3 DESIGNING ROBUST PRODUCTS A.'l,tD PROCF~~SES: AN INTRODUCTION 

2- 2- o TC 
8 

ó o 
1:1 

e 1- 1- o 
o e 3 o 

~ 

1 
~ O· 

"ffi 0- o "ffi o-E o ~ o z o z o 
;...1- -1- o 

o 
o o 

o 

-2- -2- ro 
1 1 .1 1 1, 1 

-5 o 5 -5 o 5 
Effects Effects 

(a) (b) 

90 

~- 85 

80 

:-1 +1 

(e) 

Figure 13.1. (a) Whole-plot desígn effccts; (b) subplot environmental effccts; (e) inlcraction plot. 

the design (whole-plot) factors required resctting the design conditions whereas 
changing the environmental (subplot) factors only required testing the dcsigned 
product undcr different washing conditions. The reduced subplot variation greatly 
helped in finding a product design lhat was environmcntally insensitive. 

Figure 13.la suggests that an \mproved average response could be obtained 
with a design hav.ing process factor B at .its plus IeveJ. The normal plot for the 
environmental effects (Fig. 13.1 b) shows effects T and TC as distinguishable 
from noise. The nature of the TC interaction is made clear in Figure 13.lt. 

An estímate of the subplot effect variance having n.ine degrees of freedom 
can be obtained by squaring and averaging the last nine estimates of the 
design-environmcnt higher order interactions in the table: ( -0.38)2 + (0.13)2 + 
· · · + (-0.75)2• Equivalently they can be obtained froma suitable ANOVA table. 
The standard error of an effect found in this way is 0.40 and in particular T = 
-2.50 ± 0.40 and re= 2.12 ± 0.40. Thus the cleaning power of the product 
was sensitive to washing tcmperature, but this sensitivity could be greatly reduced 
by suitable manipulation of the design factor C. Spccifically, Figure 13.1c 
suggests tha~ by switching to the upper level of C in the manufacturing process, 
sensitivity to temperature could be essentially eliminatcd. 
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More exactly, on appropriate assumptions discussed more fully in Appendix 
l3A, the estimated best level {; for the process factor C is such that 

that is 

-T = TC x C 

A -T 2.50 c-----+1' - TC - 2.12 - ·-
(13.1) 

Notice that with this kind of splít~plot arrangement both Lhe numerator and 
denominator of the ratio - T JTC ha ve the samc smaller subplot error. 

Exercise 13.1. Ghren the data in Table 13.3, confinn the estimated effects of 
Table 13.4 and show by an ANOVA that the within-plot variance s2 = 1,306 and 
the standard error of an effect is 0.40. 

Conjidence Limits. The confidence limits for a ratio C = afb may be obtained 
by a method dueto Fie1ler (1940). ln this particular application where the entries 
a and b in the numerator and denominator are uncorrelated random variables 
and have. equal variance (a;, say) the argument goes as follows: Let y be the 
"true" value of the ratio alb. Then a - by has· mean zero ar1d standard deviation 
aeJ(l + y 2). In this example an estimate of ae is available, Se= 0.40. hav

íng nine degrees of freedom. On not:mal theory therefore a- by js~ . .j1 + y 2 = 
(2.5- 2.12y)j0.4jl + y2 has a t distribution with nine degrees of freedom. 
For instance, the appropriate 95% limit for t with nine degrees of freedom is 
2.26. Confidence limits for ·y are thus given by the two roots oí" the quadratic 
equation (2~5- 2.l2y)2 = 0.42 x 2.262 x (l + y 2), that is, by Y-= 0.67 and 
Y+= 2.22. These are the required confidence limits for C. Notice that these 
confidence limits are rather wide, indicating ~hat some confinnatory experiments 
should be conducted. 

In general, there might be p environmental factors to desensitize and q design 
factors with which to do it. A general discussion of the mathematical aspects of 
this problem is given in Appendix 13A, but for immediate illustration suppose 
that there is one environmental factor to desensitize but two design factors having 
associated interactions. Then theoretically you would have an infinity of choices 
for the levels of two design factors that could produce desensitization. In practice, 
the magnitude of the interaction effects would determine how much .. leverage" 
each design factor could exert on an environmentaJ factor. Considerations of cost 
and convenience might thcn point to the use of one of the dcsign factors or of a 
particular combination of both of them. 

If there were two environmental .factors to desensitize but only one design 
factor wit.h associated environmental interactions, there would be two equations 
for one design condition and you would then need to consider sorne sort of 
compromise. In practice, graphical methods in combination with common scnse 
will often provide a satisfactory solution. A fuller study of these issues can be 
found in Barrios, E. (2005). 
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Looking for Useful Design Factors 

You may t1nd that one or more ofthe environmental factors cannot be desensitized 
with the design factors so far tested. It then becomes important to search for 
funher design factors that might achieve this. Consultation with subject matter 
specialists may produce a number of possibiJitics. These can be screened using 
fractional experimental anangements. 

Split Plots and 1\tain Plots: Choosing the Best Experimental Arrangement 

A detergent experiment was conducted with n = 8 design conditions as whole 
plots and m = 4 environmental conditions as subplots. Call this arrangement (b). 
The types and numbers of operations with three other possible configurations 
(a), (e), and (d) are summarized in Tahle 13.5 and displayed in Table 13.6. The 
choice for any particular application will depend heavily on convenience and cost. 

(a) In a fully randomized experimental arrangement, 32 runs would need 
to be made independently and cach of the 32 resulting products tested 
in di vidually. 

{b) Only 8 wholc-plot design runs would be needed to be made with random 
samples from each tcsted independently at all of the 4 environmental 
conditions as subplot~. This arrangement uses fewer design runs but still 
requires 32 environmental tests. 

(e) Here the 32 runs would be made in 4 complete and independent repli
cations of the 8 design conditions. Each set of 8 designs would then be 
tested together as a whole plot at the 4 environmental conditions. 

(d) In the so called strip block arrangement due to Yates (1935) only 1 run 
would be made at each of the 8 design conditions. Samples from each of 
these 8 runs would then be tested together at each of the 4 environmental 
condhions. Thus the arrangement would require only 8 design runs and 
only 4 environmental conditions. There V.·ould be one randomization for 
the design runs and one for the environmental runs. lt is important to 
rt!member that in a strip block arrangement there wiiJ be three separate 

Table 13.5. Four Possible Arrangcments for the Detergent Example 

Example General 

Design Environmental Design EnvironmentaJ 
Runs Runs Runs Runs 

(a) FuiJy randomized 32 32 llXIIl nxm 
(bl Split plot: dcsigns are main plots 8 32 n nxm 
(e) Split plot: cnvironments are main plot.s 32 4 nxm m 
(d) Strip block 8. 4 n m 
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Table 13.6. Alternative Blocking Arrangement'j 

(a) 

32 Runs 
Randomized 

A B C D 
] 

2 
3 
4 
5 
6 
7 
8 

Whole 
Design 

2 

8 

(b) 

Subplot 
Environmental 

A¡ 
Bt. 
e1 
D¡ 

A2 
B2 
e2 
D2 

As 
8'6 
Cs 
Ds 

See Table 13.1 

(e) 

Wholc 
Environmental 

A 

B 

. . 

. •, 

Suhplot 
Design 

D lo 
21) 
3v 
4n 
5o 
6D 
?o 
SD 
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(d) 

Strip 
Blocks 

A B e D 

1 1 ] 1 
2 2 . ., 2 .... 
3 3 3 3 
4 4 4 4 
5 5 5 5 
6 6 6 6 
7 7 7 7 
8 8 8 8 

types of errors associated with (i) the 8 design conditions, (ii) thc 4 envi
ronmental conilitions, and (iii) the interactions between the two. 

Example: Strip Block Design 

For the study of environmental robustness the strip bJock arrangement can be 
very economical in time and effort and in some instances the only feasible pos
sibility. For example, suppose your company needs a new typc of machine that 
perfonns a particular function and satisfies certain specifications. Each of n dif
ferent suppJiers has designed and produced a single prototype. Your company 
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needs to knów how sensitive is each machine's performance to each of m differ
ent environmental conditions, Since the machines are large and cumbersome, the 
environmental tests have to be made in a Biotron,* and because other researchers 
need to use this facility. the number of environmental runs must be minimal. 
The facility has a room large enough to accommodate simultaneously all the 
n prototypes. Thus in only m environmental runs of the Biotron each of the n 
designs can be simultaneously tested in a strip block arrangemcnt. In drawino . e 
concJusions from the results, however, sorne caution is necessary. For example, 
if the above experiment was repeated with the same 11 prototypes, the size of 
the error would reflect only repeated mcasurements made on the single prototype 
design. It would not te11 you anything about how that particular design might be 
subject to manufacturing variation. 

Statistical Considerations in Choosing the Experimental Arrangement 

It is important to be able to study the design-environmental interactions individ
ually in any environmental robustness investigationt but in the present context 
the fully randomized arrangement (a) would usually be much too laborious and 
inefficient to merit consideration. When a cross-product configuration (b) or (e) is 
employed these design-environmental interactions will aH be estimated with the 
subplot error, which is often rclatively smaJI. The split-plot arrangemcnt (b) 
actually used for the detergent experiment and for the packaging experiment had 
the advantage that the effects of all the environmental main effects and inter
actions were all estimatcd with this same subplot error. Thus, for exampJe, in 
Eq\lation 13.1 the coefficients T and TC, which were needed to estimaté the 
required desensitizing adjustment of C, were both estimated with the same sma11 
subplot error. This arrangement is even more desirable when there is more than 
one environmental effect to be minimized und/or more than one design factor to 
be adjusted. In such cases Equation 13.1 is replaced by a set of linear equations. 
and if arrangement (b) is u sed. then all the coefficients in these equations are 
estimated with the same small subplot error (see Appendix 13A). 

Although the manner in which. for example, the detergent experiment was 
actually carried out would decide the appropriate analysis, the calculated ejfects 
that would be needed for any such analysis would always be those of Table 13.3. 
lf the experiment had pecn conducted with split-plot arrangement (e), the 7 design 
effects and the 21 design-environment interactions would have the same subplot 
error and would appear on the same normal plot. If the strip block arrange
ment (d) had been employed. there would have been Lhrce separate sources of 
error to consider and three normal plots might be. used in the analysis: one 
plot for the design effects, one for the environmental effects. and one for the 
design-environrnental interactions. A detailed discussion of models, ANOVAs. 
and thc statistical eftkie.ncy of each of Lhc various arrangements can be found in 
Box and Jones (1992a). 

• A Biotron is a facility containing large rooms within whic:h various environmcnl'\ (light, temperature. 
humidíty. etc.) can be produced and maimained for eJ~tcnsive period.s of time. 
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Cost and Convenicncc Considcrations in Choosing an Experimental 
Program 
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In considering which dcsign configuration to use, usually cost and the difficulty 
of running the various possible experimental an-angements would be the deciding 
factors. For example, ifwe were designing a copying machine and if constructing 
altemative designs were expensive, then either nrrangement (b) or arrangemcnt 
(d) would almost certainly be used. Running the differently designed copiers at 
different cnvironmental conditions {ambient temperature, humidity, type of paper, 
etc.) would usually be easy and inexpensive. 

Sometimes the environmentaJ factors are difficult or expensive to change. For 
example. an environmental factor might be the temperature of a fumace, which 
could not be easily martipulated (as in the split-plot example in Chapter 9). The 
favored arrangement would then be (e), in which the environmental factors are asso
ciated with main plots, or in sorne circumstances the strip block arrangement (d). 

Notice that the important crite.rion is rwt the number of runs that are made 
but the number of separate operations and the cost and difficultyof making thesc 
operations. Tbe objective is to n1aximize the amount of information produced for 
a given amount of effort. 

Furthcr Consultation with thc Subject l\'lattcr Specialist 

It is very important to check with the liubject matter specialist how particular 
design and environmenta1 effects and their interactions might have arisen. Good 
questions are: Would you have expected this? If yes, Why. 1f no, then what do 
you think might be going on? If your speculation is right, could the beneficia! 
effects be amplified? Do lhese results enablc you to conceive new ideas for 
further development of product? 

It is important is to discover which of the pos~ible environmental factors necd 
to be desensitized and to find design factors that could interact with these to 
achieve dcsensitization~ The projective properties of the fractional arrangements 
make them particularly useful as screens to search for environmentally scnsitivc 
effeds and for design factors that can neutralize them. When there is more 
than one environmental factor that cannot be neutralized with the dcsign factors 
so far tested, it is important to seek expert help and make clear the nature of 
the difflculties. Close collaboration between the subject matter expert and the 
statistical practitioner almost al\\1ays catalyzes the generation of new ideas. 

13.2. RORUSTNESS TO CO~IPONENT VARIATION 

The problem of error tnmsmission was discussed in Chaptcr 12. One example 
concerned the molecular weight of sulfur calculated from the fonnula 

Ü.02t3(1QQ- X2)Xf 
y= 

I00.\·4(X¡ - X2) 
(13.2) 

where the variables X¡, x2o X3, and x4 were all quantities subject to experimental 
error. Knowing the variances uf. uf, uf, and u] of the x's. it was shown how 
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the variance of y could be calculated to an adequate approximation from the 
transmission of the error formula 

'"i "'>? ..,., .,., "2 (]"' -o-a-+ e-a-+ o-a-+ e-a y-¡¡ 22 33 .t-4 (13.3) 

In that example the gradients O; = oyfox; were detennined numerically and the 
total variance of y and the contribution from of each of the x's were as follows: 

a} = 27 + 28 + 178 + 204 (13.4) 

Notice how the transmission of the error formula identifies how rriuch of the vari
ance of y is accountcd for by the variation is each of the x's. From Equation 13.4 
you will recall that in this example most of the transmitted variation wa~ due to 
X3 and X-t and only a small amount lo X¡ and x2• lt was emphasized once ·again 
that. even though the variance of a particular component (say X¡) is small, h can 
stíll con tribute a large port.ion of the variance of .v if the gradient 9; = o y jlJx1 
ls sufficiently large. Conversely. large variation in a component (say x j) may 
produce only a small contribution to the variance of y if Oi = ay{8xi is small. 

Morrison ( 1957) seems. to ha ve been the first to demonstrate how the 
transmission of error could be used in engincering design. Suppose a product 
contains an assembly of k componcnts. Let y be a measure of the performance 
of the assembly which is a known function y= j(x~o x2 ••••• Xk) of measured 
characteristics of the k components x 1• x2 .•••• , Xk· Suppose further that the 
varüinces of the relevant characteristics of these k components also assumed 
knmvn are af. uf ..... af and that the designer can choose their nominal values 
x¡o. x2o •...• Xpo with p <k. The variance contribution of each of the individual 
components to the variance of the asscmbly can then be calcu]ated and used to 
help design the assembled product. 

Morrison• illustrated his idea with the design of a product where thc known 
functional relationship between the performance measure y and three c.omponent 
characteristics was 

(13.5) 

and the Lhree nominal values x 10, x20, and X30 were all at the designer's choice. 
Using 30 repeated measuremcnts. he estimated the variances CTf; af, and af of 
each of the three components. He then determined the gradients O; = (Jyj8x; by 
direct diffcrentiation to obtain the error transmission fonnula 

i [7l"X¡X2 ] 2 [JfX2X3] 2 [¡r(x~ -x?)J 2 (1 3.6) 
qy = 2 (J 1 + 2 a2 + 4 (13 

The cxpression was evaluated by substituting the nominal values of the x's and 
the estimat~d variances. For his example he found 

a-;= 3.52 + 0.30 + 7.57 = 11.39 

• Tite impOrtance of Morrison·s ideas for the design of automobiles wus recently emphasizcd by 
R. Parry Jones (1999), vice presidcnt for dcsign of the Ford Motor Company, in his address to lhc 
Royal Acadcmy of Enginccring. 
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The largest contributor to the varíation in performance of the measured assembly 
therefore was x3• Also x1 was of some importance but x2 contributed Hule. 
Therefore~ to reduce the val u e o-;, effort should be directed to rcducing thc 
variances uf' and Uf. . 
~linimization of Variance Transmission 

On the further assumption that the variances uf, ai. and af remained constant 
or could be derived for different nominal values J"to. x;w, and X3o, the values that 
produced minimum error transmission could be calculated. Equation 13.6 would 
now be treated as a function of the nominal values. xw. x20, and x30 for which 

a} = F(xro, x2o. x3o) {13.7) 

was to be minimized. This minimizalion is mosl easily done numerically using 
a standard computer prograrn for minimization (or maximization). Notice, how
ever, that to obtain Equation 13.7 and make such a calculation, you must know 
the function y = f (x1, x2, x3) and to a fair approximation the rdative values 
of a}. ai, .... af. Al so you need to know whether these componcnt variances 
depend on the nominal values of the x's and, if so, in what way. These require
ments were emphasized by Morrison. and their importance is best understood by 
considering a simple example. · · 

Designing a Pendulum 

Suppose you were designing a pendulum fot inclusion in a dock mechanism. 
The period y of the swing would depend on the pendulum's lcngth x so that 
manufacturing variations in x would be transmitted to the period y. Since you 
would need appropriate gears in the clock mechanism to achieve a constant speed 
of rotation of the clock hands, for any particular period y it is the percentage 
variation of y that is of interest. Thus you would need to minimize the coefficient 
of variation of y, or equivalently the standard dcviation of Iog y. For this reason 
in Figure 13.2 the period is shown on a Jog se ale. 

2 4 6 8 10 

Length, x (cm) 

FiJ,..'llre 13.2. Period y vs. length x. (When the error variance of thc length of thc pendulum x is 
constant. the longest p~ndulum produces the smallest pcrcentngc error). 
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Supposc the relationship betwcen the length x of thc pcndulum and its period 
y is known to an adcquatc approximation• from 

y= 0.2:rr.Ji (13,8) 

and that the manufacturing variation in the 1ength x of the pendulum has a 
constant standard deviation. Then, as illustrated in Figure 1 3.2, the precision of 
thc clock would be maxímized when the pendu1um was made as long as possible. 

But suppose you assumed instead that the 1ength x was subject to a constant 
perc:entage error. Then it is to see that the error transmission would now be the 
same regardless of the length of the pendulum. Thus. as emphasized by Morrison, 
( 1957) concrete knowledge about the variances of the x·s (a single x in this case) 
is essential. Unfortunately, this preccpt has not been followed in many applications 
of this idea. 

Parameter Design and Tolerance Design 

For problcms in product design Genichi Taguchi ( 1980, 1986, 1991) uses the 
error transmission idea extensively. He makes a distinction between what he calls 
parameter dcsign and tolerance design. For parameter design he recommends 
using componcnts that are inexpensive and finding nominal va.lues that give 
smallest error transmission. lf the solution obtained stiiJ gives too variable a 
product, he then employs the error transmission fommla in parameter design to 
show when more expensive componcnts with smaller tolerances are needcd. 

We believe that problems of this kind are best handled in the manner describCd 
earlier due to r..1orrison ( 1957), This uses error transmission ideas directly. The 
temlinology as well as the methodology d.iffer from those employed by Taguchi. 
The following example. due to Barker (1990, 1994) although extremely elemen
tary~ is sufficient to illustrate the differcnée. 

An alternating current circuit is to be designcd Lo maintain with minimum 
variance a constant resistance R = 500 ohms. From elementary physicst 

¡o-(, 
R=--

2rrfC 
(13.9) 

\\'here f is lhe frequency of Lhe alternating current and C is the capacitance. 
Both f and C are known to vary from thcir nominal values. In addition to error 
transmitted by deviations in f and C there is a further source of variation causcd 
by a final adjustmcnt of R, independent off and C. to the requ.ired value. Thus at 
final a~scmbly 1 o-6 f2nfC + R41dj = 550. In this examp1e f and C are the dcsign 
variables to be set and f. C, and Radj the variables contributing to the noise. 

Earlier in this book two methods have been dcscribed for estimating trans
mitted error: the analytical method used by l\1orrison and the numerical method 
illustrated in the molecular wcight example. Barker used a tlúrd numerical mcthod 

• Thc formula is closc to that of a "perfcct•• pcndulum where >' is measured in seconds nnd .f in 
ccntimcrcrs. 
'A Mili simplcr formula is obtalned by taking logs on e.ach side of the cquntion. 
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t 
e 

~ Outer array 

Figure 13.3. lnner and outer arr.mgemem: a 3:! arrangemcnt with a 23 arrangement at the vertices; 

due to Taguchi in which the calculated Ievels of each of the factor combinations 
are themselves varied over small ranges for each design configuration in what is 
called an inner and outer array. The concept is illustratcd in Figure 13.3. 

The tested levels of the design variables f and e intended to span the whoie· 
region of interest were as follows: 

Variable 

f 
e 

o 

.60 600 
5 25 

+ 

1200 
50 

The design levels (-~ O, +) form a 32 factorial arrangement called the inner 
array. At each of the nine design configurations eight circuits were constructed 
employing the following tolerances of the noise contributors: 

Variable Tolcrance 

f ±lO% 
e ±20% 
R ±J% 

Thcn for each of the nine inner arra y arrangernents an outer array consisting of a 
23 factorial arrangement was run with f, e, and R ranges spanníng the tolerances. 
In split-plot terms the inner array identifies the main plots and the outer array 
the subplots. For example, for design configuration f = 1200 and C = 50 the 
outer array lcvels were f = 1200 ± 120, e= 50± 10, and R = 500 ± 5. The 
complete inner and outer array configuration containing 32 x 23 = 36 points is 
illustrated in Figure 13.3. 

Error transmission is then dctermined from the averages y and the estimatcs 
of variance s; calculated from the eight observations locatcd at each of the nine 
23 factorial i;mer array arrangements. 
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To determine the engineering design configuration that minimizes error trans. 
mission. Barker maximized Taguchi·s "signal-to-noise" (SIN) ratio criteria: H == 
-10log10 (\'2/s~). The marginal averages of H calculated fróm the 32 inner array 
were as follows: 

Variable. 

.f 
e 

25.24 
28.51 

o + 
38.56 40.10 
36.65 38.73 

From these the author deduced Lhat the highest level of the S/N ratio would 
be obtained by using the highest level of frequency and the highest level of 
capacitan ce. 

In general, of course, overall tnaxima cannot be obtained from marginal max
ima in this way. However, computer programs to maximize any function that can 
be calculated analytically or numerically are available. 

The Anatomy of H 

In this example the function maximized was the SIN criterion H =-lO log10 
(Y2 js~). Now y2 ¡s; = 1/ V2, where V is Lhe coefficient of variation. Thus 
maximizing H = ~20 log10V is equivalent to minimizing the coefficient of 
variation, which Íll tum is equivalent to minimizing Lhe standard deviation of 
Jogy. Fot example, see Figure 13.4 and the derivation in Appendix 138. 

140 

... 120 

" e 
o 
o 100 'r" 

e 
.Q 

80 (U 
·e 
<ti 
> - 60 o -e 
(1) 

'ü 40 lE 
8 o 
~ o 20 

o 
0.0 0.2 0.4 0.6 0.8 1.0 

U¡ny 

Figure 13.4. Plor of cocfficicnt of variarion versus O'Jogy· 
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Response Suñace Ideas 

A number of authors have pointed out that Robust design and response surface 
methods should be considered together to provide solutions more directly (for 
example Fung. 1986; Vining and Myers. 1990; Box and Jones. 1992a, b; Kim and 
Lin. 1998). Figure 13.5 shows the contours of UJog)' and hcnce of S/N for Barker's 
example. This eJementary example can be uscd to illustrate cogcnt points that 
are clarified when the problcm is looked at from the response surface view: 

1. In this example, if f and C are constrained to be within the stated limits, 
Barker's conclusion is correct-the highest value of the S/N ratio of H = 
41.75 within this region is obtained when f ande are both at their maxima. 
But the contour diagram of Figure 13.5 aiso shows that little would be lost 
by, for example. using the intermediate values e= 27.5. f = 630 where 
H = 41.5. This illustrates a more general consideration that it is rarely 
enough to calculate a point maximum (even when done correctly). You 
need to know what is happening in the neighborhood of that maximum. 
This is particularly true in cost analysis. 

2. As in this example, Lhe point of mínimum error transmission is often found 
ata vertex oran edge of the .. inner array:'' In practice, however, the ranges 
over wiUch the design variables are changed would frequently be somewhat 
arbitrary and the designer would wish to explore what would happen if thc 
present region were extended. For example, in a direction of less cost. 

3. It is essential to consider whether Lhe maximum is best approximated by 
a point or alternatively by a line or plaúe implying some kind of ridge 
system that might be explored and exploited to improve other attributes of 
the product design. 

t 
e 27.5 

5.0 ~~~~::::::::::::~::;:::=:::::~----1 
60 630 

f~ 

1200 

Figure 13.5. Contours of thc SIN ratio and the (idcnt.ical) contours of the standard dcviation of 
log y. 
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4. To carry through any analysis of this kind, you must kilow, at least to a 
reasonablc approximation, the relative variances ur' uf .... ' uf of the x's 
as wcll as the function y = f(x 1, x2 •••. , xk). 

APPENDIX 13A. A MATHEl\lATICAL FOR!\·IULATION FOR 
ENVIRONl\IENTAL ROBUSTNESS 

In a previous cxample it was found that thc cleaning power of a detergent was 
highly sensitive to the temperature T of the wash water. Taking advantage of the 
fact that there \\"USa Jarge Te inleraction effcct, this SCilSitivity CO.Uld be nullificd 
by adjustrnent of the design variable C. 

More generally, suppose that a change z in an environmental factor (in this 
case T) produces a change y in the effcctiveness of the product (the cleaning 
capability of the detergent). Then approximately 

dr 
V="'X -· . " d ' ... ... 

(13A.l) 

Thc equation emphasizes that even a large change z in the environmental factor 
will not produce a large change y in the measure of effectiveness if dy/dz is or 
can be made small. Thus clyjdz rilay be called the sensitivity factor• and will 
henceforth be denoted by S. 

Now suppose for a prototype design the value of lhe sensitivity factor equals 
S and that there is a design factor x (process factor e in this example) which 
has a substantial interaction with x' and is measured by the derivative dS/dx. 
Then the sensitivity factor for some value of the design factor x is 

Sx =S+ (dS/dx) X X 

So that the value x which will reduce the sensitivity to zero is such that 

-S= dS X X 
dx 

(13A.2) 

In the example S is then the (main) effect of the environmenwl factor z (i.e., T) 
and the derivative dS/d~t is the interaction effect between x and z (Te). 

As the earlier examplc illustrated. since thc main effecl (T) and lhe interaction 
(TC) are hoth estimates. the value .t may be subject to considerable error; also 
there will be a practica! range within which the design factor x may be varicd and 
that .r rriay lie outside this range. Howcvcr, evcn when the exact mathematical 
solution cannot be used. it may indicate a direction in which to go. This and 
associatcd qucstions are considered in more detail by Barrios (2005). 

More generally, suppose that there are p environmental factors that need to 
be studied and thus p sensitivity factors S1 = dy/dz., S2 = dyjdz2 • .•.• Also 

• Also callcd thc robustness factor. 



APPENDIX 13A A MATHEMATICAL FORMULATION FOR ENVIRONMENTAL ROBUSTNf:SS 557 

suppose there are q dcsign factors x 1• x2 ..• , Xq and that changes in one or 
more of these can produce changes in the S's. Thcn whether there is a unique 
mathematical soluúon or not will depend on whether q <p. q =p. or q > p. For 
illustration suppose p = 1 and q = 2, that is, there is one environmental factor 
and two design factors available to desensitize the response and the sensitivity 
factor S¡ will be reduced to zero if 

{ 13A.3) 

where Sij = dS;dxi. In this case, therefore, theoretically any values of the design 
variables x 1 and x2 that satisfy this cquatíon might be uscd to desensiúze. 

If p = q we have two environmental factors to desensitize and two design 
factors to emp1oy and to get the two sensitivity values to equal zero requires the 
solution of the two equations 

( 13A.4) 

Again, both the Jimitations concerning the feasibility region for the manipulation 
of the design factors x 1 and x2 and the errors of the estimates .t1 and x2 must be 
borne in mind. 

Finally, suppose p = 2 and q = 1, that is, thcre are two environmcntal factors 
to desensitize but only one design fa~tor available to accomplish this end. Then 

and (13A.5) 

In this case it will l?e necessary to find sorne compromise value for .i1• 

Robustness and Optimality 

Notice that none of these equations take into account the best /evel for the 
response. Suppose, for example that with the environmental variables- fixed, the 
response is adequately represcnted by a second-degree equation in the design 
factors .x1 and x2. Thus · ·· 

The coordinates (x~1 • x~) of a maximum (mínimum) in the immediate regíon of 
interest will then satisfy the equations 

( l3A.6) 

But notice that the Equations 13A.6, which define ~•optimality," share no coef
ficients in common with those of Equations 13A.4, which define "robustness." 
Thus you could have an .. optimal'' solution that was highly nonrobust and a 
robust solution that was far from optimal (that would produce a product that 
was equally bad at all levels of thc environmental factors). In practice, some 
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kind of compromise is needed. This can be based on costs, the performance of a 
competitor's products, engincering feasibility, and the like. One approach which 
combines considcrations of robustness and optimality and provides a Iocus of 
compromise between the two solutions is given in Box and Jones (1992, l922b). 

ln practice the solutions to the linear equations will be subject to error because 
of uncertainties in thc coefficients b1, b 11 , b12 • •••• Confidence regions for these 
solutions can be obtaincd by a method dueto Box and Hunter (1954). 

APPENDIX 13B. CHOICE OF CRITERIA 

The Relation Betwecn u 1ny, the Coefficient of Variation, and a 
Signal-to·Noise Ratio 

As is well known, the coeffident of variation y = q 1 ¡.t is. o ver extcnsive ranges, 
almost proportional to the standard deviation of In y. More specifically (see, 
e.g .• Johnson and Kotz, 1970), if after a log transformation Y = ln y has mean 
Jl r and constant variance a}, then, exactly, if Y is normally distributed and 
approximately otherwise, 

IL = exp(JL y + jah 
a = J.l.[exp(a;)- 1] 112 

(138.1) 

( 138.2) 

Consider Equation l3B.2. You will see that q. the standard deviation of y, is 
exactJy proportional ro its mean ¡.t or, equivalently. that the coeftlcient of variation 
a 1 Jl = [exp(ai) - J] 112 is independent of tl. Moreover, a 1 ¡.t is lhe monotonic 
function of ay. Thus, analysis in tcnns of q 1 ¡.1. (or of 11/a, the S/N, ratio) is 
essentíally equivalent to the analysis of ay-that is, of a1ny· 

Signal-to-Noíse Ratios and Statistical Criteria 

As \Vas seen in earlier discussions, many familiar test statistics are S/N ratios 
in the sense that the term ís commonly employed by communication engineers. 
Examples are the t statistic (or the nonnal deviate z whcn q

2 is known): 

v-q 
t=-·--

SE(v) 
or 

or in general ..... 
statistic- E{statistic) 

1 
= "'Var(statistic) 

In each case the numet"ator is a measure ofthe signa] and the denominator a measure 
of the noise (appropriate to rhe statistic). The F statistics are also S/N ratios: 

mean square for treatments 
F=----~-------------

mean square for error 

mean square due to rcgression 
or F = ----=--------

residual mean square 
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Notice that 1 and F are homogeneous functions of degree zero in the data and 
consequently are dimensionless and unaffected by changes in scale. For example. 
they are unchanged whether you measure y in grams or in pounds. Sorne confu
sion has arisen because Taguclü has called a number of his performance criteria 
''signal to noise ratios;' wlúch do not have this invariant property. According 
to his philosophy, the criteria should differ depending on the objective of the 
experimenter. Exmnples are as follows: 

Objecth·e Criterion 

Closeness to target {SNr} = ~O log10(Y2 js2) 

Response as large as possible {SN¿} = -10log10 [~ t (-1 )
2

] 
n i=l. Yi 

{SNs} = -10log 10 [.!. f:(y;)2
] 

1l i=l 
Response as small as possible 

Such criteria pose a number of problems: 

(a) Criteria. such as (SNL) and (SNs), are not S/N ratios; they are not dímen.., 
s.ionless and linear transfomlation of data can change their information 
content. In particular the SNt' tr~msfonnation blows up for any transfor
mation that produces any data values close to zero. 

(b) It is generally acceptcd that statistics should be efficient so that, on ratio
na! assumptions, they use all the information in the data. On reasonable 
distributional assumptions SNL and SNs are not statistically efficient and 
their use is equivalent to throwing sorne of the data away. 

(e) It is unwise to be dogmatic in selecting criteria before an experiment is 
nm. Criteria should be reconsidered after the data are available. This was 
illustrated in an example quoted earlier where the original objective was, 
to maximize yield, ~ut in the light of the data, the objective was changed 
to minimjzing cost without changing yield. 
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QUESTIONS }"'QR CHAPTER 13 

1. What is meant by "an environmentally robust" product? How are the words 
''robust" and "environment" interpreted? Give two examples. 

2. How can you run an experiment to dis<;over an environmentally robust 
product'? 

3. What is a "design" factor and an ."environmenta1" factor? 

4. Wby are design-environmcnt interactions potentiality useful in designing 
environmentally robust products? 

5. Why are split-plot designs often used in robusl experimentation? 

6. Suppose in a robustness experiment four different experimental arrangernents 
are possible: (a) fully randomized, (b) split plot with the design factors as 
whole plots, (e) split plot with environmental factors as whole plots, and (d) 
a strip block arrangement. \Vhat are sorne circumstances in which each of 
these experimental arrangements might be preferred? 

7. What is meant by "robustness to component variation.,? · 

8. Wbat would you need to know (exactly or approximatcly) in order to conduct 
a robustness to component variation study? 

9. What are three different ways of determining the rate of change of a response 
with respect to a design factor? 

10. What is mcant by the coefficient of variation of the response y? How is it 
related to (a) the standard deviation of logy and (b) an S/N ratio? 

11. How is it possible to design products that are robust to component variation 
but nevertheless give a response which is very far from optimal? Explain. 

12. Why is it essential to have estimates of the component variances in order to 
estimate the variation transmitted to an assembly by the components? 
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13. One criterion proposed for use in robustncss studies is the S/N ratio: 

What relationship does this have to the coefficient of variation and to the 
variance of log .v? 

PROBLEl\IS FOR CHAPTER 13 

1. Tests for environmental robustness are sometimes run only at the extreme 
conditions of the design factors. Thus is lhe example of Table 13.3 it mlght 
be decided that extreme conditions consisted of maximum hardness of the 
wash water with mínimum temperature or vice versa. For this set of data, 
would your conclusions have been different from such a test? Why might 
such a strategy fail? 

2. In the example of Table 13.2 suppose a full set of data for product designs 1 
and 2 were available as follows: design 1: 8, 4, 3, O, 4, 7; design 2: 7, 2, 1, 4, 
5, 9. Analyze thc completed set of data using so far as possible the techniques 
employed for the detergent study in Tables 13.3 and 13.4. 

3. In an experiment of the k.ind shown in Table 13.3 it sometimes makes sense 
to work with a transformation of the response. For this example, (a) do you 
think a reciproca} transfonnation might be appropriate? Why'! (b) Make an 
analysis with the metric Y= 1/y. Are your conclusions different from those 
reached in the chapter. Explain. 

4. A response surface study showed an important characteristic of an assembly 
was related to two component characteristics x1, x2 by the cquation 

y= 95.6- l3.7x, + 10.7x2 + 16.7xf + 18.2xi + 13.lx¡X2 

Given that manufacturing variation produces a standard deviation in the com· 
poncnts of a 1 = 0.1 and a2 = 0.1, what values of x 1 and x2 will produce 
minimum error transmission with the smallest possible value of the variance 
of the response. Repeat your calculation with O'J = 0.1 and a2 = 0.2 what do 
you conclude? 

S. Suppose the following data were obtained in an environmental robustness 
study conceming the manufacture of cakes which should be insensitive to 
the temperature T and the time t ofbaking. The cake mix employed differ~nt 
amounts oftlour F, shortening S, and egg powder E. The factors whcre vaned 
at two levels denoted by - and + in a factorial design with an intem1ediate 
vaJue denoted by O. The data are average scores of an hedonic index scaled 
from 1 to 7 as judged by a taste panel. 
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T o + + 
F S E t o + + 

o o o 6.7 3.4 5.4 4.1 3.8 
3.1 1.1 5.7 6.4 1.3 

+ 3.2 3.8 4.9 4.3 2.1 
+ 5.3 3.7 5.1 6.7 2.9 

+ + 4.1 4.5 6.4 5.8 5.2 
+ 5.9 4.2 6.8 6.5 3.3 

+ + 6.9 5.0 6.0 5.9 5.7 
+ + 3.0 3.1 6.3 6.4 3.0 

+ + + 4.5 3.9 5.5 5.0 5.4 

(a) What are the design factors? 
(b) What are the environmental factors? 
(e) Calculate the average y and standard deviation s for éach of the nine 

designs (recipes). What do you conclude from your analysis? 

6. Suppose the analysis in problem 5 was canied out by preparing for each recipe 
enough cake mix to make five cakes to be baked together at the various envi
ronmental conditions. This is a split-plot design Which factors are associated 
with the design plots and which with subplots? How might the experimental 
prograrn have been arranged differently? What might be the advantages and 
disadvantages of each arrangement? 

Assume that the design factors are the whole plots and make a table of 
their main effects and two-factor jnteractions. How might thls table be used 
to obtain the standard error of (a) an environmental main effect and (b) an 
environmentaJ -dcsign interaction? 

7. It has been suggested that an experiment like that in problem 5 might be 
analyzed using the so-called quadratic loss for each recipe. For this experiment 
the quadratic loss is given by the expression L = L:O- y)2~ which is a 
measure of how far a particular red pe falls short of the ideal val u e of 7. 
Calculate these losses for each of Lhe ninc recipes. How is the function L 
connected with the average y and the standard deviation s? Comment. 





C HA P TER 14 

Process Control, Forecasting, 
and Time Series: An Introduction 

Two related statistical procedures are hypothesis (significance) testing and sta
tistical estimation. Similarly there are two related problems of statistical process 
control. These are process monitoring and process adjustment. By process mmt
itoring* is meant continua/ clzecking of process operation to dctect unusual data 
that can point to faults in the systcm. This activity is related to hypothcsis testing. 
By contrast, proccss adjustment is used to estimare and compensare for drifts or 
other changes in the data.t· 

14.1. J>ROCESS l\'IONITORING 

In the 1930s the Bell Telephone and \\'estern Electric companies needed to man
ufacture parts which, as nearly as possible, wcre identical. To ensure this, a 
program of continuous sampling and testing was instituted. Walter Shewhart, 
a member of the Bell research staff, knew that, to ensure survival. our eyes 
and brains have developed to be alert to the unexpected. To use this ability. 
he proposed that measurements be continuously displayed in sequence so that 
a comparison could be made between cun·ent data and data generated by a 
correctly operating process. A sequential record of this sort was called a run 
clwrt. Figure 14.1a shows such a run chart for a sequence of avcrages of four 

• This system of monitoring is oftcn callcd "statislicaJ prcx:css control.'' hutthis tcrm i.s avoh.lcu since 
process adjustment should also bé part of statistical proccss control. 
tTwo frcqucntly cited tcxt in thc chapter are '"Time Series Analysis" f'orcca~ting & Control Third 
edition by Box. G. E. P., Jenkins, G. M. and Reinse1, G. C. (1994) Prc-ntice Hall, Englewood Cliffs. 
NJ. & "Stat.isticat Control by Monitoring and Feedback Adjustmcnt" by Box, G. E. P. & Luceño, A. 
(1997) Wiley, New York. In what follow these an rcferred toas B.J.&R and B&L .respectively. 

Statistics for Experimentas, Second Edilion. By G. a P. Box, J. S. Hunter, and \V. G. Huntcr 
Copyright © 2005 John Wucy & Sons, lnc. 
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Aun chart for 50 successive observations, 
target T = 0.4 

Shewhart chart with 3n and 2u Jimits. 
target T = 0.4 

0.11---------.---------.---------~--------~----------
o.o 

0.8 
0.7 
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0.2 
0.1 10 

EWMA monitoring chart with 3o limits 
~ = 0.4. target T = 0.4 

20 30 
(e) 

40 

Figure 14.1. (a) Run chart of averagcs of four measurements, (b) Shewhart chart for average.<;. (e) 
Shewhart chart for rnngcs. 

measurements randomly recorded each hour. For simplicity an average of four 
observations taken at a particular time will be callcd an observation. 

While a detectable deviation from the nonn can point to the existence of a 
fault, its cause is not always easily recognized. Howe.ver, when an assignable 
cause can be found, it may be possible to modify the system ensuring that the 
fault is corrected and cannot occur again. When followed as a regular policy, 
this procedure of continuous ''debugging" (process monitoring) can gradually 
eliminate tbese faults. Consequently, continuous process improvement results 
duc to reduced process variation and fewer process upscts. 

Some process variation is bound to occur, but deciding what is an unacceptable 
deviation from the norm is not always easy. Nothing looks so unrandom as a 
series of random numbers and without proper chccks you could start a wild goose 
chase for a nonexistent cause. Thus, to behave rationally. you must first ask the 
question, '"In satisfactory routine production is this npparent deviation unusual 
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or does it happen quite often?'' What is needed is an appropriate reference set 
representing the behavior of the process when it is operating correctly. If what yo u 
at first thought was unusual behavior is something that has occurred frequently in 
past satisfactory operation, you should pay it Jittle attention. On the other hand, 
if the distractive event has happened rarely or not at all in the past, you wouJd 
have good reason to look for its cause. 

When available, the direct source for a reference distribution is the history 
of past data rccorded during periods of satisfactory perforn1ance. Comparison 
between the suspect event and previous experience requires no assumptions about 
independence and normality, and nowadays the computer can make a rapid search 
of past records, An example of the use of past .data to obtain an appropriate 
reference distribution (in that case for the comparison of two means) wa~ given 
in Chapter 2. 

Shewhart said that you should try to keep your process in what he called a state 
of statistical control. By this he meant a state in which the variation of the data. 
about the target value, called common cause variabiliry, is stable. about the target 
value."' Por a reference distribution he assumed that there would be recognizable 
sequences of data taken when the process was running satisfactorily. For such data 
it was assumed · that successive deviations from target would be NIID. To draw 
attention to "out-of-control" behavior, he proposed that limit Iines be added to 
the run chart between which most of the data would be located when the process 
was operat.ing correctly. Such "control" limits'' ha ve customarily corresponded to 
deviations from target of ~'± three sigma" and "± two sigma," sometimes ca1led 
action and warning limits. The "sigma" defining- these limits is the standard 
deviation of the plotted points, usually averages of n measurements with n = 4 
or s.t In practice, exceeding a point outside action lines does not necessarily 
imply that immediate action should be taken-usually that would involve other 
considerations. 

Figure 14.lb shows a Shcwhart chart with appropriate action and warning 1ines 
for the averages previously plotted on the run chart in Figure 14.la. Shewhart 
also recommended that a second control chart be added to monitor the variability 
by plotting the ranges of successive samples. 

The Shewhart quality control chart is a tool of great value and for decades has 
been the source of thousands of process improvements. It appears in a variety 
of forms: charts for averages, for percentages, for frequencies (counts), and so 
on.* The technical literature concerned with the construction and use of She
whart control charts is vas t. Juran' s Handbook of Quality serves a'i an excellent 

• Sorne books on statistical control speak of deviations from the long-run average or from the average 
of rational subgroups rathcr than deviations fmm a targct vulue. Wc shall spc~k here of dcviat.ions 
from thc target value (from spedfication) and not from sorne average vaJuc .. 
t Somc authors recommend calculating the sigma of the ploued avernges from the average variance 
of the data within e.ach set of n observations, thus cry = a ¡.¡ii. This is likely lo underestimate the 
natural variability of thc opcrating process. 
; Shewhrut charts ha ve also been proposed that employ instead of the Nonnal distribuÜon the hypcr· 
geometric, the double exponentia1, thc lruncated, foJded nonnnJ distributiuns, and so on, {Juran and 
Godfrey. 1999). 
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general reference along with the official documents of ANSI/ ASQ [The American 
NationaJ St~nuards lnstitute and the American Society for Quality (ANSI/ASQC) 
19851. , 

Control by Looking at R~cent Hcha\·ior 

In the use of Shcwhart charts many pcople believed that the single rule, one or 
more poims outside the 3a limits, was inadequate. This was because it did not 
take into account the recellt behavior of the process. Additional rules proposed 
by \\'estem Electric engineers postulated that a lack of statistical control would 
be indicated if any of the following occurred: 

l. One poim fell beyonJ the ±3ay- limits. 

2. Two of three consecutive points fell beyond the ±20"y limits. 
3. Four out of tive consecutive points were greater than ±ay. 
4. Eight consecutil'é points occurred on the same side of the target value. 

For a good review of additional rules that ha ve been proposed see Nelson ( 1984 ). 
lf you look at Figure 14.1 b, you wi11 see that observations numbered 12 

through 20 are nine successive values on the same side of the target value and 
activate rule 4, suggesting .that the process was out of control in this inten·al. lt 
must be understood that making use of four rules changes the probabilities of 
the testing system and will increase the possibility of wrongly asserting lack of 
statistical control. 

The output of a process that is regularly monitored forms a time series. To 
better* understand process control systems you need to consider some elementary 
aspects of time series analysis and in particular the forecasting of such a series. 
For a srart. consider a problem of sales forecasting. 

A Forecasting Dilemma 

Sam Sales is the sales manager anJ Pete Production the production manager for 
Grommets Incorporated. One day Sam bursts into Pete•s oflke and says, uGuess 
what, Pete, we sold 50,000 more boxes of grommets last week than we forecast! 
Let's put up next week's forccast by 50.000." But Pete is more cautious. He 
knows tha4 on the one hand, if he produces too much he will be burdened with a 
big inventory but. on the other hand. if he produces too little he may not be í.lble 
to meet higher sales demands should they develop. So Pete says~ "Sam, we both 
know from cxpcrience that sales fluctuate up and down and are greatly influenced 
by chance occurrences. I always discount 60% of the difference between what 
we forecast and what we actual1y get. So in this case, let's discount 60% of the 
50.000 extra boxes and increase lhe forecast by only 20,000 rather than 50,000.'' 

At first sight Pete ·s forecasting rule seems too simple to be of m u eh interest, 
but in fact it is more sophisticated than it looks. Suppose that last weck (the t-1 th 

• A dcrailcd account of whrH follows is gi\'en in B & L. pp. 105-154. 
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week say) you had forecast sales for this t-lth week as y, (the caret, the "hat," on 
y indicates it is an estimate.) Now when the tlh observation Yr actually occurred. 
it would differ somewhat from your forecast y,. Then, according to Pete's rule, to 
get the next forecast Yr+h you should discount 60% of the observed discrepancy 
y, -y, and adjust ·using only 40% of this discrepancy. Thus the amount Yr+t - .v, 
by which you should adjust the forecast for next week would be 

Yr+l -y, = OA(y,- y,) 

which simplifies to 
(14.1) 

You will see that the new forecast is a linear interpolation between the new data 
value y, and thc old forecast .Yr· 

Pete Had Rediscol'ered Exponential Forecasting! 

Now if you had consistently used Pete's rule, in the previous week t- 1 you 
would have made the forecast y1 = 0.4y1_t + 0.6y,_1 substituting this in the 
above equation you find · 

Yr+l = OAy, +.0.6(0.4y,_¡ + o.6Yr-•) 

And in the week before that you would have made the forecast Yr-r = 0.4Yr-2 + 
0.6y1-.:z, which on substitution would have given 

)'r+l = 0.4y, + 0.6[0.4y,_1 + 0.6(0.4Yr-2 + 0.6Jr-2)] 

lf you carry on this way and multiply out all the braces, you will eventually 
find that Pete's forecac;t for next week, Yr+t. for the week t + 1 is equivalent to 
calculating from the previous observation.s the quantity 

that is, 

Yt+l = 0.400y, + o.240y,_t + o.144y,~2 + o.o.os6y,_3 + o.o52y,_4 

+ 0.031yr-~ + · • · (14.2) 

14.2. THE EXPONENTIALLY \VEIGHTED 1\'IOVING AVERAGE 

Pete's rule is equivalent to representing the forecast Yt+l of Yr+l by a wcighted 
average of past data with each of the weighting coefficients 0.400, 0.240, 0.144, 
... being 0.6 times the previous one. (See Fig. 14.2.) The quantity 0.6 is therefore 
cal1ed the smoothiltg constant or discount factor, and Pete's rule is identical to 
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Figure 14.2. Grommct sales in thousands of box.es with f<>recast sales. 

taking what is called an exponell!ially v.:eighred modng average (E\VMA) of past 
data with a discount factor of 0.6. 

What is meant by "exponemially'' weighted? Suppose you took, say, the ordi
nary arithmetic average of the last 1 O observations as the forecast of the next 
observation. Then you would get 

o 
¿y, 

" 1=-9 
Yr+t =y= = O.ty, + O.Iy,_¡ + O.ly,_2 + · · · + O.ly1-9 

10 

In this average the weights are all equal to 1~ and sum to 1.0. But, obviously, to 
forecast what is happening at time t + 1, observatíon y,_9 does not tell yo u as 
muchas y,. So it makes sense to systematically down-weight previous values as 
is done in the EWMA. 

In general (see Equation 14.1) you can write Pete's rule as 

.Yr+t = )..y, + e Yt with A.= l-B (14.3) 

where e is the proportion to be discounted (the smoothing factor), in Pete's 
case 0.6, and ). · 0.4 is the proportion to. be retained.* Since the new forecast 
is an interpolation between the forecast Yr and the ncw observed value Yr, the 
smaller is () (the larger is A.), the more emphasis is placed on the recent data, 
as is iUustrated in Figure 14.3. In the limit where () = Q (). = 1.0) only the last 
plotted observation is used to supply information, as with the Shewhart chart. At 

• It is customary to use thc .symbol A. for the important quantity 1 - 8. We have uscd ). earlier in 
discussing power lransformations, but wc do not think that this duptication in notation should be 
troublesome. 
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O= 0.4 

9=0.6 

1 
0=0.8 

Figure 14.3. Weight factors for O = 0.4, 0.6, 0.8. 

the other extreme~ when (} gets close to l.O (Á close to z.ero), Yr+a approximates 
the arithmetic average of a long series of past catá. 

For illustration, the grommet sales y, in thousands of boxes for a period of 20 
weeks (fróm month 21 through month 40) are shown in Table 14.1 and plotted 
in Figure 14.2. Suppose you apply Pete's forecasting rule with () = 0.6 to these 
data. If this were all the data available. you could get the forecasting process 
started by using the first available value Y2t as if it was the forecast Yn of Y22 

and proceeding from there. Small differences in the starting value will be quickly 
discounted and will have Httle effect on later forecasts. lf in this way you apply 
Pete's rule successively to the whole series with B = 0.6 and ).. = 0.4, you get. 
using Equation 14.3, 

Yn = 0.4(242) + 0.6(260) = 252.8 = 253 • 

.Y24 = 0.4(225) + 0.6(253) = 241.8 = 242 

and so on, leading eventua1Iy to the forecast .v41 = 334. as shown in Table 14.1 
and Figure 14.2. Or equivalently, using the EWMA directly 

... , (}"' , (} '1 . :\ 
Yt+l =~~.y,+ Yt =~~.y,+ A Yr-1 + )..(J-y,_l + )..()· )1r-3 + ·' · 

and you would have obtained the. same result. 

Y4l = 0.4(342) + o.24C353) + o.t44(327> + o.os64C305) 

+ 0.05184(324)) + ... = 334 

(14.4) 

Clearly it is much easier to calculate the EWMA successi\,ely using Equation 14.3. 
The EWMA was first used by Holt ( 1957) and others in the 1950s, particularly 
for jnventory control. 
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Table 14.1. Sales Forecac;ts and Forecast Errors with 
(} = 0.6 

Momh, r Observed, y, Forecast, y, Error, y, - y, 

21 260 
22 242 260 -18 
23 225 253 -28 
24 241 242 -1 
25 269 241 28 
26 264 252 12 
27 287 257 30 
28 272 269 3 
29 24.5 270 -25 
30 250 260 -10 
31 313 2.56. 57 
32 306 279 27 
33 301 290 11 
34 268 294 -26 
35 299 284 15 
36 324 290 34 
37 305 304 l 
38 327 304 23 
39 353 313 40 
40 342 329 13 
41 334 

Su m of sqtiared forecast errors: 12, t 26 

\Vhat VaJue of O Should You Choose? 

Figure 14.3 shows the weight factors that would be obtained for e= 0.4, 0.6, 
0.8. Choosing O is evidently a question of finding a compromise betwecn~ on the 
one hand, achieving a fast reaction to change and, on the other hand, averaging 
out noise. The best values of B will be different for different series, although the 
choice is notas critica! as might be thought. If you look again at Table 14.1, you 
can see how () éan be estimated from the data. The table shows the original series 
y,, the forecasts made one step previously y, and the forecast en-ors e, = Yr - Yr· 
Also shown is the sum of squares of the errors of the forecast errors SIJ = So.6 = 
12,129. You obtain the Jeast squares estimate of O, therefore, by computing So 
from the same data for, say, e = 0.0, 0.1, 0.2, •.• , 0.9, 1.0 and then plotting So 
versus e. You can thcn draw a smooth curve lhrough the points and pick off a 
value that gives the smallest S0 • However~ you will not get a very precise estimate 
unless you have a fair amount of data. Thus the plot shown in Figure 14.4 is for 
one hundred values of the grommet series. (Only 20 values of this series were 
used in the forecasting example.) You will find that typically the sum of squares 
curve has a very high value when () is clase to 1 and descends very rapidly as 
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Figure 14.4. Plol of So versus O. 

O is decrea....¡ed, becoming quite flat for the middle values of O. This means that 
for values of 8 in this "flaC region the EWMA method for forecasting is very 
"robust" to moderate changes in the smoothing constant. For many examples 
a value of 8 = 0.6 (A = 0.4) seems to work quite we11. In particular, you wiJI 
see that Pete was quite close to guessing the right proportion to discount. The 
mínimum value of the sum of squares in Figure 14.4 is at about e = 0.7 {i .. = 
0.3), where Smin = 75.300, but as you see from the graph any value of 8 as 1arge 
as 0.8 or as small as 0.5 would ha ve produced only a 7% incrca~e in_ So and so 
an increase of Icss than 3% in the forecast standard error. Notice also that from 
such a calculation you can obtáin an estímate (ae = J15,300j99 = 27.5) of the 
standard deviation of a .. of the optimal forecast errors. 

Checking out a Forecasting System 

Many different systcms of forccasting have been used. Here is how you can 
assess the worth of any particular method whether based on data or on expcrt 
opinion. Suppose you had past data from some forecasting procedure XYZ-a 
record of the actual data and of the forecasts that had been made. From these 
data you could compute the series of one-step-ahead forecast errors, Tf now this 
error series turned out itself to be autocorrelatcd, this wou1d mean it was to 
sorne extent forecastable. But any system for which the one-step-ahead errors 
themsclves can be forecast can be improved upon. Thus in particular, if the onc 
step ahead forecast errors appear to be white noise you can be happicr with thc 
forecasting method. 
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Use of thc E\VMA for Process Monitoring 

In 1959 Roberts suggested that the EWMA be used for process monitoring. An 
appropriate chart is shown in Figure 14.5b. There are severa! things to say in 
favor of the EWMA: 

l. It represents a weighting of recent past data that accords with common 
sense. 

2. lt is robust. Although there are more scnsitive criteria for specific nceds, 
the EWMA responds well to a number of common upsets and in particular 
tó systcmatic trends and to changes in leve]. 

3. It is easy to compute. 

On NUD assumptions, for a process ín a perfect state of control, the standard 
error of the E\VMA toa good approximation is• 

(14.5) 

For ex.ample, in the particular case when e = 0.6 and A = 0.4, D'EWMA = Uv X 

0.5 .. So for this val u e of A both the warning and action lines for y, are hale' the 
distance from the target value as the corresponding Shewhart warning and action 
chart lines for y,, as illustrated in Figure 14.lc. 

Employing the same data as was used for the Shewhart chart in Figure 14.lb, 
an EWMA monitoring chart with 3a limits for A.= 0.4 appears in Figure 14.1c. 
In this example you wiJJ see that EW~fA chart is very sensitive to a shift in 
mean of modest size and signals a Iack of control for observations 16, 17, and 
18 which ís in the same region as that signaled by the \\-'estern Electric rule 4. 

14.3. THE CUSUl\1 CHART 

Another device (Page, 1954; Bamard, 1959) that has been successfully used 
for process monitoring, is the Cumulative sum chart. In its simplest form the 
''CuSum" Q where 

1 

Q = L ()'; - T) = (y¡ - T) + (yz - T) + (YJ - T) + · · · + (y, - T) 
i=l 

is plotted against the time 1. A change of mean in the series produces a change 
in s/ope of the CuSum. Details of extensive industrial application of these charts 
(particularly the textile industry) will be found for example in Kemp (1962) and 
Lucas (1982a and 1982b) and Ryan (1987). 

Another valuable application of the CuSum chart ís as a diagnostic too/ to 
detect whcn !ilight changes ín a proccss mean have occurred. Thus an example 
is given by 'sox and Luceño (1997) of a particular manufacture where it was 

• More prcdsely. the standard error of tbe EMWA is aEwMA = a>[Jl- ( 1 - >.)21 ]v') .. f(2- >.). This 
quantity quickly approaches Equation 14.5 for practica! values of >. and t > 3 .. 4. 
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essential to maintain gas fiow rate ata constant level. To achieve this very accu
rate flowmeters were used. However problems that were occurring suggested 
that sontething was amiss. A CuSurn plotted over a pcriod of eight months sug
gested that five small changes in flow rate, otherwise undetectable had occurred. 
The specific dates of the changcs coincidcd aLmost exactly with times when the 
flowmeters were recalibrated. Modification of calibration procedure removed the 
problem. 

How Should You l\'lonitor Your Proccss? 

In thls chapter three different monitoring devices have been mentioned: the She
whart chart, the EWMA chart, and the CuSum chart. Which you should use 
depends on what you are looking for-what you are afraid may happen, 

The theory goes as follows: It is supposed that initially the process is in 
a state of statistical control. that is. a stationary state in which the deviations· 
from target have mean zero and are normally, identically. and indepcndently 
distributed-they are NIID. At sorne unknown point in time the process may 
depart from this state of control. You want to know with least possible delay 
when this change occurred and its possiblc nature. 

Fisher•s (1925) fundamental concept of efficient score statistics may be used 
to detennine which function of the data (calied in general the CuScore) is best 
to detect any speeific type of deviati9n from the in-control. stationary state. 

Here are two conclusions that follow from this approach (Box and Ramirez 
1992). 

If the feared deviation is a single spike, then y, - T, the current deviation from 
the target. is the appropriate statistic and should be plotted and assessed 
with a Shewhart chart. 

If the feared deviation is a change in leve], then the CuSum, L~=l (Y; - T), is 
the · appropriate statistic that should be plotted and assessed in the manner 
described in the above references. 

Another possibility is for the process to change from a stationary Lo a non
stati'onary state. The CuScore criterion you come up with to detect this, will of 
course depend on how you define the non-stationary state. 

An Important Nonstationary 1\'lodel 

For a process in a perfect• state of control the difference between data values 
one interval apart has Lhe same variance as the di fference between data at any 
other number of intervals apart. That is, V(Yr+I- y,)= V(Yt+m -=-y,). Lack of 
control is indicate.d when the variance of the difference of data valucs m steps 
apart increases as m increases. 1f this rate of increase is approximately linear, it 

-As we have said, a perfect state of control is a purely theorctical conccpt. In practice, as always, 
we dcal with approximations. 
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was shown by Box and Kramer (1993) thatthe nonstationary model that must 
now describe the series is . 

Yt - Yr-t +Or-o - Gr-1 (14.6) 

This is called an integratcd moving average (TMA) model. In this equation the 
a, 's are a white noise series (i.c., NIID with mean zero). 

The transition from the stat.ionary in-control state to the nonstationary state 
thus corresponds in Equatjon 14.6 toa change of the parameter (} from 1 to some 
value less than l. It turns out that if e, is the deviation y, - T fonn target and 
e, is an EWMA of post e's and so is a forecast from origin t-1 of e, then the 
CuScore statistic is 

The criteria asks al what point do the e, 1 S (which should be unforecastable white 
noise) becomes forecastable. 

It is shown in Box and Ramirez ( 1992) how efficient CuScores can be obtained 
for other specific ldnds of deviation from the state of control. Additíonal examples 
discussed are for the detection of proccss cycling and for a change 'in slope (e.g., 
a change in Lhe rate of wear of a machine. tool). 

14.4. PROCESS ADJUSTl\IENT 

Process monitoring detects unusual events and attempts to find their assignable 
causes. Continuous debugging of this kind can, over a period of time, greatly 
improve process operation. But not all disturbing influences can be easily found 
or elimínated. Diligent search may fail Lo discover the· assignable cause for unex
plained persistent deviations or drifts from targct For example, the charactcristics 
of a feedstock such as crude oil, coal, or timber can have considerable natural 
variation, which can induce considerable variation and drifts in a product's char
acterizes. Thus, a cause may be assignable but cannot be removed. In such cases 
proces.s adjustment is appropriate. 

A Repeated Adjustment Control Scheme 

For illustration, Table 14.2 lists 100 observations takcn from an uncontrolled 
process in which the thickness of an extremely thin metallic deposit was mca
sured at equally spaced intervals of time. Figure 14.5a shows a run plot of these 
uncontrolled data. J.t was desired to maintain Lhe thickness of the deposit as close 
as possible to the target value T = 80. The process was very intricate and all 
attempts to stabilize it by monitoring methods had failed. 

The thickness could be changed by adjusting the deposition rate, whose 1evel at 
time t is dcnoted as X,. For clarity, a system for manual adjustment is discussed 
hcre. Once understood, such systems can be computerized and automated. Control 
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Table 14.2. ?vletallic Film Series, n = lOO, Target T = 80, Data Listed in Rows 

80 
75 
88 

117 
97 

128 
109 

(8) 

92 
75 
80 

100 
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110 
113 
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120. 
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-10 140 

-8 
-6 120 

i ""' 
1

1oo 
~ -2 
'6' 

(b) .i o 80 

-~ 2 60 

(e) 

g " 
6 40 
8 o 

140 

120 

tilO 
,;: 

1 
60 

100 61 93 85 92 86 77 82 85 102 93 90 94 
72 76 75 93 94 83 82 82 71 82 78 71 81 
88 85 76 75 88 86 89 85 89 100 100 106 92 

100 106 109 91 112 127 96 127 96 90 107 103 104 
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Figure 14.5. (a) Thc original uncontrolled process. (b) TI1e controlled process after repeated adjust
mcnt. (e) How total adjustmcnt is equivalcnt ro using an EWMA with .i\. = 0.2 to predict the next 
value of the deviation from targcl and thcn adjusting to cancel it. 
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of the process could be obtained by repeated adjustment using the chart shown 
in Figure 14.5b. The operator plots the latest value of thickness on the chart and 
then reads off on the depositiori adjustment scale the adjustment X, - X1_ 1 to 
be madc in the deposilion rate. 

Figure 14.5b and Table 14.3 show the observations as they would be recorded 
after adjustment if such a scheme had been used. For example, the first recorded 
thickness, 80, is on target so no action is called for. The second value of 92 is 
12 units above ú1e_ target, calling for a reduction of -2 in the deposition rate, 
and so on. \Vith the adjustment prócess engaged, the successive thickness values 
that would occur are displayed in Figure 14.5b. 

It will be seen that the control equalion being used here is 

T =80 (14.7) 

Evidcntly repeated application of the adjustment determined by this equation 
can bring the process to a much more satisfactory state. The values seen by the 
operator, of course, are those of Table 14.3 plotted in Figure 14.5b. Two pieces 
of information were used in constmcting the chart in Figure 14.5b: 

l. The change in the deposition rate X1 -X,_. produced a11 of its effect on 
thickness within one time interval. 

2. The .. gain" in Lhickness caused by a one-unit change in X equals g = 1.2 
units of thickness y. 

A 'jull'' adjustment would therefore have been obtained by setting 

1 1 
X,- Xr-t =--(y,- T) = --

1 
_,(y, - 80) = -0.83 (Yr- 80) 

g ·-
( 14.8) 

Endeavoring Lo compensate for the full deviation y,- 80 in this way would 
correspond to what Deming (1986) ca11ed "tinkeringn and, as he said. would 
increase the variance. 

However in the control equation actually employed only a proportion J... of the 
full deviation would be compensated. so that 

).. 
X,- X,_ 1 =--(y,- T) 

g 
(14.9) 

Table 14.3. l\letallic Film Series: Thickness Observed After Repeated Adjustment 

80 92 98 56 92 82 79 83 73. 80 83 99 87 83 86 
66 69 67 74 74 93 92 79 78 78 68 81 77 70 82 

88 79 87 83 74 74 88 84 87 82 85 95 93 97 80 

105 84 83 89 90 70 93 106 71 103 68 64 84 79 80 

73 85 104 83 62 96 81 92 79 104 74 84 104 86 70 

91 71 77 64 66 83 92 86 87 87 93 69 73 61 82 
75 80 64 97 81 78 97 56 83 88 
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In this application >.. wac; chosen to be about A= 0.2 so you would make a change 
of only one-fifth of the full adjustment. You thus obtain Equation 14.7. the actual 
control equation that would be used. 

What was done exactly corresponds to Pete•s rule to adjust for only a proportion 
(in this case 20%) of the full adjustment. As shown in Figure 14.5c, this form of 
control would be precisely equivalent to using an EWMA with ).. :_ 0.2 to predict 
the next value Yt+t = A)'( +O y, of the uncontrollcd series and thcn adjusting X, 
to cancel it. Notice that the plot labeled "Total.effect of compensation" is the 
total compensation applied up to that time obtained by adding together aH the 
individual repeated adjustments. 

Nature of the Adjustment Process 

Summing Equation 14.9 gives 

• , A , 
X,= X0 - A L<.v;- T) · Xo-- Le; 

g i=l g i=l 

. 

(14.10) 

Thus this adjustment is the discrete analogue of the control engineer's integral 
control action in which the integral is here replaced by a sum. 

Exercise 14.1. Use the data ofTable 14.2 to constructa manual adjustment chart 
using A = 0.4. 

Estimating l. from Past Data 

This fonn of feedback control is insensitive (robust) to the precise· choice of 
A. Thus while in this example a good adjustment scheme was obtained using 
the value of).. = 0.2, it would have made little difference if you had used, say. 
A= 0.3. However, it would have made a great deal of difference had you chosen 
A = 1.0, thus tinkering with the process in an attempt to negate 100% of the 
observed deviation from target. Usually a value of A between about 0.2 and 0.5 
will give good control. 

You can, if you wish, estímate A from a past record of process deviations 
from target. as was done for forecasting in Figure 14.4. Howevcr, available 
records usually include periods in which adjustments of one kind or another have 
already been made. lf adequate records of such past adjustments are available. 
the uncontrolled series can be approximately reconstructed by making appropri
ate allowance for these adjustrnents. lf you knew, for example, that at some time 
t =53 (say) an adjustment had been made that reduced the measured response 
by (say)l.5 units, you should adjust all subsequent observations in the series by 
adding this amount. 
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Reducing the Size of Needed Adjustmentli 

Suppose the value of Á was exactly known. Then by using this value the output 
variance would be minimized. But there are situations where to achieve this the 
adjustment variance V (X, - X,_J) would be unsatisfactorily large. lt may be 
shown that replacing Á by al whcre a was so me positive fraction less than 1 
could reduce the adjustment variance without causing much increase in the output 
variance. In practice substitution of an "ad hoc" value for A. between 0.2 and 0.4 
usually gives good control. 

Bounded Adjustment 

Adjustment made after every observation is appropriate whcn the cost of adjust
ment is essentially zero. This happcns, for example, when making a change 
consists símply of turning a valve or resetting a thermostat. In situations where 
proccss adjustmcnt rcquires stopping a machine or taking some other action 
entailing cost, a scheme called bounded adjustmellt is used that calls for Iess 
frequem adjustment in exchange for a modest increase in process variation. 

This employs an exponentially weighted moving average of past data to esti
mate the current deviation from target and calls for adjustment only when this 
estimate excceds a specific limit. Thus a bounded adjustment chart is superficially 
like Robert's EWMA monitoring chart discussed earlicr. In both cases an expo4 

nentially weighted moving average is plotted between two parallel Hmit lines. 
But the purpose and design of the bounded adjusunent chart are very different 
from those of a monitoring chart. The limit lines for the monitoring chart are 
positioned to discover statístically significant events. For the bounded adjustment 
chart their positioning is such as will achieve the Jargest possible reduction in 
frequency of adjustment for an acceptably small increase in the standard devia
tion of the adjusted process. Todo this. the limit lines for a bounded adjustment 
chart are typically rnuch closer together than those for a monitoring chart. 

For example, using tl1e data from Table 14.2, the open circles in Figure 14.6 
are for the process output after adjustment and the closed circles are forecasts 
y, made one period previously using an E\VMA with ).. = 0.2. These forecasts 
are updated by the fomll1la Yt+l = 0.2y, + 0.8y, or, equivalcntly, Yr+l = j, + 
0.2(y, -y,). The chart in Figure 14.6(a) has boundary lines at T ± 8 with the 
target value T = 80. When at time 1 the EWMA y, faiis below the lower limit 
72 or above the upper Iimh 88, an adjustment y, - 80 is made to bring the 
forecast value on target. In this example you will see that the deposition rate, 
denoted by open circles, is held constant until time 1 = 13 when theforecast value 
y14 = 88.7 falls outside the upper límit. Thus, at observation 13 the chart signals 
that a change is the deposition rate is required such as will change the thickness 
by -(88.7- 80.0) = -8.7 units. The deposition rate remains unchanged until 
the next adjustment is needed. After adjustment the forccast becomes the target 
value, that is, )'14 = 80. The next observation is .Yt4 = 81.3, and the next foreca'it 
error y1 - y,·= 81.3 - 80 = 1.3. Thus adjustment does not upset the next EWMA 
calculation. After obscrvation 20 the forecast value Y2o = 71.1 falls below the 
lower limit line, requiring a change in the deposition ratc that will produce 
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Figure 14.6. BoundcJ adjustmcnt chart for metallic thickncss data. (a) Open circJes are for 
adjusted process output as in Figure 1 4.7 b; Filled circles are EWMA • s indicating where to change. 
(b) Blow-up of la-;t 15 values of chan. 

an increase of 8.9 in thickness. The inset in Figure 14.6(b) shows a magnified 
version of the adjustinent process for the last 15 observations. Proceeding in 
this way for the whole series of 100 values, yo u find that the total illlmber of 
needed changes is only 7. The empirical average adjustment inten·a/ (AAI) is 
thus 99/7 = 14. 

Figure 14.7a displays the 100 unadjusted thickness observations given previ
ously in Table 14.2 and displayed earlier in Figure 14.5a. Figure 14.7b shows 
the output of the adjusted process as it would appear after bounded adjustment. 
Figure l4.7c illustrates how bounded adjustment produces a series of compen
satory step changes. Each of these is initiatcd when the change of thickness from 
the target value of 80 estimated by the EWMA excecds ±8. Notice that the 
standard deviation of the controlled series in Figure 14.7b is only slightly Iargcr 
than that of the series in Figure 14.5b obtained when adjustment was made after 
every observation. Limits such as 80 ± 8 will in general be dcnoted by T ± L .. 
One way to get a satisfactory value for L is to use some reconstructed past 
data (past data in which you have made allowance of known changes) and make 
"dry runst' for a few schemes with different values of L. Then choose one that 
in your particular circumstance ba1ances the advantage of Iess frequent changes 
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Figure 14.7. (a) Original uncontwlled process, (b) controllcd process after bounded adjustment, and 
(e) compensatory step function adjustrnents. 

against the necessity of a somewhat larger standard deviation. Altemative1y you 
can obtain an estímate of rre from a graph like Figure 14.4 an then use Table 14.4 
to obtain L. Notice that ae is also the standard deviation for the output from an 
optimal "repeated adjustment" scheme. 
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Tahle 14.4. Theoretical Values of AAI and Percent 
Increase in Standard De,iation for Various Values of 
L/CTe andA. 

Percent Increase in 
).. Lfut! AAI Standard Deviation 

0.1 0.5 32 2.4 
t. O 112 9.0 
1.5 243 18.0 
2.0 423. 30.0 

0.2 0.5 10 2.6 
].0 32 9.0 
1.5 66 20.0 
2.0 112 32.0 

0.3 0.5 5 2.6 
t. O 16 10.0 
1.5 32 20.0 
2.0 52 33.0 

0.4 0.5 4 2.6 
1.0 10 10.0 
1.5 19 21.0 
2.0 32 34.0 

0.5 0.5 . 3 2.5 
1.0 7 10.0 
1.5 13 21.0 
2.0 21 35.0 

Table 14.4 shows the theoretical AAI for various values of Lfae and ). with 
the percent increases of the standard deviation. For example, suppose ).. = 0.3 
and that you were prepared to allow, in exchange for less frequent adjustment, 
an increase of 10% in the standard deviation. You will see from the table that 
you should set L/ue = 1 and that this would yield an AAI of aboot 16. Further 
tables and a fuller discussion of this mode of control can be found elsewhere. 
In particular in Box and Luceño ( 1997) which se heme you pie k will depend on 
how difficult or expensive is the maldng of adjustments and how much leeway 
you have for slightly increasing the standard deviation. 

Application of Process Adjustment in the Six-Sigma InitiatiYe 

The stated goal of the Si x-Sigma initiative is to produce no more than 3.4 defects 
per million of individual items being sent to the. customer.• On the assumption 

• The Si x-Sigma initiative, in addition to calling attention to basic stalistical tools, emphasizes team 
work. organized problem solving. and quality costs. This discussion is concemed only wilh the 
statistical aspects of Six-Sigma. 
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that the outgoing items have a distribution that is nom1al and a fixed mean 
on target, this would require a specitication/sigma ratio equal to 9.0. This is 
much less than the ratio of 12.0 implied by the term Six Sigma. However, the 
authors of this concept wisely assume that the process does not have. a fixed 
mean but wulergoes driji-specifically that the local mean may drift on eilher 
side of the target by about I .5 standard deviations. Conventional wisdom wou]d 
say that such a proccss drift must. occur due to special causes and that these 
ought to be traced down and eliminated. But in practice such drift may be 
impossible to assign or to eliminate economically. lt is rcfreshing to see the 
acknowledgment that even when the best efforts are made using the standard 
quality control methods of process monitoring the process mean can be expected 
to drift. 

Vsing the E\Vl\IA To Adjust For Drift 

A drifting process was simulated as follows. A series of 200 random norma] 
deviates tl1, a,_ 1, a,_z, ... were gencrated wilh mean zero and standard deviation 
aa = l. The dotted lines in Figure 14.8 are for ±3aa = 3. A drift component was 
now added to produce constructed .. data" y and the run plot in Figure 14.8a wilh 

1 
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}'igure 14.8. Perfom1ance of bounded adjustment schcme: (tr) process subject to drift; (b) adjust
ments by boundcd adjuslmcnt schemc~ (e) controllcd proce.....,o; outpuL 
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u\.= 1.25.* For a bounded adjustment scheme with )... = 0.2 Table 14.4 shows 
aÍternative possibilities for various choices of the ±L Hmits. The control scheme 
in Figure 14.8b is for L = ± 1 with the table adjustment interval (AAI) of 32 and 
an output standard deviation of about 1.09cra. This is in agreement with what you 
can see in Figure 14.8b obtained by uctual calculation. where four adjustments 
are called for during this series of 200 observations. The empirical adjustment 
interval is thus 50. The empirical standard deviation of the data after control 
shown in Figure 14.8c is iTe = 1.08aa. This series is thus stabilized with only 
four needed adjustments. 

14.5. A BRIEF LOOK AT SOl\I.E TIJ\IE SERIES MODELS 
AND APPLICATIONS 

1\lodcling with \Vhite Noise 

So far sorne practica! problems in forecasting and adjustment control have been 
considered, but as is often the case, practice and theory bave mutually supportive 
roles. 1t is rewarding to ask, therefore. What do these methods and in particular the 
central role of the EWMA tell you about models more generally and what further 
useful ideas and methods do thcse models suggest? Here only an elementary 
discussion can be attempted, but it is hoped that you may follow up on this brieí 
sketch. · 

Reasons for the importance of the EWMA are as follows: 

l. Exponential discounting of previous data agrees with common sense. 

2. The EWMA is robust in the sense that for many series where it does not 
give an optimum forccast it can frequently supply a surprisingly good one. 

3. Control with the EWMA produces the discrete analogue of the control 
engineer's uintegrar· action, which has found great practical application. 

4. Pete's rationale of making an adjustmcnt proportional to the observed dis
crepancy (closely reJated to Newton's law of cooling) is sensible. 

This does not mean, of course, that a11 forecasting should be done with the 
EWMA. lt does seem to imply, however, that the exponentially wcighted average 
must take a central place in representing the level of an uncontrolled series, at 
a particular point in time just as the arithmetic average takes. a central role in 
representing the location of the data for independent observations. 

A sequence of liD random variables a,, a,_ 1, a1_ 2 , ••• each having mean zero 
was cailed a "white noise'' time series. Sometimes it is also called a sequcnce 
of "random shocks." A characteristic of such a white noise series is that ít is 
unforecastable; more precisely, given the mean '7 and standard dcviation a, it is 
impossible to predict anything about any value of the series by knowing other 

• The mode of generation of this drift is discussed in Box and Luceño (2000). The amount of drift 
shown is considerahly less than that which is allowed for in six·sigma. specifications. 
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valucs in the same series. Por example, knowing a,_3 ~ a1-2, and a,_1 tells you 
nothing about the next value a1 • One very important way of representing serially 
dependent errors e,, e1-1, er-2 is by relating them to a white noise serjes ah at- t. 

ar-2· The simplest of such models expresses e, as a function of the current and 
past shock so that 

er =a,- ea,_¡, -1<(}<1 (14.11) 

The elements e,, er-h ... will be autocorrelated (coiTelated with each other) 
because. for example, the model for t'r-l is 

(14.12) 

so that Equations 14.11 and 14.12 both contain a1_ 1 and thus ea eh va] u e of the 
series e,. er-l• ... is coiTelated with its immediate neighbor. However, since 

(14.13) 

e1 and e1-2 will be uncorre1ated since Equations 14.11 and 14.13 have no terms 
in common. Thus the series has what is caJJed a "lag 1" autocorrelation and has 
no correlation at other lags. The modcl of Equation 14.11 is caJled a first-order 
rnoving average, a MA(l) model. 

lf e, were made to depend on a1 , a,_1, and ar-2· you would have a second-order 
moving average model having autocorrelations at lag 1, lag 2, and so on. 

A dífferent way of modeling dependence is by an autorcgressive model. The 
first-order autoregressive model is e, = l/Je,_1 + a1, where -1 < </> < l. lf e, is 
made to depend on k previous values e1_ 1, e1_ 2, ••• , e,_¡.., you ha ve a kth-ordcr 
autoregressive series~ In mixed autoregressive moving average models e, depends 
both on previous et's and on a, and previous a1 • In this elementary introduction 
to time series models it will be enough to consider and elaborate on this MA(l) 
model-the first order moving average. O 

Stationarity 

The MA(l) model of Equation 14.11 describes a stationary series,. that is~ one 
that varies homogeneously about a fixed mean with a fixed standard deviation. 
Such a modcl was used in Chapter 3 to represent 210 consecutive values of 
yield from an industrial process. The data sct out in Table 3.1 and plotted in 
Figure 3.2 had an average value of 84.1 and a lag 1 estimated autocorrelatiori of 
p = -0.29 corresponding toa model value of () - 0.32. No large autocoiTelations 
were found at highcr lags. An approximate model was therefore S;t = 84.1 +e, 
where e1 =a, -0.32a1_ 1, that is •. VHI = 84.1 +at+l +0.32a,. At time t the 
shock a,+Í has not yet happcned and has an expected value of zero, so the one 
step ahead forecast made at time t is Yr+J = 84.1 + 0.32a, with forecast error 
Yt+ 1 - ~Vr+l = ar+l· Thus for a series of one-step-ahead forccasts of this kind the 
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one-step-ahead forecast errors forma white noise series with no autocorrelation. 
As was mentioned earlier. this must be so, for if the one-step-ahead forecast errors 
were correlated. they would themselves be forecastable-the forecast errors could 
be forecast-and hence the forccasts themsclves could not be optimal and the 
model would be inadequate. 

Nonstationary models 

The stationary models mentioned above can represe.nt time series that vary in a 
stable manner about a fixed mean. Such rnodels are of limited practica} use .. Time 
series of interest occuning, for example, in econmnic, business. and technical 
applications are usually nonstationary. Two examples of nonstationary time series 
were the sequence of monthly sales of grommets listed in Table 14.1 and the 
uncontrolled series of thickness measurements in Table 14.2. 

Now you have seen how the exponentially weighted average. the EWMA. was 
useful in both these time series. A sensible question is therefore, For what time 
series model does the E\V~fA provide an "optimal" forecast? We have seen that 
the updating fonnula for the EWMA forecast Yt+l may be defined in different 
ways, all equivalent in the sense that one C'"..tn be obtaincd from the other; thus 

.Y~+I = (1 - O),(y, + Oy,_·t + 02 Yr-i + · · · 
Yt+l =.Y,+ o- &)(y,- y,) 
.Vr+I =)..y, +By, 

(14.14) 

(14.15) 

(14.16) 

Now usi"ng any of these fonnulations to make a forecast (using any value of 
() optimal or not) the one-step-ahead forecast error et+ 1 will be the diffcrence 
between the value Yr+l that actually occurred at time 1 + 1 and the forecasted 
value y,+¡, so that Yt+l = Yr+t - et+l and _v, = .Yr -e,. Substituting these values 
for Yz+t and y1 in Equation14.15~ you arrive at a fourth equivalent model for 
theEWMA: 

or 

Yr+l -y, = e,+l - Oe, (14. 17) 

Now for any set of data )';, Yr-1, Yr-2 ••• and any val u e for (}. yo u can produce 
a series of forecast errors e1, e,_t, e1_ 2, ••• by comparing the forecasts with what 
actually happened. Now it was argued previously that if the equation is to produce 
an optimal forecast then the one-step-ahead forecast errors-the er's-must be 
replaced by a, 's. Thus the EWMA with a discount factor 8 provides an optimal 
forecast for a time series defined by 

Yr+l.- Yr = ar+l- Oa, (14.18) 
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where the a, are liD. This is a time series in whkh the first dijference (y,+1 -

Yr) is represented by a stationary moving average but the y¡'s themselves are 
genemted by Yí+l =y, + a,+l - 8a11 a nonstationary time series model called an 
illlegrated first-order moving average or an IMA model. This is the model for 
which the EWMA is aü optimal forecast. 

'Vhy Is the 11\lA Times Series 1\Iodel Important? 

l. The identification of actually occurring industrial time .series have fre
qucntly led to the IMA model oi sorne close approximation. 

2. It seems reasonable that for an uncontrolled series of equispaced data 
the variance of the difference between observations m stcps apart should 
íncrease linearly with m. lf this is so, then it can be shown that the appro
priate modeJ is the IMA. 

3. It ís the time series model that generales thé EWMA forecast, whose merits 
have been discussed earlier. 

14.6. USING A 1\IODEL TO J\'L\KE A FORECAST 

Suppose you ha ve time series data up to time t and you want to forecast Yr-t m' 

the observatio.n m steps ahead with m > l. This forecast may be written )•, (m), 
where the quantity 1 is called lhe forecast origi11 and m the lead time. The general 
procedure for using a time series model to make a forecast is to write the model 
with the value Yr+m to be forecast on the left of the equal sign and the rest of the 
mode] on the right. Then for any element that has already happened~ say Yr-i or 
a,_j (with i and j .2: 0), you write the known vaiue Yr-i or a1-¡. itself. For any 
Yr+j .or a,+h (with j and h :::O) that has not already occurred, you substitute* the 
forecasted values y,(j) and a1 (1z) =O. For example, to make a one-step-ahead 
forecast from the IMA model of Equation 14.18, you write the model 

Yr+l =y, + a,+I -O a, 

Now at the origin time 1 the terrns on the right, except a,+" have already hap
pened, and if you retain the simple notation .,v, = y1 (1) for the one-step~ahead 
forecast, 

Yt+l = Yr -ea, and 
A a,= y,- y, (14.19) 

so Yt+l = Yt- B(vr -ji,)= (1- O)y, +e_)',= A.y, + Byt. which is Equation 
14.16, dcfining the EWMA with smoothing constant B. When the value Yt+L 
bccomes available, the forecast error is Yr+i - Yr+t = a,+I· The standard devi
ation of the one-stcp-ahead forccast is thus ua, the standard deviation of the 

• Technically you rcplace each rcrm by its conditionaJ expectation (mean vaJue) at time 1 givcn that 
the data up lo time 1 are available (BJ&R). 
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shocks. Thus. as expected. the one-stcp-ahead forecast obtained from the HvtA 
model is the EWMA. 

But now that we have this model we can also obtain an optimal forecast for 
any lcad time. Thus for lead time 2 the modcl is 

In this model. at origin 1 the value of Yr+ 1 is unknown and so we substitute 
its one-step-ahead forecast .. v1 (1). Also the quantities a,+ 1 and ar+2 are future 
unknówn shocks and are replaced by their mean value of zero. so that 

j;(2) = y,(l) . 

Por the IMA niodel the two-steps-ahead forecast from origin t is the same as 
the onc-step-ahead forecast. In a similar way you can show that for the 1~1A 
model the m-steps-ahead forecast from origin t is the same for all values of 
m. The EWMA is thus a rclevant mcasurc of the current local average of the 
series at time t. For a nonstationary series the population mean 17 does not exist 
but the focal average .Yr can pro\'ide a Lisefui. measurc of the currelll level. For 
example, the daily value of an ounce of gold as announced by the New York Stock 
Exchange has no mean value but if, as is likely, these daily values approximately 
follow an lMA model. the EWT\.1A provides a local average for any given time 
origin."' Now, although future forecasts obtaincd for anIMA model from a fixed 
origin t remain the same, the forecast error does not. In fact the standard error 
of the forecast m steps ahead is 

Ua.t+m = C1aJI +(lit - l)A2 

So, as might be expected, the forccast becomes lcss and less relevant for longer 
lead times. 

Estimatina (} b 

Suppose you have a time series you believe could be represented by an lMA 
model. How can you estímate e? You saw earlier (see Table 14.1 and Fig .. 14.4) 
that the value of e appropriate for an EWMA forecast could be estimated by 
mak.ing repeated calculations with different values of () to minímize the sum 
of squares of thc forecast errors. Precisely the same procedure is followed to 
estimate () from the generating time series modcl. The model produces one-step
ahead forecasts and hence one-step-ahead forecast errors. The estimate of () is 
thc value which gives the mínimum sum of squares of the forecast errors. 

In these proccdures there is always the question of how to get the estimation 
process started. How, for example, do you forecast y1(l) when t = 1 and there 

• Howcver. d1e snd ncws is tJ-.at, approximatcly, stock priccs follow thc! JMA modcl with O = 1 (a 
modcl callcd thc rnndom walk) for which the bcst forecnst for tomorrow's price is ttxiay•s price. 
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are no previous values available? One fairly good approximation is provided by 
starting the estimation procedu.re at the second observation y2 and treat the initial 
value of the series as if it were the required forecast. Thcn y3 = )..y2 + Oy1• The· 
error this introduces is rapidly discounted by the procedu.re.• · 

Other Applications of thc 11\-IA 1\fodel 

Two further interesting applications of the IMA modelare to seasonalforecasting 
and imen·enrion analysis. Both subjects are too extensive to be described in any 
detail; the intention is to show what can be done and to give you an idea of how 
Lo do it. This will serve to show if the technique núgbt help with your problem. 
lf you think it might, you can study the more detailed referenced sourccs. 

A Seasonall\fodel 

The l}.rtA models can be useful components in forecasting seasonal series. Sup
pose from sorne specific time origin you wished to make a forecast of. say, next 
January's average rainfall and you bad extensive data of past average monthly 
rainfalls. Suppose at first that you used an EWMA only of past Januarys to fore
cast next January. This would be in accordance with anIMA model showing the. 
yearly dependency, 

Yt - Yt-1Z =u,- eut-12 (14.20) 

with a 12-month interval and with u's representing the one-step- (12-month) 
ahead forecast errors. In the symbol f) is used to denote the yearly discount 
factor. 

In the same way you could use past Februarys to forecast rainfall for the next 
February, past Marchs to forecast the next March, and so on, thus producing succes
sive one-year-ahead foreca.sts with associated monthly errors u,, u,_,, u,-2, .... 
Now you would expect the errors calculated for January, February, :rvlarch, and 
so on, to be themselves autocorrelatcd. If January had had an exceptionally high 
rainfall, then so might Febmary. This monthly dependency is modeled by a sec
ond l!\.1A, 

u, - Ut-1 = Gr- Oar-1 (14.21) 

with the af's now representing white noise forecasting errors. If you substitute 
this expression for u, in Equation 14.20, after sorne simplification you get the 
seasonal model 

Yt+m = Yt+m-1 + )'t+m-12- Yt+m-13 + Gt+m 

- Oa,+m-l - ea,+m-12 + 8Ba,+m-l3 (14.22) 

• A hettcr apprmdmation for the nccdcd initial forecast valucs of a time series is to gel lhcm by 
"back-casting." that is. to tum the señcs around and treat the Jast value as thc first and then back-cast 
the whole series until you produce the required starting values. (Sce BJ&R). 
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Por example, the model for time t + l obtained by substituting m = 1 in 
Equation 14.22 is 

Yr+I = Yr + Yr-11- Yr-12 + a,+l - Ba,- 8a,_,¡ + eea,-12 
and the forecast y1 (1) made from the origin t with lead time m = 1 beco mes 

y,(l) = Yt + Yr-11- Yr-12- Ba,- 0)a,_¡, + 88a,_,2 

In general, the forecast is obtained, as before, by writing the model with the 
tenn to be forecast on the left of the equal sign. Then on the right those tenns 
already known at time 1 remain as they are and appropriate forecasts replace the 
remaining terms. 

Figure 14.9 shows the log monthly passenger sales for an 11-year period in 
the early days of transatlantic air travel. (The data are from series G in BJ& 
R.) The model in Equation 14.22 has come to be catled the "airline model" 
because of its first application. You will see later how estimates of the peeded 
parameters can be obtained from the data. For th.is example they were () = 0.4 
and e= 0.6 wilh aa = 0.037. To illustrate the forecasting process, suppose you 
wanted a three months ahead forecast )·1 (3) froh1 origin t. Then. by setting m = 3 
in Equation 14.22, you would write the model for Yr+l as 

Yt+3 = Yt+2 + Yt-9- Yr-10 + a,+3- qAa,+2 - 0.6a,_g + 0.24a(-l0 (14.23) 

Then the forecast from origin t for Iead 3. that is, .v1(3), is obtained by replacing 
unknown .v's by lheir forecasts and unknown a's by zcrocs in Equation 14.23 
to give 
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Figure 14.9. Airline ticket sales nnd forccasts from origin July 1957. 
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Figure 14.9 shows the forecasts made in this way from the arbitrarily selected 
origin (July 1957) for lead times up to 36 months. We see that the simple model 
containing only two parameters faithfully reproduces the seasonal patterns and 
supplies exccllent forecasts for up to 6 months ahead. All predictions obtained 
from such a sensonal model are .adaptive. When changes occur in the seasonal 
pattem, thcse will be appropriately projected into the forecast. Of course, a fore· 
cast for a long lead time. such as 36 months. must necessarily contain a 1arge 
error. However, an initially remote forecast will be continually updated, and as 
the lead time shortens, greater accuracy will be obtained. 

Estimating the Parameters 

In this example, the estimates used for the monthly and yearly discount factors 
B = 0.4 and C~ = 0.6 were obtained as foJiows. For any particular pair of values 
for 8 and e you can calculate a set of one-step-ahead forecast errors. From this 
you can calculatc their corresponding sum of squares. One way to proceed is 
iJlustrated in Figure 14.10, where a sum of squares grid in () and (0 is shown 
and contours for the sum of squares surface are drawn. The coordinates for the 
lowest point on this surface provide least squares estimates of about O = 0.4 and 
f) = 0.6. An approximate 95% confidence region. obtained as in Chapter 9, is 
also shown. Computer programs for obtaining minima can rapidly perform such 
anal y ses. 

Seasonal \Veight Function 

Shown in Figure 14.11 for the airline data is the weight function for the one· 
step-ahead seasonal forecast. For nonseasonal series the EWMA weight function 
makes sense since it gradually discounts past data. The. weight function for the 
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seasonal mode] is a little more subtle. For illustralion, suppose you used the 
seasonal model to predict monthly sales of a department store. Let us say it is 
November and from that origin you wished to make a one-step-ahead forecast 
for December (which, of course, has the distinction that it contains Christmas). 
Now look üt Figure 14.1 l. The EWMA weights on the extreme right side of the 
figure might be applied with discount factor e to November, October, September, 
and so on, of the current year and could alone produce a forecast for December. 
But this forecast would only be appropriate for a December that contained no 
Christmas! The remaining weights located to the left of Figure 14.11 correct for 
the sales in this exceptional month because they represent differences between 
what in previous years the na'ive EW!\1A forecast made in November would have 
produced and what actually happened. This difTerence correction is itself down
weighted by a EWMA with discount factor 8*. A somewhat different application 
of a seasonal model is illustrated in the next example. 

14.7. INTERVENTION ANALYSIS: A LOS ANGELES AIR 
POLLUTION EXAl\IPLE 

An indication of the level of smog in downtown Los Angeles is the oxidant con
centration denoted by 03. Monthly averages of 0 3 for January .1955 .Lo December 
1965 are shown in Figure 14.12. In January 1960 a new law (Rule 63) was 
lnstituted that reduced the allowable proportion of reactive hydrocarbons in all 
gasoline sold in the state. Call this event an inrervention. Did this intervention 
coincide with any difference in the 0 3 concentration? 

The ozone levels shown in Figure 14.12 vary a great deal; moreover, there are 
strong seasonal effects. Therefore, because of the obvious dependence between 
successive observations, it would have been totally misleading, for example, 
to apply a t test to the difference in averagcs befare and after January 1960. 

• TI1is cxample uses rhe forecasting of Christmas sales for cmphasis. The same wcight function will 
of course apply to a one-stcp-ahead forecast made for any other month and the lauer part of the 
wcight functiou will make an appropriate correction if this is necessary. 



594 

9.0 

8.0 

7.0 

6.0 

~ 5.0 
J: 
a. a. 4.0 

3.0 

2.0 

1.0 

14 PROCESS CONTROL. FORECASTING, A..'llD TIME SERIES; AN INTRODUCTlON 

Weights 
January 1960 

December 1959 ~ 
lntervention 

o~~~~~~~~~~~~~ww~~~~~~~~~~~~ 

1955 1956 1957 1958 1959 1960 1961 1962 1963 1964 1965 1966 

Figure 14.12. Month1y averages of 0 3 in downtown Los Angeles in parts per hundred million 
(PPHM), January 1955 to Deccmber 1965, with weight function for detennining the change in 1960. 

Furthermore, no question of randomization can possibly arise since the ordering 
of the observations is fixed. 

The problem can be tackled as follows. Denote the 0 3 conccntration at time 
t by y, and then wri te 

Yr = fJx, + Zr 

where Xr is an indicator variable that takes the value zero before January 1960 
and t.he value unity aftelVIard aod Zr is represented by a time series model that 
takes account of the local and seasorial dependence. With this arrangement {3 
will represent the possible change in concentration of oxidant that occurred as a 
result of the intervention. 

The model found appropriate for z, was 

::, -- Zr-12 =a,+ 0.2ar-1 - O.Sar-12- 0.16a,_l3 

\Vith this model (see Box and Tiao, 1975) the Jeast squares estimate of the 
change is 

fi = -1.1 ± 0.1 
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whcre ±0.1 is the standard error of P. The analysis strongly suggests, therefore, 
that this intervention ( or something el se that occurred at the same time} produced 
an estimated reduction in the oxidant level of about 25%. 

The weight function for p is shown at the top of Figure 14.12. Thus fi is 
estimated by the difference of the two weighted averages before and after the 
event. Notice that the greatest weight is given to data immediately before and 
immediately after the intervention and the "steps'' in the exponential discounting 
allow for averaging over the 12-month periods. Intervention methods of this kind 
can help the investigator find out what, if anything, happened when, for example, 
a new law was passed, a nuclear station started up, a tcaching method changed, 
or free contraceptives were distributed. In this way it is possible to estimate the 
size of a possible change and iL~ error. Such an analysis can establish whether 
a change has almost certainly occurred but the reason for such a change is 
necessarily opcn for debate. 

Remcmber that investigations of this kh1d do not prove causality. Also such 
models cannot, of course, predict unexpected events like the September 11 attack 
on the World Trade Center, whích certainly had a profound effect on airline travel. 
Notice, however, that if you had data for the relevant time period and needed 
to estímate the effect of such an event or to make a correction for it, you could 
obtain such an estimate by combining the two techniques of seasonal modeling 
and intervention analysis in the manner illustrated above. 
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QUESTIONS FOR CHAJYfER 14 

1. Can you explain the function of the two complementary aspects of statistical 
quality control: monitoring and adjustment? 



PROBLEMS FOR CHAPTER 14 597 

2. What dld Shewhart mean by (a) "state of statistical contror' and (b) an 
"assignable cause'''? 

3. What is Pcte's rule? Explain it from Pete's point of view. 

4. (á) What is meant by process monitoring'? (b) By process adjustment? (e) 
How could the E\\'MA be useful in both procedures? 

5. Show a Shcwhart chart. Can you describe how you would use it? Show a 
Robert's chart. Can you explain how you would use it? Describe Lhe simul
taneous use of these charle;. 

6. How would a chart for repeated adjustment Iook? How would you use it? 

7. How would a bounded adjustment chart look? How might you use it? 

8. What are some reasons for the importm1ce of the EWMA in problcms of 
control? 

9. What is meant by a time series model? Give an example. 

10. What is meant by (a) stationary time series and (b) nonstationary time series? 

11. Why are nonstationary time series importa{lt for business and economics and 
problems of control. 

12. For what tíme senes is the EWMA the best estímator of future observations? 

13. What is meant by (a) a seasonal model and (b) an intervention model'? 

PROBLEl\'IS FOR CHAPTER 14 

l. How could you set control Iimits for a Shewhart monitoring chart ~1sing past 
data (a) directly and (b) using specific assumptions? 

2. What is the EWMA? How may it be used to make a forecast? 

3. Give four different formulas for calculatjng the EWMA forecast for Yt+l 

givcn cqually spaced data up lo y,. What is meant by the discount factor? 
What is). ? 

4. Thc number of model X30 clolhes washers available in 19 successive 
weeks were 

34,35,32,30.29,26,30,30,31,25,24,27,28.26,26.24,22,24,26 

Assuming it takes 3 weeks to get a fresh assignment of modcl X30 washcrs, 
constmct an inventory control scheme whereby the chance that there are 
fewer than 20 washers in stock is about 5%. 

S. Describe a process monitoring scheme using an EWMA with discount factor 
e = 0.6. Would you expect this scheme to be seriously affected if instead 
you set (a) 8 = 0.5, (b) 8 = 0.7. (e) 8 = 1.0, and (d) 8 =O? 
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6. Describe how you would estimate a discount factor B from past records. 
Jllustrate using the data of problem 4. Do you think thc data is adequate to 
make such an estimate. 

7. Design a scheme for repeated adjustment assuming (} = 0~7 for the series in 
Table 14.2. 

8. (a) \Vhat is mcant by "bounded adju~tment"? 
(b} When would bounded adjustment be useful? 
(e) \Vhat is mcant by the "average adjustment intervar' (AAI)'? 
(d) Suppose you had a time series of process data. How coul<.l you empiri

cally obtain a table showing the percent change in the standard deviation 
for various values of the AAI? 

9. Discuss the statement, "A time series model is a recipe for transforming the 
data into white noise." Give examples. How might you detect deviant data? 

10. To obtain useful estimates of time series parameters, moderately long series 
of data are necessary. Jgnoring thís fact, make caJculátions for the following 
series of 20 observations: 

6, 4, 3. 4, 3. 3. J. 2, 3. 5. l, 1,. -l. 3. 4, 7. 10, 13, 15, 14 

Assume the model y, -.Yt-l =a,- ea,_,. 
"' (a) Fit this time series model (find B and a11 ). 

(b) Show how you can get starting values by back-forccasting. 
(e) Obtain forecasts for the next thrce values of the series, that is, for times 

t. ~ 21. 22. 23 

11. The following are quarterly totals of sales by a manufacturer of swimsuits 
in tens of thousands for the years 2000 to 2003: 

First Quarter Seeond Quarter Third Quarter Fourth Quarter 

2000 12 29 18 4 
2001 15 27 21 5 
2002 13 36 25 10 
2003 .17 41 32 11 

What is a seasonal model that might be appropriate to represent such sales? 
Even though the above illustrative data are inadequate, perform a seasonal 
analysis with the data and iJiustratc how to ( 1) estimate the p¡U'amcters of 
such a model, (2) use it for forecasting. and (3) obtain a confidence interval 
for a forecast. 
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Evolutionary Process Operation 

"A process can be routinely operated so as to produce not only product but 
also informatiotl on how to improve the process and the product:• 

Evolutiona.ry process operation (EVOP) is a management tool. for obtaining 
information from the fuU-scale process in its daily operation. In that respect it 
is Jike statistical process control (SPC). Also like SPC it is run largely by the 
plant personnel themselves. As you have seen earlier, SPC achieves improvement 
by continuously debugging the system-by finding and pcrmanently removing 
causes of troubJe. You owe to Murphy's law the many process improvements 
that can be obtained in this way. Murphy works hard to ensure that anything that 
can go wrong will go wrong, but with an adcquate system of process monitoring. 
more and more of Murphy's tricks can be permanently stymied. 

But the question remains: ••Are you sure that the present proccss configuration 
(the settings of the factors and the manner in which the process is operated) 
is the best possibleT' Since expert technical knowledge will have been used in 
designing the process, since many improvements may have been produced by 
special off-Iine and on-line experimentation, and because of process debugging 
by SPC~ it would be easy to believe that the answer must be yes. But if you 
talk to people familiar with the operating system, in particular to the process 
opcrators and their supervisors, you may find that they are far from certain that 
the process is perfect and that they have a number of ideas for improvement. 
Many of these ideas would be worth trying if experimcntation on thc full scale 
was pennissible. 

Now in the day-to-day operation of any system sorne variation about the tar
get value, called common-cause variation or system noise, is bound to occur. The 
problem is that an experimental process change whose effcct is large 
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enough to be distinguished from this noise may turn out not be an improvement 
and could produce undesirable consequences-and. in particular, unsatisfactory 
product. For this reason managers are usually very rcluctant to allow dcpartures 
from standard opcrating proccdures. Thus the dilemma is that, while it .is possible 
to conceive of potentially valuable process improvements. some of these are of 
the kind that cannot be realistically tested in small-scale experiments, and also 
are such that process changes large cnough to test thcm migbl have undesirable 
consequences. • 

Evolutionary operation resolves this dilemma by repeated application of a 
sma/1 process changc. Becausc the iterated change is sma/1, its effect can be 
virtually undetectable-it is buried in the noíse. Neverthelcss. however small 
the cffect. continuous avcraging ovcr time can produce a detectable signal.t 

An Example 

The following data occurre.d in a test to detemline whether the current operating 
temperature. which is called here process A. could be changed so as to produce 
a highcr value for a measure of efficiency y. 1\foditication B was an increase in 
temperature small enough that in a single trial it would be unlikely to have a 
noticeable effect. A schedule was followed whereby on the "first day process A 
was run, on the second day process B was run, then back to A, and so on. The 
data shown in Table 15.1 are for lO repetitions of pairs of runs. 

The appropriate signal-to-noise ratio for judging the difference between the 
effect.s A and B is Student's t statistic t = (y 8 -y A)/SE(y 8 -y,\). where 
)' 8 -YA is the signal and SECY 8 -YA) is the relevant measure of noise. If d 
is the difference B - A recorded in each cycle, then you will tind that in such 

Table 15.1. A simple EVOP Program to Test the EITect of a SmaJI Jncrease in 
Tempcrature 

Cydc 2 3 4 5 6 7 8 9 JO 

[!] [~;:~] [~~:~] [~;:~] [~i:~] [~i:i] [~~:;] [~!:~] [~~:~] [~;:;] [;;:~] 
d = B- A 0.3 -O.l 0.3 0.5 0.8 1.1 0.3 -Q.2 0.6 0,5 

0.6 L1 1.5 1.7 1.9 2.1 1.9 2 ., ... 2.4 

• The birtl dog /ine: Where manufacturing is carried. out with a number of simultaneously operating 
parallcl lincs, il is somctimcs pussible lo dedicar.: just one linc tu expcrirncntation. Improvcmcnts 
found can then be put to use on all the fines. Howcver, this dcvice can be used only for processes 
that cmploy this type of opcration. . 
'To say that the cffects of repcatcd small changes (..'<m be "buried in thc noisc" is somewhat mis
leading. Repeatcd changc of an cffcctive factor, though vcry smalJ, must slightly increa<>c thc noise. 
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circumstances the standard t ratio reduces to 

with degrees of freedom v equal to the number of cycles. In the example in 
Table 15.1 it is clearly becoming very likely that B is better than A.• 

A graphical representation of evolutionary process operation is shown in 
Figure 15.1. It is supposed that the response yield y depends on temperature 
but (as is shown in this much exaggerated diagram) the standard proces~ is not 
using the best temperature. A signal is injected into the temperature by running 
the process altematively at a temperature slightly higher and slightly lower than 
the current normal temperature. Thus (unless the tempetature gradient is zero) 
the output y consists of the concordant signal embedded in common-cause noise. 
Now suppose a corre/aror signa/ z is independently generated. This signal is the 
-, + sequence use-d in the statistical analysis synchronized with the input signal.t 
So for this · example the computed effect 

LYlZl =(-y¡+ Y2 -_y3 + :>'4- .. ·) = Ld 

Noise Yield 

r ~ 
y o( 

AA=-
r< 

.... Sfgnal out 

-z 

+ - + 
Correlat or 

signa! 
Effect 

A fi B Temperatura 

LY¡Z¡ 

~ 
,----r--L-------

$ Signalin 

}'igure 15.1. Graphical representation of e\'olutionary process operation: study of thc effcct on yiCld 
y of a small change in temperature. 

• Whcn t is uscd in lhis scqucntial manner, ordinary 1 tables do not give correct probabilities. 
Howevcr, using a sequential t test due to Bamard (1963) for the number of cycles greater than 6, t 
values of aboul 2.5 to 3.0 indicare probable change. · 
t This concept has al so been used lo produce a system of automatic adaptive process optimization 
(sec e.g., Box G. and Chanmugam. 1962) .. 
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and L d is the numerator of the t statistic (or equivalently of the ~ignal-to-noise 
ratio) in whích the transmittcd signal is enhanced and the noise is reduced by 
averaging. 

15.1. l\fORE THAN ONE FACTOR 

Examples with l\lore Than One Factor 

Bcfore discussing other exarnples1 it is necessary to define the terms rwz. cycle, 
and plwse: 

A run is a period of manufacture in which the process conditions are fixed. 

A cycle is a series of runs producing a simple experimental design. 

A phase consists of a number of cycles after which a decision to change 
is taken. 

In the previous example there wcre 20 runs, 1 O cycles of 2 runs each, and 1 phase. 
In a manufacturing environment things must be kept simple. But it is usually 

practica) to vary more than one factor. Oftcn two or three factors can be var
ied in any given phase using a 22 or a 23 factorial design (sometimes with an 
added center point). An it~formation display (where possible on computer screen.) 
shows conditions that are prcsently being tested and. estimates .of the effects and 
their standard crrors as results become available. This information display is 
continuously and expeditiously updated and. is seen by for hoth the process 
superintendent and process operators. The process superintendent, with the help 
and advice .of scientific and management colleagues. uses this infonnation to lead 
the process to better operating conditions. 

Evolutionary Process Operation on a Petrochemical Plant 

In the following example the object was to decrease the cost pcr ton of product 
from a petrochemical plant. In the initial thrce phases shown here two factors 
were studicd: the reflux ra6o of a distillation column and the ratio of recycle 
flow to purge flow. The results at the end of the first phase obtained after five 
repetitions (cycles) are shown in Figure I 5.2a. After five cycles it was decided 
that thcre was sufficient evidence to justify a move to the lower re flux ratio anda 
higher recycle~purge ratio. These were used in phase ll shown in Figure 15.2b. 
Phase JI tem1inated after five funhcr cycles. The results contlnned that lower costs 
indeed resulted from these new conditions and suggested that still higher values 
of the recycle-purge ratio should be tried. This Ied to phase In in Figure 15.2c. 
After four more cyclcs. it was concluded that the lowest cost was obtained with 
the refl.ux ratio close to 6.3 and the recycle-purgc ratio about 8.5. Throughout 
these threc phases the process cóntinued to produce satisfactory product, but by 
running the process in the evolutionary mode, the cost per ton of the product 
was reduced by almost 15%. At the cnd of these three phascs new factors were 
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l~igure 15.2. Pctrochcmical example. lnformation displays at the conclusions of thrce phascs of EVOP. 
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introduced and the evolution of the process by smaiÍ increments to better levels 
of performance was continued. 

Excrcise 15.1. Make scaJes on a single piece of graph paper covering the reftux 
mtio from 5.9 to 7.1 and the recycle-purge ratio from 7.5 to 8.75. Show the 
location and results from all three phases. In the light of hindsight, do you think 
the experimenters could have obtained their result faster by using steepcst decent? 

To be successful, it is esscntial that evolutionary operation be carefully orga
nized and plant operators and managers responsible for these schemes receive 
proper training. Schedules for the current operat.ion need to be prepared and 
made part of the computer display ensuring that the proper conditions are run 
in each cycle. It has been found that operators can bccome enthusiastic partic
ipant~ when they can see developing information on the display. They should 
be involved in the planning of the program. the generation of .ideas, and the 
celebration of successes. 

Evolutionary Process Operation in the 1\-lanufacture of a Polymer Latex 

In this example the manufactured product was a polymer Jatex. The original 
objective was to determine conditions that. subject to a number of constraints, 
gave the lowest optical density. It was realized at the end of phase ll that shorter 
.addition times Jeading to increased throughput were possible. The objective was 
therefore broadened to increa!;ing plant throughput subject to obtaining a satis
factory optical density of less than 40. 

Initially, three process variables were studied: addition time (t), reactant tem
perature (T). and the stirring rate (S). Although it would have been possible to 
use all three factors simultaneóusly, it was decided for the sake of simplicity 
to run the factors in different combinations two at a time. Figure 15.3 displays 
five EVOP phases, each a 22 factorial, along with the recorded average optical 
density readings. estimated effects, and standard errors. 

The standard operating conditions were t = 3 hours. T = l20°F, and S= 88 
rpm. The course of events is summarized in Figure 15.3. In phase I. temperature 
was held at its standard condition and time and stirring rate were varied over 
what were fairly narrow limits. This was done because production feared that with 
wider ranges substandard product nlight be produced. The cycle times were short 
and 12 cycles were performed in this phase with no effects of any kind detectcd. 
This result. at first a disappointment, was actually quite helpful. It made those 
in charge of production more confident that changing these two factors over 
wider ranges would be unlikely to produce substandard material. As you see. 
wider ranges were therefore allowed in phase II, and after 18 cycles a stirring 
effect became apparent (1.6 ± 0.7), indicating that lower optical densities might 
be obtained at lower stirring rates. However, it was decided not to 1ower the 
stirring rate at this stage. The most important finding was the unexpected one 
that no deleterious effcct resulted from reducing the addition time. A saving 
of 15 minutes in addition time would result in an 8% increase in throughput 
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Figure 15.3. Optical dcnsity example. lnfonnation displays al the concluslons of five phases uf EVOP. 
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and a considerable rise in profitability. To further investigate the possibilities of 
increased throughput. addition time and temperature were varied simultaneously 
in phase III. Continuing to contradict established belief, the results confinned 
that increased throughput did not result in an inferior product and that optical 
density might be reduced by Jowering the temperature. Phase IV used slight1y 
lower temperatures while the stirring rate was varied about a lower value and 
addition time was held cautiously at the reduced value of 2 hours, 45 minutes. 

In phase V both temperature and addition time were varied about lower values 
(ll6°F, 2 112 hours) without deleterious effect and the stirring rate was held at 
78. The results indicated that temperature could be reduced even further. 

Up to that point the net result of the evolutionary process operation in the 
manufacture of the product was that throughput was increased by a factor of 
25%, stirring rate was reduced from 88 to 78, and temperature was reduced from 
120 to ll4°F. Notice, once ag¡un, that these experimenters exposed themselves 
to a learning process. All of these changes, but especially the first, resulted 
in economíes which could certainly not have been foreseen at the outset. 

15.2. l\'IULTIPLE RESPONSES 

In the above examples only one response was recorded. Usually it is desirable 
to consider a number of responses simultaneously. ln the example that follows 
three responses were of importance: 

(i) The cost of manufacturing a unit weight of the product. This w~ obtained 
by dividing the cost of"running at the specified conditions by the observed 
weight yield at the conditions. lt was desired to bring this cost to the 
smallest value possible, subject to certain restrictions Iisted in (ii) and 
(iii) below. 

(ii) The percentage of a certain impurity. It was desired that this should not 
exceed 0.5%. 

(iii) A measure of fluidity. Jt was preferred that this should lie between the 
Hmits 55 and 80. 
In phase III of this scheme the infonnation display after 16 cycles is 
shown in Figure 15.4. The display suggests a decrease irt concentra
tion would be expected to result in reduced tost, reduced impurity, and 
reduced ftuidity. The effect on cost of a decrease in temperature is less 
certain but was more likely to be favorable than not and would almost 
certainly result in marked reductions in impurity and fluidity. These facts 
had to be considered, bearing in mind that a fluidity of less than 55 
was undesirable, and although a further large reduction in impurity was 
weJcome, it was not necessary in order to mect thc specification. It was 
dccided to explore the effects of reducing concentration aJone~ Phase Ill 
was terminated and in the next phase the three processes (13%, 126°F), 
(13.5%, 1 26°F). (14%, I26°F) were compared. The first of these gave an 
average cost of 32.1 with an impurity of 0.25 and a fluidity of 60.7 and 
was adoptcd as a base for further development. 
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avara gas 

32.3 3~.4 0.17 0.19 60.2 67.6 

95% error limits ± 0.7 ±0.03 ± 1.1 

Concantration 1.2 ± 0.7 0.04 ±0.03 5.2 ± 1.1 
Etfects 

Temperatura 0.4 :!:0.7 0.14 ± 0.03 10.8 ± 1.1 wíth 
1 

95% CxT 0.1 ±0.7 0.02 ±0.03 -2.2 ± 1.1 
error 

Changa 
.limits 

in mean 
0.2:1!0.6 -0.02 ±0.03 -1.6±1.0 

Figure 15.4. Multiple responses information display aftcr 16 cycles. 

15.3. THE EVOLUTIONARY PROCESS OPERATION CO~ll'rliTTEE 

Sclection of Variants 

For many processes there is no lack of obvious candidates for factor testing and 
results from one phase raise questions for another. Successful innovations never 
previously considered for a processes that had been running for a long time tes
tify to the existence of valuable modifications waitin,g to be conceived. To make 
the evolutionary process effective, you must set up a situation in which useful 
ideas are likely to be continually forthcoming. The generation of such ideas is 
best induced by bringing together, perhaps every other month, a small group of 
people with complementary backgrounds to mull over results and help advise 
the process manager. who will be chairman of the committee. Candidates for 
such an EVOP committce would be engineers, chemists, and other technologists 
with intimate knowledge of the process and product as we11 as plant personneL 
Different specialists might be consulted at various stages of the program. Rather 
more may be gottcn from results, and more ambitious techniques adopted, if a 
person with statistical knowledge can be consulted. The intention should be to 
have complementary rather than common disciplines represcnted. Such a group 
can discuss the implications of current results and help decide on future phascs 
of operation. 
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Figure 15.5. Evolutionary process operarion by dirccted feedback. 

With the establishment of this committee all the requirements for the efficient 
production 'in the evolutionary mode are satisfied and the "closed loop" illustrated 
in Figure 15.5 is obtained. You are thus provided with a practica) method for 
continuous improvement which requires no spccial equipment and which can be 
applied to many different manufacturing processes, whether the plants concemcd 
are simple or elaborate. 

The advantages of randomization in experimental design have been frequendy 
pointed out. With evolutionary operation the cycles are in effect small indepen
dent blocks providing experimental design data taken closely together in time. 
The advantages that randomization has in other experimental contexts are largely 
nullified in the EVOP context where the randomization of the trials within cycles 
can lead to confusion on the part of plant operators and is usually unnecessary. 
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A discussion of Adaptive Optimization related fo evolutionary process operation will be 
found in: 

Box, G. E. P., and Chanmugam (1962) Adaptive optimization of continuous processcs. l 
and EC Fundamenrals, 1, 2-16. 

QUESTIO.NS FOR CHAPTER 15 

t. Do you agree with the statement, ~'The philosophy of evolutionary process 
operation is profoundly different from that appropriate for small-scale exper
imentation in the lab or pilot plant"? How is it different? 

2. What should an EVOP information display look like? \Vhat responses should 
be recorded? How are computers used in EVOP? 

3. Can you think of possible changes to sorne system (real or imaginary) that 
could not be adequately tested on the small scale? 

4. What is the role of the EVOP committee? Who might serve on this EVOP 
committee? 

5. Deming said that when you transform an experimental phenomenon from one 
environment to another (e.g., you try to modify a full-scale process using 
data from experiments on the sniaJI scale) your expectations are based not on 
statistics but on a "leap of faith.'' Comment on this. 

6. What can you doto make Deming's "leap of faith" less hazardous? 

7. In running an EVOP scheme, what are appropriate activities for (a) process 
operators, (b) management personne1, and (e) the EVOP committee? 

8. What is meant by an .. Information Display"? How are computers used in an 
infonnation display'? 

PROBLEl\fS FOR CHAPTER 15 

1. Consider the statement, ··while it is possible to conceive of potentially valu
able full scale process changes, producing effects large enough to test such 
changes may have undesirable consequences." 

(a) How does evolutionary process opcration (EVOP) resolve this dilcmma'? 

(b) What is meant by the signal-to-noise ratio? 

(e) How is the signal-to-noise ratio magnified by the use of EVOP? 

2. Consider two situations: In the first situation bccause of major process and 
product difficulties management has decided that for a short period, pcrhaps 
2 weeks, experimentation on the full-scale process is permissible. They agrce 
that during this period subgrade product may be produced and that highly 
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skilled personnel will be made available to design run and analyze exper
iments. In the second situation process improvement over the long tem1 is 
desirable but management requires there should be little chance of produc
ing substandard product and that only those personnel usually employed in 
operating the plant are available for the project. 
lf you were advising management, what questions might you ask, and what 
statistical strategies might you recommend in each of these situations? 

J. What rnembers of the operatíng team should see the information display? How 
wiU the display help plant personnel operate a process in the EVOP mode? 

4. Suppose you were organizing the EVOP system shown in Figure 15.3. Wbat 
training would you make available to (a) process operators and (b) process 
managers? What displays would you propose to ensure the correct running of 
the evolutionary process? What depth of knowledge of statistics do you think 
is desirable? For whom? 

5. In discussing the value of EVOP how would you reply to the following 
comments: 
(a) The process is finally operating satisfactorily and meeting specifications. 

Leave it alone. 

(b) The EVOP technique gets infom1ation too slowly. 

(e) The process is too trendy, too subject to upsets, for EVOP to work. 

(d) Experimentation is the function of the research and development depart
ments. We do not experiment with the process. 

(e) Befare EVOP can be run we would need to first establish that the process 
is in a state of statistical control. 

6. What is meant by ~'a bird dog line"?. Discuss when or how this idea might 
be used. 
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Table. A. Tail Arca of Unit Normal Distribution 

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 

0.0 0.5000 0.4960 0.4920 0.4880 0.4840 0.4801 0.4761 0.4721 0.4681 0.4641 
0.1 0.4602 0.4562 0.4522 0.4483 0.4443 0.4404 0.4364 0.4325 0.4286 0.4247 
0.2 0.4207 0.4168 0.4129 0.4090 0.4052 0.4013 0.3974 0.3936 0.3897 0.3859 
0.3 0.3821 0.3783 0.3745 0.3707 0.3669 0.3632 0.3594 0.3557 0.3520 0.3483 
0.4 0.3446 0.3409 0.3372 0.3336 0.3300 0.3264 0.3228 0.3192 0.3156 0.3121 
0.5 0.3085 0.3050 0.3015 0.2981 0.2946 0.2912 0.2877 0.2843 0.2810 0.2776 
0.6 0.2743 0.2709 0.2676 0.2643 0.2611 0.2578 0.2546 0.2514 0.2483 0.2451 
0.7 0.2420 0.2389 0.2358 0.2327 0.2296 0.2266 0.2236 0.2206 0.2177 0.2148 
0.8 0.2119 0.2090 0.2061 '0.2033 0.2005 0.1977 0.1949 0.1922 '0.1894 0.1867 
0.9 0.1841 O. 1814 0.1788 0.1762 0.1736 0.17ll 0.1685 0.1660 0.1635 0.161 J 
LO 0.1587 0.1562 0.1539 0.1515 0.1492 0.1469 0.1446 0.1423 0.1401 0.1379 
1.1 0.1357 0.1335 0.1314 0.1292 0.127 L 0.1251 0.1230 0.1210 0.1190 0.1170 
1.2 O.Jl51 0.1 131 0.1 112 0.1093 0.1075 0.1056 0.1038 0.1020 0.1003 0.0985 
1.3 0.0968 0.0951 0.0934 0.091.8 0.0901 0.0885 0.0869 0.0853 0.0838 0.0823 
1.4 0.0808 0.0793 0.0778 0.0764 0.0749 0.0735 0.0721 0.0708 0.0694 0.0681 
1.5 0.0668 0.0655 0.0643 0.0630 0.0618 0.0606 0.0594 0.0582 0.0571 0.0559 
1.6 0.0548 0.0537 0.0526 0.0516 0.0505 0.0495 0.0485 0.0475 0.0465 0.0455 
1.7 0.0446 0.0436 0.0427 0.0418 0.0409 0.0401 0.0392 0.0384 0.0375 0.0367 
1.8 0.0359 0.0351 0.0344 0.0336 0.0329 0.0322 0.0314 0.0307 0.0301 0.0294 
1.9 0.0287 0.0281 0.0274 0.0268 0.0262 0.0256 0.0250 0.0244 0.0239 0.0233 
2.0 0.0228 0.0222 0.0217 0.0212 0.0207 0.0202 0.0197 0.0192 0.0188 0.0183 
2.1 0.0179 0.0174 0.0170 0.0166 0.0162 0.0158 0.0154 0.0150 0.0146 0.0143 
2.2 0.0139 0.0136 0.0132 0.0129 0.0125 0.0122 0.0119 O.OII6 0.0113 0.0110 
2.3 0.0107 0.0104 0.0102 0.0099 0.0096 0.0094 0.0091 0.0089 0.0087 0.0084 
2.4 0.0082 0.0080 0.0078 OJJ075 0.0073 0.0071 0.0069 0.0068 0.0066 0.0064 
2.5 0.0062 0.0060 0.0059 0.0057 0.0055 0.0054 0.0052 0.0051 0.0049 0.0048 
2.6 0.0047 0.0045 0.(){)44 0.0043 0.0041 0.0040 0.0039 0.0038 OJ>037 0.0036 
2.7 0.0035 0.0034 0.0033 0.0032 0.0031 0.0030 0.0029 0.0028 0.0027 0.0026 
2.8 0.0026 0.0025 0.0024 0.0023 0.0023 0.0022 0.0021 0.0021 0.0020 0.0019 
2.9 0.0019 0.0018 0.0018 O.OOL7 0.0016 0.0016 0.0015 0.0015 0.0014 0.0014 
3.0 0.0013 0.0013 0.0013 O.OUI2 0.0012 0.0011 0.0011 0.0011 O.OOJO 0.0010 
3.1 0.0010 0.0009 0.()()09 0.0009 0.0008 0.0008 0.0008 0.0008 0.0007 0.0007 
3.2 0.0007 0.0007 0.0006 0.0006 0.0006 0.0006 0.0006 0.0005 0.0005 0.0005 
3.3 0.0005 0.0005 0.0005 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0003 
3.4 0.0003 0.0003 0.()()()3 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0002 

3.5 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 
3.6 0.0002 0.0002 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 
3.7 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 
3.8 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 
3.9 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
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Tablc IH. Probability l,oints of the 1 Distribution with v Degrees of Freedom 

Tail Area Probabílity 

V 0.4 0.25 0.1 0.05 0.025 0.01 0.005 0.0025 0.001 O.U<Xl5 

1 0.325 LOOO 3.078 6.314 12.706 31.821 63.657 127.32 318.31 636.61 
2 0.289 0.816 1.886 1.9~0 4.303 6.965 9.925 14.089 22.326 31.598 
3 0.277 0.765 1.638 2.353 3.182 4.541 5.84.1 7.453 10.213 12.924 
4 0.271 0.741 1.533 2.132 2.776 3.747 4.604 5.598 7.173 8.610 
5 0.267 0.727 1.476 2.015 2.571 3.365 4Jl32 4.773 5.893 6.869 
6 0.265 0.7J8 1.440 1.943 2.447 3.143 3.707 4.317 5.20R 5.959 
7 0.263 0.711 1.415 1.895 2.365 :!.99~ 3.499 4.029 4.785 5.408 
8 0.262 0.706 1.397 1.860 2.306 2.896 3.355 3.833 4.501 5.(J41 
9 0.26L 0.703 1.383 1.833 2.262 2.821 .3:250 3.690 4.297 4.781 

10 0.260 0.700 1372 1.812 2.228 2.764 3.169 3.581 4.144 4.587 
11 0.260 0.697 1.363 1.796 2.201 2.718 3.106 3.497 4.025 4.437 
12 0.259 0.695 1.356 1.782 2.179 • 2.681 3.055 :).428 3.930 4.318 
13 0.259 0.694 1.350 1.771 2.160 2.650 3.012 3.372 3.852 4.221 
14 0.258 0.692 1.345 1.761 2.145 2.624 2.977 3.326 3.787 4.140 
15 0.258 0.691 1.341 1.753 2.131 2.602 2.947 3.286 3.733 4.073 
16 0.258 0.690 1.337 1 .. 746 2.120 2.583 2.921 .3.252 3.686 4.015 
17 .0.257 0.689 . 1.333 1.740 2.110 2.567 2.898 3.222 3.646 3.965 
18 0.257 0.688 1.330 1.734 2.101 2.552 2.878 3.197 3.610 3.922 
19 0.257 0.6S8 1.328 1.729 2.093 2.539 2.861 3.174 3.579 3.883 
20 0.257 0.687 1.325 1.725 2.086 2.528 2.845 3.153 3.552 3.850 
21 0.257 0.686 1.323 1.721 2.080 2.518 2.831 3.135 3.527 3.819 
22 0.256 0.686 1.321 1.717 2.074 2.508 2.819 3.119 3.505 3.792 
23 0.256 0.685 1.319 L714 2.069 2.500 2.807 3.104 3.485 3.767 
24 0.256 0.685 1.318 1.711 2.064 2.492 2.797 3.091 3.467 3.745 
25 0.256 0.684 1.316 l.708 2.060 1.4R5 2.787 3.078 3.450 3.725 
26 0.256 0.684 1.315 1.706 2.056 2.479 2.779 3.067 3.435 3.707 
27 0.256 0.684 1.314 L703 2.052 2.473 2.771 3.057 3.421 3.690 
28 0.256. 0.683 1.313 L.701 .2.048 2.467 2.76.3 3.047 3.4ü8 3.674 
29 0.256 0.683 1.311 1.699 2.()..1.5 2.462 2.756 3.038 3.396 3.659 
30 0.256 0.683 1.310 l.697 2.042 2.457 2.750 3.030 3.385 3.646 
40 0.255 0.681 1.303 1.6!W 2.021 2.423 2.704 2.971 3.307 3.55) 
60 0.254 0.679 1.296 1.671 2.000 2.390 2.660 2.915 3.232 3.4()(} 

120 0.254 0.677 1.289 1.658 1.980 2.358 2.617 2.860 3.160 3.373 
00 0.2$3 0.674 1.282 1.645 1.960 2.326 2.576 2.807 3.090 3.291 

Soun:c-; Tnkcn with pcmtis!.íon from E. S. Pean>on and H. O. Hattley lEtb.) ( 1958). Birmu!trilw Tahle., for SturiJ·. 
tidan.r. Vvl, 1. Cambridge Uni\·crsity Press. 
Parto; of lhc tableare also takcn from Table 1JJ of Fishcr, R.A .. nnd Yates. F. (l963): Swtistit:dl T11Me.~ for Bio/(lgicul, 
Agricultllrtll and Mcdi<'al Re.~C'arr:ll. publi!>hcd by l..ongmnn Group Lid., London (previ~1usJy puhli-;hcd by Qli,,cr 
and Boyd. Edinburgh), by pcrmis~ion of the authors and puolishcrs. 
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Table U2. Ordinates of t Distribution with v Degrees of Freedom 

Value of 1 

ll 0.00 0.25 0.50 0.75 1.00 l.25 1.50 1.75 2.00 2.25 2.50 2.75 3.00 

1 0.318 0.300 0.255 0.204 O.l59 0.124 0.098 0.078 0.064 0.053 0.044 0.037 0.032 
2 0.354 0.338 0.296 0.244 0.193 0.149 O.ll4 0.088 0.068 0.053 0.042 0.034 0.027 
3 0.368 0.353 0.313 0.261 0.207 O. J 59 O. J 20 O.Cl90 0.068 0.051 0.039 0.030 0.023 
4 0.375 0.361 0.322 0.270 0.215 0.164 0.123 0.091 0.066 0.049 0.036 0.026 0.020 
5 0.380 0.366 0.328 0.276 0.220 0.168 o. J 25 0.091 0.065 0.047 0.033 0.024 0.017 
6 0.383 0.369 0.332 0.280 0.223 0.170 0.126 0.090 0.064 0.045 0.032 0.022 0.016 
7 0.385 0.372 0.335 0.283 0.226 0.172 0.126 0.090 0.063 0.044 0.030 0.021 0.014 
8 0.387 0.373 0.337 0.285 0.228 0.173 0.127 0.090 0.062 0.043 0.029 0.019 0.013 
9 0.388 0.375 0.338 0.287 0.229 O.l74 0.127 0.090 0.062 0.042 0.028 0.018 0.012 

10 0.389 0.376 0.340 0.288 0.230 0.175 0.127 0.090 0.061 0.041 0.027 0.018 0.011 
11 0.390 0.377 0.341 0.289 0.231 0.176 0.128 0.089 0.061 0.040 0.026 0.017 O.Oll 
12 0.391 0.378 0.342 0.290 0.232 0.176 0.128 0.089 0.060 0.040 0.026 0.016 0.010 
13 0.391 0.378 0.343 0.291 0.233 0.177 0.128 0.089 0.060 0.039 0.025 0.016 0.010 
14 0.392 0.379 0.343 0.292 0.234 0.177 0.128 0.089 0.060 0.039 0.025 0.015 0.010 
15 0.392 0.380 0.344 0.292 0.234 0.177 0.128 0.089 0.059 0.038 0.024 0.015 0.009 
16 0.393 0.380 0.344 0.293 0.235 0.178 0.128 0.089 0.059 0.038 0.024 0.015 0.009 
17 0.393 0.380 0.345 0.293 0.235 0.178 0.128 Ó.089 0.059 0.038 0.024 0.014 0.009 
18 0.393 0.381 0.345 0.294 0.235 0.178 0.129 0.088 0.059 0.037 0.023 0.014 0.008 
19 0.394 0.381 0.346 0.294 0.236 0.179 0.129 0.088 0.058 0.037 0.023 0.014 0.008 
20 0.394 0.381 0.346 0.294 0.236 0.179 0.129 0.088 0.058 0.037 0.023 0.014 0.008 
22 0.394 0.382 0.346 0.295 0.237 0.179 0.129 0.088 0.058 0.036 0.022 0.013 0.008 
24 0.395 0.382 0.347 0.296 0.237 0.179 0.129 0.088 0.057 0.036 0.022 0.013 0.007 
26 0.395 0.383 0.347 0.296 0.237 0.180 0.129 0.088 0.057 0.036 0.022 0.013 0.007 
28 0.395 0.383 0.348 0.296 0.238 0.180 0.129 0.088 0.057 0,036 0.021 0.012 0.007 
30 o.396 o.383 0.348 o.297 o.238 o.180 o.I29 o.os8 o.os7 o.o3s o:021 o.o 12 o.oo7 
35 ó.396 0.384 0.348 0.297 0.239 0.180 0.129 0.088 0.056 0.035 0.021 0.012 0.006 
40 0.396 0.384 0.349 0.298 0.239 0.181 0.129 0.087 0.056 0.035 0.020 0.011 0.006 
45 0.397 0.384 0.349 0.298 0.239 o. 1 81 0.129 0.087 0.056 0.034 0.020 0.011 0.006 
50 0.397 0.385 0.350 0.298 0.240 0.181 0.129 0.087 0.056 0.034 0.020 0.011 0.006 
oc 0.399 0.387 0.352 0.301 0.242 0.183 0.130 0.086 0.054 0.032 0.018 0.009 0.004 
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Table c. Probability Points of the x1 Distribution with V Degrt.'eS 
of Freedom 

Tail Arca Probability 

V 0.995 0.99 0.975 0.95 0.9 0.75 0.5 0.25 O. J. 0.05 0.025 0.01 0.005 0.001 

1 0.016 0.102 0.455 1.32 2.71 3.84 5.02 6.63 7.88 10.8 
2 0.010 0.020 0.05.1 0.103 0.211 0.575 1.39 2.77 4.61 5.99 7.38 9.21 10.6 13.8 
3 0.072 0.115 0.216 0.352 0.584 1.21 2.37 4.11 6.15 7.81 9.35 11.3 12.8 16.3 
4 0.207 0.297 0.484 0.711 1.06 1..92 3.36 5.39 7.78 9.49 11.1 13.3 14.9 18.5 
5 0.412 0.554 0.831 1.15 1.61 '2.67 4.35 6.63 9.24 11.1 12.8 15.1 16.7 20.::i 
6 0.676 0.872 1.24 l. eH 2.20 3.45 5.35 7.84 10.6 l2.6 14.4 16.8 18.5 22.5 
7 0.989 1.24 1.69 2.17 2.83 4.25 6.35 9.04 12.0 14.1 16.0 18.5 20.3 24.3 
8 1.34 1.65 2.18 2.73 3.49 5.07 7.34 10.2 13.4 15.5 17.5 20.1 22.0 26.1 
9 i.73 2.09 2.70 3.33 4.17 5.90 8.34 11.4 14.7 16.9 19.0 21.7 23.6 27.9 

JO 2..16. 2.56 3.25 3.94 4.87 6.74 9.34 12.5 16.0 18.3 20.5 23.2 25.2 29.6 
1 ] 2.60 3.05 3.82 4.57 5.58 7.58 10.3 13'.7 17.3 19.7 21.9 24.7 :!6.8 J 1.3 
12 3.07 3:57 4.40 5.23 6.30 8.44 11.3 14.8 18.5 21.0 23.3 26.2 28.3 32.9 
13 3.57 4. t 1 5.01 5.89 7,()4 9.30 12.3 16.0 19.8 22.4 24.7 27.7 29.8 34.5 
14 4.07 4.66 5.63 6.57 7,79 10.2 • 13.3 17.1 21.1 23.7 .26.1 29.1 31.3 36.1 
15 4.60' 5.23 6.26 7.26 8.55 11.0 14.3 18.2 22.3 25.0 27.5 30.6 32.8 37.7: 
16 5.14 5.81 6.91 7.96 9.31 11.9 15.3 19.4 23.5 26.3 28.8 32.0 34.3 39.3 
17 5.70 6.41 7.56 8.67 10.1 12.8 16.3. 20.5 24.8 27.6 30.2 33.4 35.7 40.8 
18 6.26 7.01 8.23 9.39 10.9 13.7 17.3 21.6 26.0 28.9 31.5 34.8 37.2 42.3 
19 6.84 7.63 8.91 10.1 11.7 14.6 18.3 22.7 27.2 30.1 32.9 36.2 38.6 43.8 
20 7.43 8.26 9.59 10.9 12.4 15.5 19.3 23.8 28.4. 31.4 34.2 37.6 40.0 45.3 
21 8.03 8.90 10.3 11.6 13.2 16.3 20.3 24.9 29.6 32.7 35.5 38.9 41.4 46.8 
22 8.64 9.54 11.0 12.3 14.0 17.2 21.3 26.0 30.8 33.9 36.8 40.3 42.8 48.3 
23 9.26 10.2 11.7 13.1 14.8 18.1 22.3 27.1 32.0 35.2 38.1 41.6 44.2 49.7 
24 9.89 10.9 12.4. 13.8 15.7 19.0 23.3 28.2 33.2 36.4 39.4 43.0 45.6 51.2 
:.15 10.5 11.5 13.1 14.6 16.5 19.9 :24.3 29.3 34.4 37.7 40.6 44.3 46.9 52.6 
26 11.2 12.2 13.8 15.4 17.3 20.8 25.3 30.4 35.6 38.9 41.9 45.6 48.3 54.1 
27 11.8 12.9 14.6 16.2 18.1 21.7 26.3 31.5 36.7 40.1 43.2 47.0 49.6 55.5 
28 12.5 13.6 15.3 16.9 18.9 22.7 273 32.6 37.9 41.3 44.5 48.3 51.0 56.9 
29 13.1 14.3 16.0 17.7 19.8 23.6 28.3 33.7 39.1 41.6 45.7 49.6 52.3 58.3 
30 13.8 15.0 16.8 18.5 20.6 24.5 29.3 34.8 40.3 43.8 47.0 50.9 53.7 59.7 

Source: Adap1cd from Table 8. Pcrcentage points of t.he ,.: djstribution, in E. S. Pearwn and H. O. Hartlcy (Eds.) 
(1966). Biometrika Tclbl~sfor Statistician.~. Vol. l, 3rd ed .. , Cambridge Uni\·ersity Press. Used by pcmlission. 



616 TABLES 

Table D. Percentage Points of the F Distributíon~. 

2 3 4 5 6 7 8 9 '1 o 12 15 20 24 30 40 60 120 00 

5.83 7.50 8.20 8.5& 8.82 8.98 9.10 9.19 9.26 9.32 9.41 9.49 9.58 9.63 9.67 9.71. 9.76 9.80 9.85 
2 2.57 3.00 3.15 .U3 3.2& 3.31 3.34 3.35 3.37 3.38 33':) .3.41 3.43 3.43 3.44 3.45 3.46 3.47 3.48 
J 2.02 2.2& 2.36 2.39 2.41 2.42 2.43 2.44 2.44 2.44 2.45 2,46 2.46 2.46 2.47 2.47 2.47 2.47 2.47 
4 1.81 2.00 2.05 2.()6 2.07 2.0R 2.0H 2.08 2.0~ 2.08 2.08 2.08 2.08 2.fn~ 2.08 2.08 2.08 2.08 2.08 
.5 l.(l9 1.85 I.BH 1.89 1.89 1.89 1.89 1.89 1.&9 1.89 1.89 1.89 1.88 1.88 1.88 1.88 1.87 Ul7 1.87 
6 1.62 1.76 1.78 1.79 1.79 1.78 1 .. 78 1.78 1.77 1.77 1.71 1.76 1.76 1.75 1.75 1.75 1.74 1.74 1.74 
7 1.57 1.70 1.72 1.72 1.71 1.71 l. 70 1.70 1.69 1.69 L68 1.68 1.67 1.67 1.66 1.66 1.65 1.65 1.65 
~ 1..54 1.66 1.67 1.66 1.66 1.65 1.64 1.64 1.63 1.63 1.62 1.62 1.61 1.60 1.60 1.59 1.59 1.58 1.58 
9 1.51 1.62 1.63 1.63 1.62 l.61 1.6<1 1.6(1 1.51J 1.59 1.5S 1.57 1.56 1.56 1.55 1.54 1.54 l.!B 1.53 

10 1.49 l. 60 l. tlO 1.5<.1 1.59 1.58 1.57 1.56 .1.56 1.55 1.5-l 1.53 1.52 1.52 1.51 1.51 1.50 1.49 1.48 
11 1.47 I.S8 L'i8 157 1.56 1.55 1.54 1..5:\ 1.53 1.52 1.51 150 .1.49 1.49 1.48 1.47 1.47 1.46 1.45 
12 1.46 156 1.51) 1.55 .1.54 1.53 1.52 151 1.51 1.50 1.49 1.48 1.47 1.46 1.45 1.45 1.44 1.43 l..tl 
13 1.45 ).55 1.55 1.53 1.52 1.51 1.50 1.49 1.49 1.48 1.47 1.46 1.45 1.44 1.43 1.42 1.42 1.41 1.40 
14 1.44 '153 I..S3 1.52 151 1.50 1.49 1.48 1.47 1.46 1.45 1.44 l.4J 1.42 1.41 1.41 1.40 LW 1.38 
15 1.43 1.52 1.52 1.51 1.49 1.48 1.47 1.46 1.46 1.4.5 1.44 1.43 1.41 1.41 1.40 1.39 1.38 1.37 1.36 
16 1.42 \.51 \.51 1.50 l.4R 1.47 1.46 1.-15 1.44 1.44 1.-\.3 1.41 1.40 1.39 1 J8 \.37 U6 1..35 1.34 
17 1.42 1 . .51 1.50 1.49 1.47 1.46 1.45 1.44 1.43 1.43 1.41 1.40 1.39 1.38 1.37 1.36. .1.35 1.34 1.33 
IR 1.41 1.50 1.49 1.48 1.46 1'..45 1.44 1.43 1..42 1.42 1.-10 1.39 1.38 L17 U6 1.35 1.34 1.33 1.32 
19 1.41 1.49 L.49 1.47 1.46 1.44 1.43 1.42 1.41 1.41 lA O 1.38 1.37 1.36 1.35 1.34 1.33 1.32 uo 
20 1.40 1.49 1.48 1.47 1.45 1.44 1.43 IA2 1.41 1.40 1.39 1.37 U6 1.35 1.34 1.33 1.32 1.31 1.29 

21 1.40 1..48 1.48 1.46 1.44 1.43 1.42 1.41 1.40 1.39 1..38 1.37 1.35 1.34 1.33 1.32 1.31 1.30 1.28 
22 1.40 1.48 1.47 1.45 1.44 1.42 1.41 1.40 1.39 1.39 1.37 1.36 1.34 1.33 1.32 1.31 1.30 1.29 1.28 

23 1.39 1.47 1.47 1.45 1.43 1.42 \A\ 1.40 1.39 1.3& 1.37 l.35 1..34 1.33 1.32 l.31 1.30 \.28 1.27 

24 1.39 1.47 1.46 1.44 1.43 1.41 1.40 1.39 1.38 1.38 1.36 1.35 1.33 1.32 1.31 1.30 1.29 1.28 1.26 

25 1.39 1.47 IA6 l.44 1.42 1.41 IAO 1.39 1..\8 1.37 1.36 1.34 1.33 1.32 1.31 1.2l) 1.28 1.27 1.25 

26 1.38 1.46 1.45 1.44 L42 1.41 1.39 1.38 1..37 1.37 1.35 1.34 1.32 1.31 1.30 1.29 1.28 1.261.25 

27 1.38 1.46 1.45 1.43 1.42 1.40 1.39 1.38 1.37 U6 1.35 1.33 1.32 1.31 1.30 1.28 1.27 1.26 1.24 

28. 1.38 1.46 1.45 1.43 l.41 1.40 1.39 1.38 1.37 1.36 U4 1.33 1.31 1.30 1.29 1.28 1.27 1.25 1.24 

29 1..3S 1.45 L45 1.43 1.41 1.40 1..38 1.37 1.36 l.35 1.34 1.32 1.31 1.30 1.29 1.27 1.26 1.25 1.23 

30 1.38 1.45 1.44 1.42 1.41 1.39 1.38 1.37 1.36 1.35 1.34 l.32 1.30 1.29 l.28 l.27 1.26 1.24 1.23 

40 1.36 1..44 1..42 1.40 1.39 1.37 1.36. 1.35 1.34 1.33 131 1..30 1.28 L.26 1.25 1.24 1.22 1.21 1.19 

60 1.35 1.42 1.41 1.38 1.37 ).35 1.3J 1.32 1.31 1 . .30 1.29 1.27 1.25 1.24 1.22 1.21 1.19 1.17 1.15 

I:!U 1.34 1.40 1..39 1.37 1.3S 1.33 1.31 1.30 1.29 1.28 1.26 1.24 1.22 1.21 1.19 1.18 1.16 l. 13 1.10 
X 1.32 1.39 1.37 135 1.33 1.31 1.29 1.28 1.27 1.25 1.24 1.22 1.19 1.18 1.16 1.14 1.12 1.08 1.00 



Table D. (conti11ued), Percentage Points of the F Distribution: Upper 10% Points 

:z 1 2 3 4 S 6 7 8 9 JO 12 15 20 24 30 40 60 110 ... 

1 39.86 4~.50 53.59 55.83 S7.2.J 58.20 58.91 59.44 59.86 60.19 ro.11 6122 ()1.74 62.00 62.26 62.53 62.79 63.06 63.33 
2 8.5~ 9.00 9.16 9.24 9.29 9.33 9.35 9.37 9.38 939 9.41 '9.42 9.44 9.45 9.46 9.47 9.4-7 9.48 9.*9 
3 5.54 5A6 5.39 5.34 5.31 5.28 s.:n 5.2.'i 5.2-1 5..2.~ 5.22 5.20 !U8 5.18 5.17 5.16 5.15 5.14 5.13 
4 4.54 4.32 4.19 4.11 4.05 4.01 3.98 3.95 3.94 3.92· 3.1X) .:un 3.84 3.83 3.82 3.80 3.79 3.78 3.76 
S 4.06 3.7!! ).62 3.52 3.45 3.40 3.37 3.34 3.32 BO 3.27 3.24 3.21 ~.19 3.17 3.16 3.14 3.12 3.10 
6 3.78 3.46 3.29 3.18 3.11 3.05 3.01 2.98 2.96 2.1)4 2.90 2.87 :!.84 2112 2.80 2.18 2.76 2.74 2..72 
7 3.59 3.16 3.07 2.% 2.88 :!.83 2.78 2.75 2..72 2.70 2.67 2.63 2.59 2.58 2.56 2.54 2.51 2.49 2..ol7 
8 3.46 3.11 2.92 2.81 2.73 2.67 2.62 2.59 2.56 2.54 2.50 2.46 2.Jl 2.40 2.38 2.36 2.34 2.32 2.29 
9 3.36 3.01 2.81 2.b9 2.61 2.55 2.51 2.47 2.44 2.42 :us 2.34 2.30 2.211 2.25 2.2.~ 2.21 2.18 2.16 

10 3.29 2.92 2.73 u.1 2.52 2.4() 2.41 2.38 2.35 2.J2 2.2!.1 2.24 2.20 2.18 2.16 2.13 l.JJ 2.08 2.06 
11 3.23 2..86 1.66 2.54 2.45 2._19 2.34 2.30 2.27 2.25 2.21 2.17 2.12 2.10 .2.08 2.o.5 2.03 2.00 1.97 
12 3.18 2.81 2.61 2.48 239 2.33 2.28 2.24 2.21 2.19 2.15 2.10 2.06 2.0.1 2.01 1.99 1.% 1.93 1.90 
13 3.14 2.76 2.56 2.43 2.35 2.28 2.23 2.20 2.16 2.14 2.10 2.05 2.01 1.98 1.96 1.9:1 1.90 1.88 1.85 
14 3.10 2.73 2.52 2.39 2.31 2.24 2.19 2.1!'i 2.12 2.10 2.05 2.01 1.96 1.9-S l.IJ 1 1.89 1.86 I.SJ 1.110 
1.5 3.07 2.70 2.49 2.3b 2.27 2.21 2.16 2.12 2.1.19 2.06 2.02 1.97 1.92 1.90 1.87 1.85 1.82 1.79 1.76 
16 3.0S 2.67 2.~ 2.33 2.24 2.18 2.13 2.!"19 2.06 2m 1.99 .1.94 1.89 l.S7 1.84 1.81 1.78 1.75 1.72 
17 3.03 2.64 2.44 i31 2.22 2.15 2.10 2.06 2.03 2JXI 1.96 1.91 1.86 1.84 1.81 1.78 1.75 1.72 1.(•9 
18 3.01 2.62 2.42 2..."9 2.20 2.13 2.08 2.04 2..00 1.98 1.93 J.S9 1.84 1.81 1.7R 1.75 1.72 1.69 1.66 
19 2.99 2.61 2.40 2.27 2.18 2.11 2.06 2.02 1.98 1.96 1.91. 1.86 1.81 1.79 1.76 1.73 1.70 1.67 1.63 
~ 2.97 2.59 2.38 2.25 2.16 2.(l9 2.1)4 2.00 1.96 1.94 1.89 1.84 1.79 1.71 1.74 1.71 1.68 1.64 1.61 
21 2.96 2.51 2.36 2.23 2.14 1.08 2.02 1.98 1.95 1..92 J.87 1.83 1.78 1.75 1.71 1.69 1.66 1.62 .U9 
22 2.95 2.56 :2.35 2.22 2.13 2.06 2.01 1.97 1.93 1.90 1.86 1.81 1.76 1.73 1.70 1.67 1.64 1.60 1.57 
23 2.94 2.55 2.34 2.21 2.11 2.05 1.99 1.95 1.91 1.89 I.S.l 1.80 1.74 1.72 1.69 1.66 1.(12 1.59 155 
24 2.93 2.54 2.33 2.1'} 2.10 2.~ 1.98 1.94 1.91 1.811 1.83 1.78 1.73 1.70 1.67 1.64 1.61 1.57 1.53 
25 2.92 2.53 2.32 2.18 2.09 2.02 1.97 1.93 1.89 1.81 U2 I.n 1.72 1.69 1.66 1.63 1.59 1.56 .1..5.2 
26 2.91 2.52 2.31 2.17 2..08 :!.01 1.96 1.92 U! S J. M 1.81 1.76 1.71 1.68 1.65 1.61 1.58 1.54 1.50 
27 2.90 251 2.3() 2.17 2.07 2.00 1.95 1.91 1.87 1.1!5 1.80 1.75 1.70 1.67 1.64 l. M L'i7 1.53 1.49 
28 2.89 2.50 2.29 l.lfl 2.06 2.00 1.94 l. 'JO 1.1!7 1.84 1.79 1.74 1.69 1.66 Ui3 1.59 1.56 1.52 1.48 
29 2.89 2.5(1 2.28 2.15 2.06 1.99 1.93 1.89 1.86 1.83 1.7R 1.73 1.68 1.65 1.62 1.58 1.55 1.51 1.47 
30 2.88 2.49 2.2!! 2.14 2.05 1.98 1.93 Ul8 1.8~ 1.82 l. TI 1.12 1.67 1.64 1.61 1.~7 1.54 1.50 1.46 
40 2.114 2.44 2..2.1 2.09 2.00 1.9~ 1.87 1.8~ 1.79 1.76 1.71 1.~ 1.61 1~7 1.54 1.51 1.47 1.42 1.38 
60 2.79 2.39 2.18 2.04 1.95 1.87 1.1!2 1.77 1.74 1.71 I.M J. MI I.SJ 1.51 1.48 1.44 }.40 1.35 1.29 

IW 2.75 1.35 2.13 1.99 1.90 1.82 . 1.77 1.72 "1.68 1.6:í J.tiO 155 1.48 1.45 141 1.37 D2 1.26 1.19 
OD 2.71 2.30 2.08 1.94 1.115 1.77 1.72 1.67 J.6.l 1.60 1.55 1.49 l..l! 1.38 1.34 1..30 1..24 1.17 1.00 

---

0\ -...... 



O\ Table D. (continued), Pcrcentage Point~ of the F Distribution: Uppcr 5% Poinll:i -QC 

"1 
2 3 4 S ,, 7 8 9 10 12 15 20 24 :\() 41). tj() 1211 ... 

161.4 19\1.5 21.5.1 224.6 230.2 234.0 2~6.8 ~38.9 .240 . .5 241.9 243.9 245.9 248.0 249.1 250.1 :!51.1 ~52.:2 2.53.3 2.~.3 

~ 18.51 19.00 19.16 1925 19..30 1933 19 . .'\S 19.37 19.3!1 1').40 19.41 19.43 l9.4S 19.45 19.46 11).47 19.48 19.49 19.!\0 
3 10.13 9.:1~ 9.211 9.12 9.01 8.')4 8.89 8.85 8.111 11.1'1 8.74 11.70 8.66 11.64 8.61 8.59 1!.57 K..SS 8.53 
4 7.71 6.94 6..59 6J9 6.26 6 .. 16 6.09 6.0.1 6.00 5.96 5.91 S.Sb 5.SO 5.77 5.75 5.72 5.69 S.M 5.63 
S 6.(11 5.79 5.41 5.19 5.05 4.95 4.88 4.82 4.77 4.74 4.68 4.61 4.56 4_'í) 4 .. 'i0 4.46 4.43 4.40 4.36 
6 5.99 5.14 4.76 4..53 4.39 4.28 4.21 4.15 4.10 4.06 -UJO 3.9-1 3.1!7 3.84 3.81 '!..77 3.74 3.70 3.67 
7 s_w 4.74 4.35 4.1 2. J.rn 3.87 3.79 3.73 3.68 3.64 3..57 3.51 3.44 3.41 3.38 3,34 3..30 3.27 3.:!3 
8 5_,2 4.46 4.07 3.84 3.69 3.58 3.50 3.44 ).39 3.35 3.28 3.22 :us 3.12 .l. OS 3.04 3.01 2.97 1.93 
9 5.12 4.26 3.sr;· 3.63 3.48 ;U7 3.19 3.23 3,18 3.14 3.07 J.(IJ 2.94 2.9(1 :2.86 2.83 2.19 Ü5 2.71 

10 4.96 4.10 3.71 3.48 .\.33 3.22 3.14 3.07 3.02 :;!.98 :!.91 1.115 2.77 2.74 2.70 2.66 2.62 2.58 1.54 
11 .4.84 3.98. 3.59 :.\.36 :u o 3.09 3.01 2.95 2.90 1.85 1.79 2.72 2.65 2.61 257 2...53 2.49 2.45 2.40 
12 -1.75 3.89 3.49 3.2fl 3.11 3.00 2.91 2.85 2,80 1.75 :!.69 1.62 2.54 2.51 2.47 2.43 2..'8 D4 :!JO 
13 4.67 3,!11 3.41 3.18 ~.O:l 2.92 2.83 1.11 2.71 2.67 2.60 2..53 2.-46 2.42 !.3R 2.34 2.30 .2.:!5 2.11 
14 4.60 3.74 3.34 3.11 2.96 2.&5 2.16 2.70 2.M 2.60 2.53 2.4t. V9 235 2.31 2.27 2.12 2.11! 2.JJ 
15 4..54 3.6!1 :u9 3.116 2.90 2.79 2.71 2.64 2.!i9 2.54 2.4!1 2.40 2.33 2.29 2.25 2.20 2.16 2.11 2.()1 
16 4.49 3.63 3.24 3.01 2.115 2.74 2.66 259 2..54 2.49 2.-'2 2.35 2.28 2.24 2.19 2.15 2..11 2.06 2.01 
17 4.45 3..59 3.20 2.96 2.1!1 2.70 2.61 2.55 2.49 2.45 2.38 2.31 2.23 2.19 :!.15 2.10 :!.{)(1 2.01 1.96 
18 4,41 3..55 J.l6 2.93 2.77 2.66 2.51! 2.51 2.4(1 2.41 2.34 2.27 2.19 2.15 2.11 2.úó 2.o2 1.97 1.')2 
19 4.38 3.52 3.13 2.9(1 1.74 2.63 1.54 2.48 2.42 2.38 2.31 2.23 2.16. 2.11 2.07 2.03 1.98 1.93 1.88 
20 4,35 3.49 :u o 2.87 2.71 2.60 ~.51 2.45 2.39 2.35 2.28. 2.20 2.12 2.08 2.f!4 1.99 1.9.5 1.90 1.8-1 
21 4.32 3.47 3.07 2.84 2.68 2.57 2.49 2.42 2.37 2.n 2.2.5 2.11! 2.10 2.05 2.1ll 1.% 1.92 1.87 1.81 
22 4.30 3..14 3.(t'i 2.1!2 2.66 255 2..16 2.40 1.34 2.30 2.23 2.15 2.1l7 203 1.98 1.94 I.HiJ 1.8·~ 1.78 
2.3 4.28 3.42 3.03 2.80 iM 2.53 2.44 2.J7 2.32 2.27 2.20 2.1:1 2.05 2.01 1.96 1.91 1.8(1 t.!!l 1.76 
24 4.26 3.4Q 3.1)1 2.78 2.62 2.51 2.4! 2.36 2.30 2.2$ :!.IK 2.11 2.03 1.98 1.94 1.119 1.84 1.79 1.73 
2S 4.24 3.39 2.99 2.76 2.60 2.49 2.40 2.:W 2.28 2.24 2.16 2.(19 2.01 1.96 1.92 1.87 1.112 1.77 1.71 
26 4.23 3.3'1 2.98 2.74 2 . .59 1.47 :!.39 2.32 2.27 U2 2.1.5 2.1)7 J.I)C) 1.95 1.90 1.8.5 1.110 1.75 1.69 
27 4.21 :t3.5 2.96 273 2.51 2.-Ui 2.37 2.31 2.25 2.20 2.1) 2.06 1.97 1.93 1.1!11 1.84 1.79 1.7;1 1.67 
:!8 4.10 3.3-4 2.95 2.71 2.56 2.4S V6 2.29 2.24 2.19 2.12 2.(14 1.% l.91 J.R7 1.81 1.77 1.71 1.6.5 
:Z9 4.18 333 2.93 i70 2.55 .2.43 2.35 U8 2.22 2.18 2.10 2.03 1.94 1.90 1.85 1.81 l.75 1.70 1,(,4 

30 4.17 3.32 2.92 2.69 2.53 1.42 2.33 2.27 2.21 2.16 2.09 2.01 1.93 1.89 1.84 1.79 1.74 1.68 1.62 
40 4.08 3~3 2.84 2.61 2.45 2.34 2.25 2.18 2.1.2. 2.08 2.00 1.92 1.84 1.79 1.74 1.69 1.64 1..58 1.51 
60 4.00 3.1.5 2.76 253 2.37 2.2.'> 2.17 2.10 2JJ.4 1.99 1.92. 1.8-$ 1.75 1.70 1.6!\ 1.59 1..5~ 1.47 1.39 

120 3.92 3.07 2.68 2.45 2.29 2.17 2.09 2.02 1.96 1.91 183 1.75 1.66 1.61 1..5.5 1..50 1.43 1.35 1.25 ... 3.8-t 3.00 2.60 2.37 2.21 2.10 2.01 1.94 1.118 1.83 1.15 1.67 157 1.52 1.46 1.3.9 1.32 1.22 1.00 



Table D. (conh·nued), Pcrcentage Points of the F Distribution: Uppcr 1% Point~ 

S 1 2 ~ 4 .S 6 7 8 9 ro 12 15 2Q 2_4 30 40 60 110 *' 
l'l 

4052 4999.!\0 S.¡úJ 562.~ 5764 5KS9 5918 59!12 6022 .6056 6106 (1151 6209 62)S 6261 (!287 6313 63:t9 (1366 
i 98.SO 99.00 99.17 99.2$ •)9.JQ 99.33 99.36 99.37 99.39 'J9.4(1 9Q . .J2 99.43 99,4.5 99.46 99.47 Y9.47 99.48 99.49 99.50 
3 34.12 30.82 29.46 28.71 28.24 27.91 27.67 :.?7.49 27.3.5 27.23 27.05 26.87 26.69 26.6<1 26.~0 26.41 26.3Z 2b.22 26.13 
4 21.20 111.00 16.69 15.98 15.52 15.21 14.98 14.80 14.66 1455 1437 14.20 14.02 13.93 13.114 tUS 13.65 t:l.SC. 13.46 
S 16.26 13.27 12.06 11.39 10.97 10.67 l0.4fl 10.29 10.1(1 10.05 9.119 9.72 9.55 9.47 9.~8 9.19 9.20 9.11 9.02 
6 13.7.5 10.92 9.78 9.15 ll.?!i 11.47 8.26 K. lO 7.9!1 7.117 7.72 7.56 7.40 7.31 7.23 7.14 7.06 6.97 6.88 
7 1::!.25 9.55 8.45 7.8.5 7.46 7.19 699 6.84 6.72 6.62 6.47 t\.31 6.16 6.07 5.99 5.91 5.1!2 5.74 M5 
8 1 1.2(1 11.65 7.59 7.01 6.63 6.37 6.18 6.03 5.91 5.81 5.67 S.S2 5.36 5.28 5.20 5.12 5.0~ 4.95 4.86 
9 10.56 8.02 6.99 6.42 6.1'16 5.80 5.61 5.47 :').3~ S.26 5.11 4.96 4.81 4.73 4.65 4.57 4.48 4.40 4.31 

JO 10.04 7.S6 655 S.'J•J 5.64 .5-19 5.20 .S.I)(:i 4.94 4.R.S 4.71 4.56 4.41 4.3.'1 4.25 4.17 4.08 4.00 3.91 
11 9.65 7.21 6.22 5.(17 5.32 5.07 4.8q 4.74 4.(1~ 4.54 .$.40 4.2..'í 4.10 4.0.:! .194 3.JS(1 3.71l 3.69 3.60 
12 9.33 6.93 5.95 5.41 5.06 4.82 .4.64 4.50 4.34J 4.30 4.16 4.01 3.86 3.78 l.70 3.62 3.54 3.45 3.36 
13 9.07 6.70 5.74 5.21 4.86 4.62 4.44 4.30 4.19 4.10 ;1.9ti 3.82 3.66 3.5'J 3.51 3.43 3.34 3.25 3.17 
14 8.86 6.51 ,,56 5.04 4.69 4.46 4.28 4.14 4.113 3.94 3.80 3.()6 .lSI 3.43 ).35 3.21 3.18 3.0'J 3.00 
15 8.68 6.36 5.42 4.89 4.S6 4 .. J2 4.14 4.00 3.89 3.80 3.67 :uz 3.37 :.\.29 3.21 3.13 3.05 2.96 2.87 
16 1L'i3 6.23 !1.29 4.77 4.44 4.20 4.03 3.8<J 3.78 3.69 3.55 3.41 3.26 3.18 3.10 3.0:.! 2.93 2.84 2.75 
17 8.40 6.11 S.J8 4.67 4.34 4.10 3.93 3.79 3.68 3.59 3.46 3.:H 3.16 )08 3.00 2-'~2 2.83 2.75 2.65 
18 8.29 6.01 . !i.O') 4.51! 4.15 4.01 3.S4 3.71 3.(..0 3.51 3.37 3.23 3.08 3.00 2.92 2.84- 2.75 2.66 2.37 
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134, 136-147, 149-157, 159, 160, 
J62, 165-167, 170. 172, 178, 
188-190.209,318-320,323-325. 
336,339,341,405,421 

adjusted, 337 
cffect~ 137. 140, 151, 153 

Unit normal deviate, 32, 46, 113 

V(y), 24. 354, 357, 358, 360 
Validity, 40, 48, 68, 81, 143, 146, 150 
Variance, 11, 24-27, 41, 77, 80, 85, 93, 

96, 98. 102. 139, 140, 142, 143, 150, 
152. 184,190, 201, 205, 215, 
217-219, 224, 268, 269, 308, 318. 
320, 322, 323, 338, 343, 345, 370, 
375, 380. 385, 388, 459, 477, 507. 
519, 526, 527, 544, 545, 567, 580. 
588 

adjusted, 580 
analytical. I 02, 142, 184 
.average, 25, 27, 44, 59, 73~ 77. 110, 

129 
average variance, 388, 507, 527. 567 
Bartleu • s test. ] 04, 323 
Chi-square, 44, 46, 111 
components, 159, 268-269, 335, 339, 

345,347-350,360,361,561 
difference, 44, 58, 61, 136, 141, 150, 

152,162, 34t 575,588 
effect 42, 93, 153, 159, 184. 224, 269, 

320,337,353,544 
equality, 59, 74, 110, 112, 329, 420, 

545 
estimated value, 369, 375-376 
experimental, 184. 201, 224, 361, 432, 

517~ 549 
fitted values, 369, 527 
in homogeneity, 329 
linear statistic, 102 
mean k.nown, 27. 4 7 
pooled, 74, 80, 184 
popu1ation, 24, 25, 37, 41, 60, 73, 74, 

96, 103, 105 
ratio, 103-104, 167 
regrcssion cocfficient, 405 
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robustness, 104-105 
sample, 25-27, 44, 46, 60, 61. 72., 

74-75, 105 
serial correJation, 140 
stabilizing transformation, 108-109, 

112, 320-322 
total, 550 
weighting, 404, 420, 421, 423 

Variation, study of, 9, 162, 561 
Vectors, 137, 149, 159, 187, 376, 377, 

385, 389~391,392.410-416,458. 
463, 471, 478-480, 483~ 515 

Versions, 1 O, 162. 173, 317. 419, 43S, 
439,479 

Weighted average, 569, 585. 587, 
595 

exponential. 570, 585, 587, 595 
White noise, 573. 576, 585-587. 590. 

598 
WiJcoxon test, 117- 1 J 9 

Yates adjustrnent, 53. 57, 86, 106 
YoudeJ) square, 161. 165, 168 
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